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Ok. So, let me continue where I left off. So, if you remember that I was trying to

motivate the introduction of Nonequilibrium Green’s function.
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Now call V(1) = 7 V(t)e™"7*, Then,
] "
ih=S(tt;) = V(1) S(t,t;), (10.81)
o
which may then be formally solved as
S(tt) =T (e 110 4) (1082)
since S(t,.1,) = 1. Going back to Eq. (10.76), we get,
y(xt) =80 Py(xn)e T (1,1,

(0,1 )W(x,1)S(e,1) (10.83)

where
H

y(xp)e T (10.84)

Wx)=eT
In general,

o) = (e 1Y) (10385)

Clearly, (r.1) = 1. The above function obeys the equation of motion,

)
iheS(tt) = 0(0) S(e.t) (10.86)
o

J )
ihsS(0,6 ) = =806 )0 (10.87)
o

So, the idea was that if the system was in equilibrium; that means, there was some kind
of a reservoir at some temperature t n which is basically 1 by beta and the system was in
thermal contact with the reservoir. So, it would come to an equilibrium and in such a
situation I hopefully manage to convince you that the particle Green’s function and the
whole Green’s function are related to each other in a rather simple way. If you pretend

that the times that are involved are on the imaginary axis.

So, in other words if I shift one of the times to the original time minus i beta h bar I get
back the if it is a particle Green’s function I will get back the whole Green’s function

except that there will be some factor which is either positive or negative depending upon



whether it is boson or fermion. So, bottom line is that there is this kind of a periodicity.
So, in other words the particle Green’s function becomes the whole Green’s function and

the whole becomes particle if I shift by a discreet amount on the imaginary axis.

And besides the Green’s functions for systems in thermal equilibrium basically
equilibrium Green’s functions are time translation invariant; that means, if I shift my
origin of; that means, if I call the 0 of my clock something else. So, I am measuring
times using a clock. So, instead of calling 0 what it was earlier I call my 0 of the clock. I
start counting from some other time nothing is going to change because you see the

Green’s function depends only on the time elapsed between the.

So, in equilibrium the Green’s function will only depend on the time elapsed between
inserting a particle and removing a particle if I am talking about say the particle Green’s
function, but it depends upon. So, if I am talking about the whole Green’s function it
would depend upon the time interval between removing a particle and inserting the

particle.

So, bottom line is it only depends on the difference between the times the two times that
are involved. So, similarly if the system is spatially homogeneous and that would be the
case for example, if there are no external there is no positive charge that is you know
located at some discrete lattice points. So, if there are positive charges located at discrete
lattice points that is typical in a solid then of course, the Green’s function will continue

to be temporarily homogeneous.

That means that there will be time translation invariance, but the space translation
invariance will not be there. Except there may be a discrete space translation invariance,
but the continuous smooth type of translational invariance in space will be absent. But it
is typical you know in many body theory to pretend. So, even if you are. So, you might
be thinking that when is the situation you will encounter where you will encounter a

spatially homogeneous system, because that seems rather unnatural in a solids.

Because in solid the positive charges are located at some fixed lattice location, so there
is, so there the spatial homogeneity is lost. So, now the answer to that question is that

you can still you know. So, if your goal is to study the many body dynamics of the



electrons in the solid it is really a distracting complication to have a lattice to deal with.
So, that means, it is better to somehow make the lattice less important because we are

interested in highlighting the many body aspect of the problem.

So, the way to highlight the many body aspect of the problem is to introduce a device
called the jellium. So, that means, the jellium is a kind of a fictitious caricature or a
cartoon of a solid. So, there you take a real solid and you look at the positive charges
which are located at those fixed points I mean at those lattice points. Then you retain

those I mean in your this is all in your head I mean in your mind it is a mental picture.

So, you pretend those positive charges are something that you can smear out with your
fingers. So, the strength of you see the positive charges you just think of them as pencil
marks on a piece of paper. So, because all those positive charges are concentrated at a
point that pencil mark will be very dark and very localized, because it is all concentrated

at a point.

So, now imagine you place a finger on a pencil mark which corresponds to a positive
charge at a lattice point. And then you just rub your finger around and smear out that
positive charge all over the inter particle spacing; that means, the inter atomic spacing
will be white because it does not contain positive charges. So, you smear it out and you

do it for all the other positive charges.

