Dynamics of Classical and Quantum Fields: An Introduction
Prof. Girish S. Setlur
Department of Physics
Indian Institute of Technology, Guwahati

Creation and Annihilation

Lecture - 35
Current Algebra

(Refer Slide Time: 00:36)

TTT T TR eI TRE T SO ELprc T W= 0
8.89)

Now we examine how we may reexpress Hamiltonians that are originally in terms
of positions and momenta using these operators,

84 Hamiltonians Using Creation
and Annihilation Operators
As before, consider the Hamiltonian
Yot 1
H=Y 24 =Y V(r-n)) (8.90)
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We wish to show that this can also be written as (in this section dr is the volume
element (d-dimensional)-and-(r—r-} is the d-dimensjonal Dirac delta function),
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B,F and H) is the expression in Eq. (8.90) and Hy is the expression in Eq. (8.91).
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204 Field Theory

So, in today’s class let us continue our discussion of operators that create and annihilate
particles. So, in the last class I was trying to explain to you that any system of particles
which you can described using a Hamiltonian in terms of position and momentum
variables can also equivalently be described in terms of operators that correspond to

creation and annihilation of particles.

So, what happens is that basically you are exchanging the difficulty involved in
expressing the state of the system in terms of a large number of independent variables
that correspond to the position of the particles, you are exchanging that difficulty in
terms of having to deal with operators that now create and annihilate particles. So, the

there are advantages and disadvantages to doing this.



The advantage is of course, as I told you earlier the Hamiltonian which initially consisted
of capital N number of variables where capital N could be macroscopically large as in
say 10 raise to 30. So, that would correspond to the number of electrons in a metal for

example, of a microscopic size.

So, you would be able to now recast such a Hamiltonian which has a unreasonably large
number of variables, which you simply cannot handle, but you could rewrite that in
terms of an operator which is looks a lot manageable lot more manageable. So, because
you see now if you rewrite this 8.90 in terms of operators that correspond to creation and
annihilation of particles, you will end up having to only deal with vectors which are at

most two in number.

For example, in the case of interactions there you will only have to do with r and r dash.
So, this sounds like a rather startling claim you know if you think about it is actually
quite it is hard to believe because on the one hand 8.90 has a ten raise to 20 or 30
variables as many as there are particles, but here in 8.91 it does not seem to reflect the

number of particles, it is basically at most to r and r dash.

So, the question is what is the reason for this? Of course, here this the fact that there are
two vectors here is merely reflective of the fact that you are dealing with two body
interactions; that means, you know the potential energy is a sum of the potential energy
of pair wise interactions; that means, that one body interacts with another body causing a

potential energy and you have to add up the potential energy of all the pairs.

So, this r and r dash the fact that there are two of them in 8.91 is simply reflecting the
fact that you are actually confining yourself to pairwise two body interactions. So, that is
not surprising and it has no relation whatsoever to the number of particles in the system.
So, now, the question is where is that information hidden? Obviously, it is hidden

somewhere 8.91 has to contain information about the number of particles in the system.

So, it is hidden in the fact that in order for you to make sense out of this Hamiltonian
called 8.91 you have to act it on a state containing a fixed number of particles. So, you

see this operator acts on a space containing it acts on wave functions or states. So, that



state itself will specify the number of particles. So, now, that is precisely what we want

to do now.

So, what we want to do is that I want to show you that if I act H as I have written in this
way if I act it on a wave function like psi of r 1 comma r 2, I end up getting an final
result which is the same as acting this Hamiltonian on the wave function ok. So, it is
basically the same as doing that. So, that is the question. So, that is an important claim

that I am I should be able to prove that.

So, I want to be able to prove that acting H written in this way in this rather compact way
which does not betray the number of particles that you are dealing with. So, this acting

on the wave function is produce the same result as acting 8.90 on the wave function ok.
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204 Field Theory
We may evaluate the action of the Kinetic energy as

” 12Y?
/LII‘L (1) =—=c(r)y(r.r) \Z/Mn r) o)y(rr)
2m 2m

" 12V? " V2
/er‘r ) yy(rp.r) \/er‘r n) Yy (1,1
2m m

( 12V} V3 993
‘ F)y(ryr), (8.93)

2m 2m )

which is what we expect from ordinary quantum mechanics written in the position

and momentum notation. The action of the potential energy in the ‘second quan-

tized notation yields,
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Again, this is as it should be. Therefore theiaction of the second quantized Hamil-

tonian on the wavefunction s,
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So, the question is how do you deal with that I mean how do you prove that? So, you
prove that through the following. So, what you do is you first take the you do it by one
by one first let us focus on kinetic energy. So, you see the kinetic energy written out in

terms of this. So, called second quantized form.

So, this is sometimes this is referred to as the second quantized way of doing things so;
that means, this is second quantized does not mean you are quantizing twice I mean the

way I look at is it is just a an alternative description of a quantum system. So, second



means, it is like the second type the first type is this the second type is this. So, it is
second type means, the second way of doing things it is the same thing, but you do it in

two different ways.

So, when you act this on a wave function you end up getting. So, you see when you
annihilate a particle I told you what; that means. So, that basically means that you are
this is a; this is a typo this should not be there. So, the point is that this has been
eliminated that ¢ has been eliminated. So, when ¢ acts on the wave function, you get you
remember how ¢ acts on the wave function. So, I have assume it is already asymmetries

so; that means, the ¢ acting on the wave function is you have to recall how it is not it?

(Refer Slide Time: 07:29)

198 Field Theory

a(r). Upon annihilation by a(r), the wavefunction is no longer properly symmetric
Hene
the sta
i.e., one that obeys, P =V then,

nmetrization is needed to make the result a function respecting
operator acting on it. Consider-a-symmetrized wavefunction,
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Thus we may-convince odrselves of the-validity of the general assertion as well

Now we prove mportant result viz. the commutation rules obeyed by

the s-symmetric operators. Define [4, B], = AB — 5 BA, then we wish to prove the

following:

So, its basically I have to go all the way back here. So, that is how ¢ acts. So, if ¢
basically freezes the last variable and makes it r and then there is a square root of N next
to it. So, that is what it is going to be ok. So, this c of. So, this ¢ acting on this will freeze
r 2 and make it r and then because the it will pick up a square root of N and what is
capital N here? It is 2 is the number of particles. So, that is what that is ok. So, then I

have to differentiate with respect to r, but that r is sitting here.

So, wait I differentiate with respect to r imagine that is done, but then having done this I

have to now create a particle at r how do I create a particle? I first multiply by a delta



function at r so; that means, I have to create a particle you see now the particle position
labels are r 1 and r 2 because I have considered a system with two particles to begin
with. So, now, the ¢ annihilates a particle. So, having annihilated a particle now I end up

with only one particle whichisr 1.

Now, I have to again create a particle which is ¢ dagger r and how do I create a particle?
I create it by multiplying by delta of r minus r 2 ok. So, the point is that when I do this I
end up getting a state which involves now. So, the end result is basically a function of r 1
and r 2 because now this r is being integrated over right and also you have to keep in
mind that you have to do this democratically. So, in other words you have to remember

how c dagger acts.

It does not necessarily create the last coordinate it creates the last coordinate. So, you
have to permute all the coordinates finally, because you have to s symmetries the end
results. So, that is what is happening here. So, there is an s symmetrization involved
which you have to do because you see you are started off with a wave function that was

properly symmetrize you have to end with a state which is properly symmetrized.

So, when you work this out you will low and behold get this and what is this? This is
precisely what you would expect if this was acting on psi r 1, r 2. So, because it is p 1
squared plus p 2 squared when that acts. So, this is p 1 squared this is p 2 squared when

that these two act on your wave function that is what you are supposed to get ok.

So, I hope that is clear that you I have explained to you or I have convinced you that the
way of writing the Hamiltonian in this way the. So, called second quantized way of
doing things gives you the precisely the same result as the conventional way of writing
the Hamiltonian so, but then you have to ensure that you are acting all these operators on

a wave function with a fixed number of particles.