So, then you see you will be conserving the total positive charge because you are not
destroying any charge because you are merely smearing it out. Now the plus point of
doing that is now your positive charge is spatially homogenous because you have
smeared it out. So, now, but then you see the even though you have smeared out the
positive charges they still are inert. In the sense that the their only role is to provide
charge neutrality. Because you see the actual system that we are dealing with that

contributes to the dynamics is the electrons in the solid.

So, is the electrons in the solid that participate in the quantum dynamics. So, the positive
charges are there just to hold the electrons together because otherwise without the

positive charges the electrons being mutually, they are all negative charges. So, they will



mutually repel and fly apart. So, there has to be something holding them together and

that something holding them together should be only for that purpose.

Means its only job should be to hold the electrons together, it should not contribute to its
own dynamics. I mean in a real solid it does, but then this is the cartoon version of the
solid where I am trying to minimize these distracting complications and focus only on
the many body aspects of the electrons. So, in that case I create this kind of a mental
picture of a solid where the positive charges have all been smeared out and made
uniform. And that uniform positive charge is completely inert and its only role is to

provide charge neutrality.

And now the real objects or entities that participate in the quantum dynamics are the
electrons. So, this sort of model of a solid cartoon model of a solid is called a jellium, ok.
So, it is called jellium model jellium. So, it is quite popular and people study it, ok. So,
but that was you know I mean I am just trying to remind you where I left off in last few
classes. So, I was basically studying such a solid or even a solid with an actual lattice,

but at equilibrium. So, the point is that the system is in contact with some surroundings.

So, but then in many other applications you may be interested in you know disturbing the
system in question momentarily. Say maybe you want to shine a laser pulse on the
system and try to you know use some very short time probes like femtosecond laser
spectroscopy and try to find the dynamics of the electrons that you know how the

electrons respond to such a short, but intense laser pulse.

So, in order to answer such questions which are of quite a significant importance and
interest nowadays. Because technologically it is possible to you know achieve those
kinds of high intensity very short laser beams that can probe you know processes that
occur at picosecond sub picosecond time scales. So, in other words in order to do that
you really have to understand how to generalize this concept of Green’s function to

systems that are now no longer in equilibrium.

So, when the system is not in equilibrium you can see that the Green’s function is not a
function anymore of the time difference between the two times. So, now, you see this

external short duration disturbance determines in some sense it biases your origin of time



selection; that means, it. So, because that disturbance happens at a given time. So, you it
is more convenient to refer to time duration as being you know after this disturbance or

before this disturbance.

So, now you see the system is no longer going to depend only on the time duration
between creating and annihilating, but rather it also depends on how long after this
disturbance you are doing that creating and annihilating. So, it is going to independently
depend on those two times. So, that is the reason why you need a nonequilibrium

Green’s function.
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pectation value of the product of two fields at two different times is to be evaluated,

Glx.tx 1) =< P TIy(x.)y'(x,1)][d> (10.74)
More generally, one could imagine an ensemble of such states weighted by some
pre ight p() so that,

Glx,1x “*Z/”"’ <O|T\y(x,0)y'(x,1)]|d> (10.75)
®

Using the definition of U (1,1, ), the time-evolved operator relative to some reference
time t, may be written as,

y(x,t) = U (tt)w(x,t)U(1,1,). (10.76)
Since we have at the back of our mind some sort of perturbation expansion in
the external time-dependent potential, we now introduce the so-called interaction
picture where the time-independent part of the Hamiltonian is left out of the evo-
lution operator and absorbed into the field operator on the right-hand side. Let
H(s) = H+V(s) be the full time-dependent Hamiltonian and H be the time-
independent part. We define

Ula) =7 (¢ 10) <7 (K1)
ST 10.77)

where,
S(t) = TH T (e HEVOD) = 550 y g, (1078)

The quantity S(1.1;) s called the S-matrix. The above is a trivial identity. It alo fol-
lows that this object is unitary S (t,t;)S(t,t,) = S(t.t;)S"(t,t;) = | since U is unitary
also. We may derive a compact albeit formal expression for §(1.1,) by examining
its equation of motion,

9 i )
ih=S(t,ty) = =HS(t,1) + €1 ih=-Un,
ot o

So, anyway I think I kind of these sort of qualitative descriptions are important. Because
firstly, you know this formal algebraic manipulations and these formal proofs and all that
in any case you can read them from the books and it is very it is not that convenient for
me to describe in words what is going on. Because it is pretty self-evident what is going
on you just need the patient to read whatever is written in the book. But nevertheless, I
do not want to disappoint those of you who are actually interested in knowing from an

instructor what is there in the books.