It is only then you can verify these claims alright. So, now the next term is basically the
interaction between the particles. So, that is more interesting because you see I have to
show you that this rather unfamiliar way of writing the interaction between particles

when you act it on the same wave function namely the wave function which contain two



particles, I end up with a result which would be the same as acting this on a wave

function containing two particles.

So, how do I prove that? So, the question is. So, let me start by this, this is how I claim
that this is how you are supposed to write the part which involves interaction between
particles. So, if that is a valid claim I should be able to show that this part of the
Hamiltonian acting on a wave function containing two particles produces what I expect
namely this. So, how do I prove that? I first annihilate ok. So, if I annihilate I will like I

will have to democratically annihilate because it is already asymmetrized.

So, there will be a square root of two involved. So, if I annihilate once you see I will end
up with a wave function for one particle. So, now, the initially there are two particles I
annihilate once I end up with a wave function which contains only one particle. So, each
time I pick up a square root of n. So, in the first instance I pick up square root of 2
because there were two particles to begin with, but if I annihilate the second time

because I am supposed to annihilate twice here there are two annihilations.

So, if I annihilate the second time you see I have already annihilated one particle. So,
there is only one particle left. So, then I will pick up a square root of 1 instead of I have
to pick up a square root of N each time, but then n has reduced by 1. So, now, I pick up a
square root of 1 ok. So, I end up with this result ok. So, and that square root of 2 which I

picked up right at the start gets multiplied by one half and I end up with this.

So, now you see I have to again create particles at r dash and r. So, now, how do I do
that? Again | have to democratically do that by inserting delta functions initially r 1 is at
say typically r 1 is at r dash and r 2 is at r and then I have to interchange these two and I
have to make sure that I put an s each time I interchange because it is supposed to finally,
be asymmetric. So, when I do that unsurprisingly you see each time remember also that

each time I create I pick up a square root of N plus 1 right.

So, how does that work? So, I have to pick up a square root of N plus 1. So, initially I
had no particles at all. So, after having annihilated particles there are no particles at all.

So, that N is 0. So, I have I initially when I create one particle I pick up square root of 1



which is just 1 then if I create the second time then now I have added one particle. So,

this becomes 1.

So, then I pick up a square root of 2 and that square root of 2 cancels with this ok and
then I have to also asymmetries. So, if [ asymmetries then I have to put a square root of 2
factorial and then because remember that is a 1 over square root of N factorial sigma

over permutations.

But that is what this i1s? So, bottom line is if you work this out you will get exactly this
and what is this? This is precisely what you would get when you multiply you see. So,
this is you know you are adding a pair wise ok. So, you are adding pair wise. So, that is
what it will be. So, if you act H on psi, you will get precisely this half will go away
because you see you are supposed to act acted pair wise right. So, you will getr 1 r2 12

rl.
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Again, this is as it should be. Therefore the action of the second quantized Hamil-
tonian on the wavefunction is,
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which is same as Eq. (8.90) with N =2.

B Find the second quantized version of the Hamiltonian
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This contains a so-called three-body potential that occurs commonly in nuclear
physics. The answer is,
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Creation and Annihilation Operators in Fock Space 205
In case there are vector potentials it is equally starightforward. If the original ver-
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So, bottom line is that is what it is ok because it is r 1 r 2 then you have to include r it is
just that one should i should not be equal to j. So, you are allowed to count twice because
I have divided by 2. So, I count twice and divide by 2 I end up with this ok fine. So, that

is that is precisely what it is. So, I ended up showing you that you see this H which is



defined in terms of ¢ and ¢ dagger when acting on psi gives you precisely this ok and

what is this?

This is how a conventional Hamiltonian would act on wave function. Now that I have
convinced you that the second quantization method works I have not shown you that its
useful I have just shown you that these two ways of doing things are equivalent they are

mathematically the same.