So, bottom line is I remember this is where I had stopped. So, I told you that in you

know Heisenberg picture the annihilation operator evolves according to this. And so,



now, you see in a situation where the system is you know a system is such that the
Hamiltonian is explicitly time dependent then you will be forced to introduce this
evolution operator which depends on these two times, ok. So, it is going to depend on
these two times and this is the so-called S matrix that depends on the part of the

Hamiltonian that is explicitly time dependent.

So, after this it is a whole bunch of formal results. So, I am going to skip all this and tell
you what it is I have achieved here. See bottom line is that whatever before this 10.90

and after 10.78.

(Refer Slide Time: 13:23)

S'(e.0)S(e,0)=S"(r,r)S(r 1) = 1. This object also obeys group properties,
S(e,0)S( ") =S(1,1"). (10.90)

To show this, differentiate the left-hand side of the above identity with respect to

3.
S(,)S(r 1)
of

(u.\us) S 4801 (rl\‘u ! \)
o o

() V() S ) 4800 ) V() () =0 (1091)

This means we may set t = with impunity, so that $(r,r )S(r .t ) = S(r,r ). Lastly
§'(1,t') = S(¢'1). In order to do perturbation theory we have to rewrite Eq. (10.74)
iction picture. s in this equation by fields

g according to the time-independent part of the Hamiltonian, namely using
The simplest way to do this s by proving the following result

Lemma:

TOWX WX ) = S(=00,00) TG (X o )S(00, ~c6) (1092)

The proof involves starting from the right-hand side and reproducing the left-hand

side. Let £ > 1. In this cas otherwise) we may always write §(c0, —o0)

S(o0,)S(1,1)S( , —oo). Inserting this into Eq. (10.92) we get
§(=00,00) T(W(x,1)§' (x ,t )$(o0, ~e0))
S(—o0,00) T(Y(x,1)§" (X, )S(o0,1)S(t,1)S(t ,~20)). (10.93)

As per the diagram in Figure 10.1, the term S(eo,r) is on the extreme left, fol-
owed by Y(x,t) then 8(r.1 ), followed by ' (x',¢ ) and lastly S(1', ~cz). Also, since

So, you might be wondering what are all these equations. Say basically those equations
are merely required those steps are merely required to prove this sort of group property
of this S matrix. So, it is like you know this is somewhat reminiscent of group theory. So,
you have this S matrix and you compose it with some other matrix you will get some

other.

So, it is something like a you can think of it in various ways, but bottom line is this is
what it is. So, I have spent some few steps trying to prove this and then I have also
proved that S is unitary. So, f dagger S is 1. So, these two put together are quite

important because they will you know enable you to do many things nicely. So, now, the,



ok, so this is all rather straight forward algebra there is no physics content there. So, the

real physics content comes in fact, will come a little later.

(Refer Slide Time: 14:24)

] "
ih=S(r,t;) = V(1) S(t,1,). (10.81)
o
which may then be formally solved as
S(ta) =T (e Hh 70 %) (1082)
since S(t,,1;) = 1. Going back to Eq. (10.76), we get

i) =8 (tn)e T ty(xn)e T 81,

St )W(x,)S(e 1), (10.83)

where
Y(xr) =T y(x g )e T (10.84)

In general,
) f39(6) ds
S(t,r)=T/e (1085)

Clearly, (r,1) = 1. The above function obeys the equation of motion,

) .
ih=S(1') = V(0) S(e,r) (10.86)
o

dJd )
ih=8(t,t) = =S(e,t )V (r), (10.87)
o

and its Hermitian conjugate obeys
D arrts . e
ih=8"(t,t)=S"(e,t) V(1) (10.88)
ot

This is unitary §'(r,1 )S(t.t ) = 1. To prove this, we first show that S*(r.1 )S(t,1 ) is
independent of 1 by differentiating with respect to £, Then we choose f = 1 since it
is independent of 1 and the result follows.

]
ih==(8"(1,0)S(1,t )
o

So, in order to motivate the physics content, I have to tell you why we introduce this S
matrix approach by the way is called the interaction picture. So, you remember that in
quantum mechanics that three types of so-called pictures one is the Schrodinger picture
where the operators are explicitly time independent, but the states the wave function or
the states are time dependent. So, there is the exact opposite where the states are time

independent, but the operators are explicitly time dependent.