So, the question is I have to later on convince you that using this creation and
annihilation operators for a system containing many particles is more convenient or more
useful than dealing with you know position and momentum descriptions which will
necessarily involve implicitly involves wave functions involves dealing with wave

functions that contain a macroscopic number of independent variables.

So, I want to be able to avoid that alright. So, in the next few examples you will see that
well I have introduced three body interactions. So, I am not going to describe this in
great detail, but this appears somewhat frequently in subject like a nuclear physics where
the interactions between nucleons the you know the particles that make up the nucleus

the atomic nucleus.

They do not necessarily interact the way say charged particles interact where the net
potential energy is the sum of pair wise potential energies, but in such in the case of
nuclear particles there the energies not only are pair wise, but they are also something
called three body interactions so; that means, the fact that there are 3 nucleons in the
problem gives you a potential energy which is different from just adding them pair wise.

So, those are called three body interactions.

And three body interactions are uncommon in condensed matter, but they are somewhat
common nuclear physics. So, I am just mentioning it because you can think of this as an
interesting exercise where you can rewrite this three body interaction in this way. So, I
want you to prove think of this as a homework show that H acting on psi gives you

precisely. So, these two are mathematically the same they are the same operators.



So, when they act on system with fixed number of particles, this way of writing H gives

you the same result and this way of writing h also gives the same as the earlier one ok.
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In case there are vector potentials it is equally starightforward. If the original ver-
sion is
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Now we discuss an important topic, namely the current algebra in quantum field
theory
8.5 Current Algebra
We may define current density and particle density operators as follows.
v
pr)=Y d(r-r) (8.100)
i=l
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The second quantized versions are (show this),
plr)=c'(r)e(r) (8.102)

ih 4, y ih it s .
J(r) ¢ (1)[Ve(r)] + ) Ve'(r))e(r) (8.103)

These obey a closed set of commutation rules known as current algebra (we already

So, lastly I was able to. So, the next example is if you have a charged particle in a
magnetic field which is you know which depends on position. So, then you would write
the Hamiltonian in this way. So, imagine there is a charged particle moving in a magnetic
field and this is what it would the Hamiltonian would look like and then you cannot
surprisingly rewrite that in this creation and annihilation operator language in this way

that is fairly easy to believe ok.

So, this is as far as my introduction to the subject of creation and annihilation operators
go. So, I started off with a very simple system of one mass tied to one spring and then I
introduce the chain of mass and spring alternating mass and spring and show how you
know quantized sound waves propagate in such a system. And then I did the same thing
with electromagnetic field and I show the how the quantized electromagnetic waves
which are now called photons, how they emerge from the familiar Maxwell’s equations

when you treat that system quantum mechanically.

Then lastly I showed that you can even think of and in all those earlier examples were

describing excitations of an underlying system. So, whereas, particles themselves were



conserved where excitations need not be and then or they are almost always never

conserved the excitations.

But then I also pointed out that in relativistic systems even material particles are thought
of as excitations because there is a typically a vacuum which spits out material particles
if you pump enough energy into it. So, that is typical of relativistic systems and in such a
case that it becomes imperative to deal with you know creation and annihilation of
operators of material particles. So, it becomes necessary to think of material particles as

a excitations of some vacuum all right. So, we did all that.

(Refer Slide Time: 20:59)

8.5 Current Algebra

We may define current density and particle density operators as follows,

v
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The second quantized versions are (show this),
plr)=c'(r)e(r) (8.102)
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J(r) 2 (r)[Ve(r)] + 2 Ve' (r)e(r) (8.103)

These obey a closed set of commutation rules known as current algebra (we already
encountered this while studying classical fluids). The important point is that these
are valid independent of the nature of the underlying statistics of c (i.e., valid for
bosons as well as fermions).

p(r),p(F)] =0 (8.104)
p(r),Jo(r )| =il p(r wT:‘M T) (8.103)
Jaet) Jo(r 1)) = =ih Ju(r 1) (V,8(r =) +ih Jy(r,t) (V,8(e~r)) (8.106)

While discussing classical fluids, we had occasion to introduce an irrotational
velocity field so that the current density would have the following expression
J(r) = =p(r)VIT(r) where [T1(r),p(r )| = ih 8(r—r ) and [[1(r),TI(r )] = 0. While

So, now I am going to digress and discuss some aspects which are somewhat technical,
but on the other hand this course itself is somewhat technical because it is meant to
describe you know somewhat esoteric subjects like field theories and so on. So, you
should not be complaining that I am dwelling on technical subjects topics. So, this is

slightly more technical than the other topics I have been discussing.