So, that is what this would be for example, ok. So, 10.76 would correspond to the
Heisenberg picture. So, the interaction picture is somewhere in midway between the
Heisenberg and the Schrodinger picture. So, that means, what we do is that we say that
both states and operators evolve with time except the state evolves according to the time
independent part of the Hamiltonian, right. Whereas, the operators evolve according to

the time dependent part of the Hamiltonian, so which is why there is this thing.

So, the idea is that the. So, this is the this is evolved according to 2 H. So, remember H
of S is equal to h plus V of S. So, it is the V of S which is time dependent. So, this is time

independent H is time independent. So, this operator is sitting in the middle with that



carrot on top this hat or whatever you want to call it. So, that is evolving according to the
time independent part of the Hamiltonian whereas, the this is the overall time evolution

of the annihilation operator with respect to the full Hamiltonian.

So, now that full evolution is completely determined by this evolution with respect to the

time independent part sandwiched between the S matrices. So, that is basically it.

(Refer Slide Time: 16:36)

S(tt) =T (e Hh 10 %) (1082)
since S(ty,t,) = 1. Going back to Eq. (10.76), we get
i) = 8 n)e T iyxn)e T S,

S0t )W(x,1)S(e, 1) (10.83)

where
Yx ) =T My(x,)e T (10.84)

In general,

y 105 ds
S(t.f)=T(e ) (1035)
Clearly, (,1) = 1. The above function obeys the equation of motion,
2 oo
ih=S(t, ) =V(r) S(t,r) (10.86)
ot
) ! .
ih=S(t,t) = =S(t,t )Vt (10.87)
o
and its Hermitian conjugate obeys
] . A
ih=8"(t,r)=S"(e,0) V(1) (10.88)
ot
This is unitary §"(r,¢')S(t.1 ) = 1. To prove this, we first show that § 1.0)8(n.r ) is
independent of 1 by differentiating with respect to £. Then we choose r = 1 since it
is independent of  and the result follows
9
ih=(8"(1,0)S(1,t )
ot
J ! dJ
S (1,0 )ih==S(t,1 )+ (ih==S"(1,0)S(t,1 )
ot at

(8,6 )0(0) S(e,0)) - (8 (1) P (0)S(e, ) =0 (1089)

So, now why do we do this? Why do we introduce the S matrix? We introduce the S
matrix because. So, remember if you want to think of this time dependent part as a
perturbation. So, that means, if you want to think of this V as a perturbation what you
have to do is it is very logical and very obvious that its convenient this S matrix
approach is especially convenient to perform perturbation series. Because after all what
is S? S is just the time ordering of this sort of an exponential in. Now if I expand in

powers of V, I will just get a series.

So, basically that is what it is. So, now, so that is basically the motivation for introducing
S matrix first of all. It is motivated because you are you can do perturbation theory
cleanly. Because you see the thing the operators that are in between they are evolving

according to the unperturbed part of the Hamiltonian which is also time independent. So,



the time dependent parts are the ones which are containing the S matrix in which you can

nicely expand in powers of V.

So, but then, so that is the advantage of doing that. So, when you actually start
performing this calculation you will then start to notice some not so convenient feature.
And that not so convenient feature is already obvious here in 10.83. So, the not so
convenient feature is the following that you see. So, you have committed to expanding in
powers of this V of V which is the time dependent part of the potential, but then now we
are forced to expand you are forced to perform this expansion in two places one is here

and the other is here.

So; that means, you are forced to expand in powers of V in two different places. And that
is not very convenient because then you will get all kinds of cross terms from all over if
you go to high orders, you will get a bunch of cross terms which is really annoying and
they are on either side of this psi. So, there is a very clever way of getting around this

1Ssue.

So, you might think that why should you get around this issue. So, be it I mean that if
that is how it is, that is how it is. Let us just grin and bear it I mean the you might take
that point of view. And technically you would not be wrong. I mean you know if you are
willing to put in the effort nobody is going to prevent you, but then it is certainly not

elegant especially in hindsight when you know that there is a better way.

So, the point is that there is a better way and that better way involves again you might
have guessed that basically it involves the use of time ordering. So, the idea is that you
cleverly define a notion of time ordering in such a way that now this S matrix no longer
appears on either side of psi it only appears on one side of psi, ok. So, if it appears only
on one side then it is extremely convenient because you just have to expand that one S

which is sitting on one side.

And you simply go ahead and expand that. So, that is what I am going to try and
convince you that it is possible at this stage it is not at all obvious it seems rather
impossible. But the reason why it is possible is because you have to be a little clever; that

means, you have to introduce the notion of time ordering in such a way that you can



achieve this. So, now, what is that notion of time ordering? So, that is the reason why I

have to improve this lemma.