So, this is the subject of current algebra. So, what this means is basically see remember
that in the case of fluids we introduced we encountered this idea that you can rewrite you

know the equations of a fluid you can sort of ignore the underlying graininess that exists



in a fluid and express the equations of a fluid purely in terms of density and velocity

distributions and current is basically nothing, but density times the velocity.

So, the thing is that I merely use that information to derive the Euler equation, continuity
equation and when viscosity is present you would instead of Euler it becomes Navier-
Stokes equation ok. So, that is the extent to which I discussed the ideas of currents and

densities or velocity distribution and density distribution in a physical system.

But now I want to spend some time trying to discuss some mathematical aspects of these
velocity and density distribution because that is going to be important because you see
these especially velocity and density they are in some very precise mathematical sense

they are canonically or they are relatable to canonically conjugate variables.

And canonically conjugate variables are things that you are familiar with from both
classical and quantum mechanics. So, you see q and p are canonically conjugate that
because if you think of it from a classical mechanics point of view then q and p are
canonically conjugate because their Poisson bracket is 1, but they are canonically
conjugate from a quantum mechanics perspective because the commutator is
proportional to the identity operator so; that means, the commutator of q and p is ih bar

times identity.

So, similarly I want to be able to convince you that the way I have defined currents and
densities it naturally leads to a Poisson bracket relation that corresponds to canonically
conjugate variables. So, how do I prove that? So, recall that the definition of density was
this I explained to you why this makes sense because basically a bunch of spikes. So, if a
particle is at r i only then the density is non zero else it is 0 and when r is equal to say r 1

or r 2 at those points the density is infinite.

So, that is the reason why density is the sum of Dirac deltas. Because you see this
definition picks out the discrete nature of the underlying system. So, similarly with
current. So, the current is defined basically as I mean I choose to define it as momentum
per unit volume or velocity per unit volume its p by m is basically your velocity. So, but
then this I rewrite this on these two sides because now I am I am going to be discussing

the quantum mechanical version of the current algebra ok.



So, then you see I want to make sure that J is Hermitian because p i and r i do not
commute in quantum mechanics. So, I have to sort of make J Hermitian. So, I put half of
p by m here and half of p by m on the other side because I have to do that else current
will not be Hermitian and p by m is my velocity. So, I have to put half of velocity on the

left and half of velocity on the right and add them up.

So, then only J is Hermitian. Bottom line is that this makes perfect sense because this is
velocity per unit volume which is dimensionally current. So, current would be then
described in the second quantized language. So, the claim is that just like we I was able

to rewrite the Hamiltonian in terms of creation and annihilation operators.

Now, I want to convince you or I rather I would invite you to convince yourself that rho
is expressible this way and J is expressible this way in terms of. So, think of this as an
exercise like I told you know a lot of this course and pretty much all of theoretical
physics courses cannot be learnt passively by just listening to lectures, you have to

follow along with the paper and pen and bark out all the steps as I describe them.

So, this is one such situation where you will have to really convince yourself that going
from here to here makes sense. You already have the tools to do that because just a while
back I told you how to rewrite the Hamiltonian in terms of creation and it is the same

procedure.

So, you will have to rewrite the densities and currents expressed in terms of position and
momentum in terms of creation and annihilation operators. So, I am going to proceed
thinking that you will put in some effort to learn how to go from here to here ok. So,
having done that now I am going to also convince you that these two objects obey closed
commutation rules what; that means, is that the commutation the commutators of. So, it
is commutators because now I am studying quantum mechanics it is no longer Poisson

bracket it is commutator.

So, the commutators of rtho and J are themselves expressible again in terms of rhos and J
s or you know something even simpler. So, the bottom line is that they obey what are

called closed commutation rules; that means, the commutators do not involve anything



other than rho and J ok. So, that is something very interesting and important and it is

worth spending time on ok.

So, first of all the commutator of rho and rho at different positions is clearly 0 because
rho only involves the positions of the particles and we all know that the positions of all
the particles commute ok. So, they commute amongst themselves then clearly this is

manifestly obvious there is nothing surprising there.

So, but now the next thing that [ am going to show you is that if you take the commutator
of rho and an appropriate component of the current what you end up getting is basically
again something involving rho, but it will involve some additional pre factors which will

be some inhomogeneous functions.

So, that is not surprising, but what is really interesting is the fact that the commutators of
rho and J and rho and rho and J and J they involve either something very simple like 0 or
it basically involves rho and J again. So, in this particular case rtho and rho commutator 0
rho and J commutators again in involves rho and then the appropriate component of J
which I have called J subscript small letter a and J subscript small letter b. So, remember

that J is a vector.

So, because of this gradient J is a vector and vectors typically usually have three
dimensions at the back of my mind. So, the components would correspond to xyz or 1 2
3 or whatever. So, the small letter a and small letter b would be 1 2 3 or x y z. So, if that
is the case then you see I can rewrite the commutator of J a and J b at two different
positions r and r dash again in terms of Js, but then the again as usual the pre factors are

going to be some in homogeneous functions of r and r dash alright.

So, bottom line is that yeah this is interesting. So, this is called current algebra. So, this
thing is called current algebra well, you might think that y is not it called current density
algebra well current as in four current; that means, density would be the time component
of a four current that is relativistic four current and at least you know it is more concise
and it would be really silly to call it something else we know what we are talking about.

Basically, it is current it is called current algebra.
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These obey a closed set of commutation rules known as current algebra (we already
encountered this while studying classical fluids). The important point is that these
are valid independent of the nature of the underlying statistics of ¢ (i.e., valid for
bosons as well as fermions).

[p(r),p(r)] =0 (8.104)
p(r),Jo(r )| = ilip(r wV:‘S‘r‘ T (8.105)
Jalrt) Jy(r 1)) = =ik Jo(r 1) (Vi 8(r =1 )+ ik Jy(r,1) (9, 8(e-=1)) (8.106)

While discussing classical fluids, we had occasion to introduce an irrotational
velocity field so that the current density would have the following expression

J(r) = —p(r)VIT(r) where [T1(r),p(r')] = ifi §(r~r') and [T1(r), T1(r')| =0. While
206 Field Theory
this choice is certainly consistent with current algebra (Eq. (8.104), Eq. (8.105), and

Eq. (8.106)), it is by no means clear that this is the only choice or U
ce. In particular, one may propose the seemingl
where we write J(r) = ~p(r)VII(r) + V(r:[p]) and V depends on p and not I1
‘This choice clearly obeys Eq. (8.105), but when one tries to impose Eq. (8.106) on
it, we obtain,

he most gen-
eneral possibility

(). dp(r )
P(E)VI(x) + Vi (r: [p]), p(r )V, II(r ) + Vi(r 3 [p])
ihp(x)VyI(r ) Vod(r—r ) —ihp(r )V I(r) V,8(r —r)

P(F)V,[I1(r), Vo(r's[p)) p‘r’w\', V(s [p]).I1(r )] (8.107)

Now,

But as usual you see as it was in the case of classical systems, I told you that you can
always first of all J is in both in classical and quantum systems J is expressible as density
times velocities. So, now velocity. So, I am going to be able to show you that its possible
to rewrite the velocity as the gradient of some scalar quantity whenever rho is not zero
so; that means, at all points where rho does not vanish you can always rewrite the

velocity as the gradient of a scalar quantity ok that is a very important claim.