So, you will have to bear with me. So, things are rather technical now I mean, but I have

to motivate all this technical development and I have just told you what that is.

(Refer Slide Time: 20:47)

This means we may set £ =t with impunity, so that $(r,¢ )S(r ;1) = S(r.1"). Lastly
STy = 8(1). In order to do perturbation theory we have to rewrite Eq. (10.74)

in the interaction picture. This m replace the fields in this equation by fields

evolving according to the time-independent part of the Ha

onian, namely using
Eaq. (10.84). The simplest way 0 do this is by proving the fo

wing result

Lemma:

T(y(x,)Y(X 1)) = §(=o0,00) T(Y(x,0)§" (X ,1 )$(o0, =00) (10.92)

The proof involves starting from the right-hand side and reproducing the left-hand

side. Lett > 1. In Iways write (oo, =o0)
TR

I

§(=o0,00) T(Y(x,1)§' (x ,1 )S(o0, ~c0))

= §(—o0,00) T(P(x, 1)U (X1 )S(o0,1)S(t,1 )S(t , ~<2)). (1093)

Av per the diagram in Figure |

lowed by §(x.) then S(.1 ), follg
WOx.t) and §'(x 1) have ng g 4
permutation parameter we have been calling 6 (6 = +1 for bosons and ¢ = ~1 for
lermions),

§(=o0,00) T(Y(x, 1) (X ,1 )$(e0, —0))

S( - 00,00) S(oo,1)P(x,1)S(r.0 )Y (X,1)S(1, oo

S(=o0, DI, 1)S(8,1 )9 (X 1 )S(F , =o0) (10.94)

So, the idea is that you see if you have operator psi which is the annihilation. So, I forgot
a dagger there is a dagger there, ok. So, this is a misprint it should be a dagger psi it is
not psi psi; psi psi dagger. So, you see there is this annihilation operator which is
annihilating a particle at x at time t and then psi dagger is creating a particle at x dash t

dash. So, now, the idea is that [ am going to prove to you that there is.

So, I am going to prove this identity. So, basically the claim is that. So, you can always
write the time ordered part of psi psi dagger this way the full psi psi dagger. So, this is a
time evolution with respect to the complete Hamiltonian. So, now this can be rewritten in
terms of the time evolution with respect to the unperturbed part of the Hamiltonian
multiplied by these two S matrices. So, you might think that I still have not made one S

matrix still two S matrix is on either side. So, you will have to be patient.

So, this is an intermediate step in that eventual goal where I am going to put all the S

matrices on one side. Right now it is still on both sides here. But nevertheless, I have to



prove this in order to achieve that final goal. So, the claim is that the time ordering of psi
x comma t times psi dagger x dash t dash is given by an S matrix of this type. So,
remember [ have defined what that S t that t dash is. So, you go from minus to plus
infinity and then the time ordering from here then back from plus to minus infinity. So,

remember that this S matrix is inside the time ordering this is outside.

So, how do you prove this? I mean it is just quite straight forward all you have to do is
you assume one case t is greater than t dash, right. So, and then you use this group
property of this S matrix, ok. And then you start inserting and it is just straightforward I
am not going to really go through all the steps. So, it is just you just keep inserting and

then you will get your result, ok. So, it is pretty straight forward.

(Refer Slide Time: 23:07)

Now we may infer from the carlir discussion that
V(x.1) = S(, 0 )W(x.1)S(t,t (10.95)
Now we set 1, 0 since it is up to us to choose the reference time ,. This ex-

pression is now substituted into Eq. (10.94) to give
S(—o0,00) T(Y(x, )" (X 11 )8 (00, ~00)
S(=o00,1)S(t, =o0)y(x,1)S(=00,1)S(t,1 )S(t ,~o0)

(X1 )S(=o0, )81, —o0) = w(x, ) (X 1) (10.96)

which proves the Lemma in Eq. (10.92) for# > . The proof for f <1 is similar and
left to the reader as an exercise. Now the average with respect to some two states
may be written as

DT (y(x,0)y(x.1))|d
D[S(—o0,00) T(Y(x,1)§" (X ,1 )S(00, ~e0))|b > (1097)

As it stands, the above expression is not particularly convenient since the S-matrix
appears in two different places. Two different perturbation series will have to be

performed. ne special form of the time-dependent potential that allows

librium assumption. In this dis-
pendent potential to be weakly time dependent for most
e past and the remote future where the potential expo-
cays to zero. Mathematically, this means, V (1) = ¢/ Vg, where € = 0
and Vp is time independent. In this case we may assert that if the state in the remote
past viz. |® > was non-de
§(e0, —00)|d > has to
switched on and off adiabatically. Since both states are normalized, this means

then the state in the remote future, namely,

the same as | > since the potential has been

80, o) >= |0 (1098)
Therefore,

B|S(~o0,0) = e < P|; ¢ =< B|S(e0, ~o0) | >

And the proof for the other case is similar that if t is less than t dash also it is similar. So,
therefore, ok. So, I am going to assume that you are all going to sit down and follow all
these steps it is very irritating to explain this verbally, ok. So, you will have to sit down
and do it yourself. So, now, assuming that you have understood that, then see therefore,
the expectation value of this sort of time ordering of these two operators again if this is a

miss print this is a dagger.



So, with respect to some state is clearly given by the expectation value with respect to
the same operator, but now evolving according to the unperturbed Hamiltonian and
sandwiched between these two S matrices, ok. So, now, it is still not very convenient still
you have two S matrices and my goal of making sure that the S matrix appears only on

one side of these operators is still elusive it has not been reached.

So, now the question is, how would you achieve that? Ok. So, the way is that I am going
to make some assumptions, ok. So, the assumption is that this V of S is while it is time
dependent it is adiabatic in the following sense; that means, adiabatic switching so; that
means, what; that means, is that you imagine this external time dependent potential is 0

in the remote past and it is 0 in the remote future.

So; that means, it is switched on gradually in such a way that the state of the system so;
that means, you imagine that in the remote past that the system had a well-defined
energy suppose you decide because after all there is no question of temperatures this is a
nonequilibrium problem. So, you can I mean it is not logically wrong to postulate that

the system had a well-defined energy in the distant past.

So, if it has a well-defined energy in the distant past, I am going to assume that that
energy is non degenerate; that means, there is exactly one state which corresponds to that
energy. So, if that is the case then if I switch on a perturbation and I do it very slowly.
So, there is a very good reason to expect that that state. So, if I switch it on slowly of

course, it is going to finally, change, but then when I finally, gradually switch it off.

So, there is every reason to expect that the final state will basically be the same as the
initial state So, the wave function of the final wave function and the initial wave function
will correspond to the same state. So, that means, they differ only by a phase. So, you see
the operator that takes the initial state to the final state is this one. So, it is the; it is the S
matrix you evolve this S matrix from a distant past to the distant future. So, that is what

this is doing. So, it is evolving the states from the distant past to the distant future, ok.

So, the claim is that this state, so this is the final. So, this is the initial state which is phi.
So, it had a well-defined energy which is non degenerate and because it is non

degenerate. So, it is like see if it was degenerate it is only a problem because what will



happen 1is that the perturbation can actually create a superposition between these two
states which have the same energy. So, the system kind of gets confused which state it is

in because they all have the same energy.

So, if the perturbation will try to kind of you know jolt it into some superposition even
though it was not in a super position earlier the perturbation can kind of suddenly reset
that state into some super position if the state was degenerate, but we are not going to
allow that. So, we are going to postulate that the initial state was non degenerate. So, if
you slowly switch on and slowly switch off then having switched off you see the system
is back in the original state. So, the worst that can happen is that two wave functions will

differ by a phase. So, that is what is going to happen here.

So, you see there is this S matrix you are acting on the state and you get a phase. By the
way I do not recall if I misspoke earlier. So, in interaction picture the operators change
according to the unperturbed see that is what is happening here, right. So, the operators
are evolving according to the unperturbed Hamiltonian whereas, the states are evolving

according to the S matrix which is the perturbation. I might have said the reverse.

So, I do not recall now, but bottom line is this is what it is. So, this is the final state that
is same as the initial state. So, therefore, they differ at worst by some kind of a complex

number of unit modulus, ok.
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left to the reader as an exercise. Now the average with respect to some two states
may be written as
<O|T(y(x,)y(x,1))d>
< IS =e0,00) T(H(X, ) (X 1) 00, e0)) [ > (1097)

As it stands, the above expression is not particularly convenient since the S-matrix
appears in two different places. Two different perturbation series will have to be
performed. There is one special form of the time-dependent potential that allows
a simpler interpretation. This is the adiabatic equilibrium assumption. In this dis-
cussion we set the time-dependent potential to be weakly time dependent for most
times except in the remote past and the remote future where the potential expo
nentially decays to zero. Mathematically, this means, V() = ¢~/ Vo, where € — 0
and Vy is time independent. I this case we may assert that if the state in the remote
past viz. |® > was non-degenerate, then the state in the remote future, namely,
§(e0,—0)|d > has to be essentially the same as |® > since the potential has been
switched on and off adiabatically. Since both states are normalized, this means

§(o0,—o0) | >= €| (10.98)
Therefore,

D[S(~00,00) = ¢ < @[ ¢ =< DS(e0, ~x) [
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< OIT(Y(x,0)P' (X1 )S(e0, ~o0)) |

O[T (ylx,t)ylx 1 ))[d >, v W
|00, o) >

(10.99)

The above expression is more conducive for applying perturbation theory. Even

though the S-matrix still appears in two places while using a perturbation expan-

sion, the denominator of the above expression cancels with terms in the numerator.

So, therefore, it is clear that its conjugate is this and it is this. So, that this e raise to 1
theta therefore, is trivially equal to the expectation value of the S matrix, ok. So, now,
look at this part see, what is this? This is nothing, but it is e raise to minus i theta. And
what is e raise to minus? So, its e raise to minus i theta phi, right. So, what is e raise to

minus i theta it is 1 divided by this.

So, which is basically, so e raise to minus 1 theta is basically 1 by expectation value of
phi S infinity minus infinity phi. So, which is what this is means. So, what I have done is
basically I have written this as 1 by this and now you see the numerator at least has only
one S matrix. So, you might think that. So, what the denominator has another and you

are back to square one. So, now, you still have two S matrices.
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< OT(Y(x.0)§ S(e0, ))& >
<OIT (YY)D > W\(lh“\m’ » .
o0, )
(1099)

The above expression is more conducive for applying perturbation theory. Even

-matrix still appears in two places while using a perturbation expan-
sion, the denominator of the above expression cancels with terms in the numerator
To see this, write

S0, ~00) = 1+ A8) +A°85, + (10.100)
where §) contains terms lincar in the time-dependent potential, $; contains terms
quadratic in this potential, and so on. Finally we set & = 1 as this is just a book-
keeping device

<OT(Wx (X 1 ))|D gy

AT Y (X1 +AS + A28 +.) @
<O|(1HAS) + A5y +.)|d >
DT (PO (x40 )|
M TG (x,0)8)) >~ < TP (x,1)) >< ) > (10.101)

One may see that powers of A in this expansion only involve connected terms, This
means that unless Sy, 55, . are linked to the fields, the terms vanish. In the general
case of time-dependent non-adiabatic switching, the Lemma in Eq. (10.92) involves

o S-matrices,

Now, you see this interpretation is very convenient even though superficially there still
remain two S matrices one in the numerator one in denominator. It is very convenient to
do perturbation theory now because you see if you expand in powers of those. So,
imagine lambda is imagine there is a lambda next to that V which is your time dependent
perturbation. So, now, it is just a bookkeeping device which tells you how many V’s are
you are dealing with. So, lambda square means you are dealing with 2 V’s. So, later on

you can put lambda equal to 1 if you want.

So, bottom line is that you can expand this matrix in powers of this lambda and which
just tells you how many V’s you are dealing with. So, now, if you insert that expansion
here in numerator and denominator you will see that and you expand the entire ratio in
powers of lambda you will see that what it tells you is that you just have to deal. See
when you are calculating this expectation value you just have to deal with the connected

parts of this expectation value.

So, what; that means, is that when you are evaluating this throw away any term which
looks like this; that means, throw away any term where the fields pair up with each other
means that they kind of ignore everybody else and pair up amongst themselves. So, if
they pair up amongst themselves you kind of disregard that. So, this is applicable to even

two-point function.



So, this is one-point Green’s function; that means, you are creating one I mean you are
creating one particle destroying one particle. So, you can create two particles destroyed
two particles. So, the same situation applies there also. So, the idea is that in any. So,

when you are trying to evaluate this if you try to pair up you know you are forced to use.

Because you see remember that that is how you will be evaluating. You will be
evaluating using something called Wicks theorem I do not recall if I explicitly explain to
you what is Wick’s theorem. So, Wick’s theorem basically tells you that if you have a ok,
that is not in general applicable. So, the bottom line is that basically it says that if in any
calculation while trying to evaluate this you will be at some stage called upon to split it

up into lower order moment.

So, this is a higher order moment this S 1 itself will contain psi dagger psi and so on. So,
that is like the fourth four operators inside the expectation. So, typically you will try to
reduce that to fewer operators. So, the point is that when you do that you will be pairing
up various pairs like this a might be psi dagger psi sitting in S 1 like that. So, you will be

pairing the psi here with some psi dagger sitting inside S 1 and so on.

So, the thing is that when you are doing that what this procedure says is that just do not
include the pairing which involves pairing the original psi with the original psi daggers;
that means, there were psi and psi dagger sitting there and do not include the pairing that
involves pairing these two and just include. So, that those are those are the disconnected
component because they are disconnected because they get disconnected. So, there is the
original pairing is disconnected with the S matrix. So, they get separated out. So, do not

include the disconnected pairing.

So, basically even though this S matrix still appears in both places this ratio still has the
nice interpretation of only including the connected parts in the perturbation series. So,
which is why we introduced this S matrix approach and this time especially this time

ordering idea.
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where S} contains terms linear in the time-dependent potential, § contains terms.
quadratic in this potential, and so on. Finally we set & = 1 as this is just a book
keeping device.

BIT(Y(x, WX 1))\ >e

DTG () (1448, +328+.)) [
<D|(14+A8) +A25y+..)|d >
< D|T(Y(x, )Y (x1 )|
FM<T(Y )Y (x,1)S) T (x 1)) >< 8§ >) +... (10.101)

One may see that powers of A i this expansion only involve connected terms, This
means that unless $y.55,.. are linked to the fields, the terms vanish. In the general
case of time-dependent non-adiabatic switching, the Lemma in Eq. (10.92) involves
two S-matrices,

Figure 10.2: This shows the the time loop used in the definition of the nonequilib-
rium Green function.

‘This is not such a big deal of course, since in the end, equilibrium or otherwise, all
one has to calculate are the particle propagator < y(x,)y"(x ,r ) > and the hole
propagator < (X 1 )y(x,1) >. The ime evolution differential equations for each
one will involve the other as well and when interactions are present, two-particle
and higher-order Green functions are also present in conjunction. These have to

be solved in a coupled manner. The insistence of having just one S-matrix in the
interaction picture stems from the need to do perturbation more cleanly and as we

So, this time ordering is explained nicely in this picture. So, I am going to. So, you can
nicely combine various ideas in this way. So, so this is called the Keldysh contour, ok.
So, this is called Keldysh contour. So, I am going to explain this may be in the next class.
So, in the next class I will tell you more about what this Keldysh contour is and see

where we can go from here.
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always Targer in the C-loop sense than the Tatter. This allows us to take the S-matrix
on the extreme left inside the time ordering to get,

Te(w(x,t)y(x 1)
T(Sc. (~o0,%)S¢. (20, ~) Y(x, ) (x,1))

T(S(C)Ylx,0)¥'(x 1)) (10.102)

The S-matrix on the combined loop is S(C) = S¢_(~00,00)S¢ (o0, ~o0), which is
traversed in the clockwise direction. Typically, one is interested in weighted aver-
ages. For the purposes of the next section, we use the definition involving the grand
canonical ensemble,

Tr (w BH=19) (S(C) Y(x, 1) 5 (X w)
G(x,hx,1) = — (10.103)
a Tr(e W §(C))

The reason for the denominator will be made clear in the next section.

10.3  Schwinger-Dyson Equations

In this section, we consider a collection of particles that are mutually interacting
viaa two-body potential. We also assume that an external potential is present. This

external potential defined in imaginary time in the interval [0, ~iBh] may be set to

zero at the end to make the whole system translationally invariant in space and time

50 that we may then extract the self-cnergy function of the quasi particles, which

%W Field Theory

is the real intention of this section. Alternatively, one could regard the external



So, basically this just tells you more details about non equilibrium Green’s function and
finally, there will be something called the Schwinger Dyson equation which is a very
powerful basically a functional differential equation for the Green’s function of a many
body system. So, it is interesting to know that it is possible to write down those kinds of

equations for the Green’s function of many body system.

So, I will be just explaining all those things one by one and the problem is that you
would not be able to solve any of these equations you will just be able to derive the
equations and solving them is very very hard those are all topics of research. So, nobody
knows how to solve them fully. So, you can still do some tentative type of approximation

and check against some numerical simulation that is the best you can do.

So, this course is more about telling you what sort of questions are worth asking. So, this
course does not provide any answers it just tells you what questions are worth asking.
So, ok, I am going to stop here in the next class I will continue with Nonequilibrium

Green’s function.