So, I want to be able to spend some time trying to explain to you why that is. So, first of
all you can very easily convince yourself that if you make this assertion ok along with
this namely that pi is the pi is. So, this velocity see J is tho times V and V velocity is
minus gradient of this what is it is called velocity potential. So, this pi that I have

introduced it is a scalar quantity.

So, its called a velocity potential because its negative gradient is the velocity just like in
electrostatics the electric field is the negative gradient of a scalar potential or an electric
potential. So, just like that is the reason why it is called a potential because it is the

negative gradient of the potential is the electric field.

So, similarly here this is pi is called a velocity potential because it is negative gradient is

the velocity. So, of course, I have not shown you that this can always be done, but now



let me try to show you something less ambitious namely, I am going to convince you that
if you make this identification if you assume this, it is not necessary that this is always

true, but later on I am going to show you that is in fact, it is always true.

But if you assume this is true then you can convince yourself where pi obeys this and
this, you can convince yourself that these are automatically obeyed. So, in some sense
you know this solves these equations if you think of this as J as your unknown and you
want to be able to express J in terms of something even simpler. So, the answer is J is

minus rho times grad pi where pi is canonically conjugate to rho ok.

So, that this is important, but; however, like I told you just because this is consistent with
this namely just because J equals minus rho times grad pi where pi is canonically
conjugate to rho is consistent with the current algebra, it does not necessarily mean that

is the only way of writing J.

So, it is not obvious in other words it so, happens this works, but how do you know that
this is the only thing that works maybe we are not imaginative enough that we have not
thought of something slightly more general that also could work and the question is the

slightly more general thing necessarily has to be of this sort ok.
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T e TN,
p(r),p()] =0 (8.104)

P(F).JulE) = ih p(x )V, (r —1 (8.105)

T, Iy (5 1)) = =i Jo(0 1) (V, 8(r =)+ il Jy(r,1) (V,,8(¢' 1)) (8.106)

While discussing classical fluids, we had occasion (o introduce an irrotational
velocity field so_that the current density would have the following expression
J(r)=—p(r)VII(r) where [[1(r),p(r )] = ifi §(r—r/) and [TI(r),1(r )] = 0. While

206 Field Theory

this choice is certainly consistent with current algebra (Eq. (8.104), Eq. (8.105), and
. Lis by no means clear that this ly choice or the most gen-

¢ ar, eemingly more general possibility
where we write J(r) = —p(r)VeIl(r) + V(r; [p]) and V depends on p and not I,
"This choice clearly obeys Eq. (8.105), but when one tries to impose Eg. (8.106) on
it, we obtain,

J(1).Jy(r )

P(F)VTI(r) + Va(r: [p]),~p(F)V,II(E ) 4 Vo (r' o))
ihp()V,II(r ) V(e — )~ ilip(r )V, I1(r) V,5(r ~r
PE)VIII(r), Vy(rs[p])] = () Vi Va(r: o)) TI(E ) (8.107)

Now, )
ilip(r)V,I1(r ) V8(r—r ) = ifip(r)V(8(r—r )V, I(r )

ihp(r)Va(8(r = )V,I1(r)

ihp(r)VyII(r)V,(r = r ) +ihd(r =1 )p(r)V,V,I(r)




So, the so, I am going to show you that if you attempt to construct something more
general like this J is minus rho times grad pi plus V of r. See the reason why this is the
only thing that is likely to be that is going to be more general that is consistent with this
is if you look at the second one you see if you take rho commutator J if this involves pi

again, it is going to violate this result.

So, J commutator rho is already working out so; that means, this is this giving you the
right hand side. So, this the commutator of this with respect to rho had better be 0. So,
whatever this V s its commutator with rho had better be 0. So, in other words V had
better not involve pi because it if V involves pi its commutator with rho is not going to
be 0. So, V commutator pi is necessarily because it is not zero tho commutator V will not

be 0 if V involves pi. So, therefore, V should not involve pi.

So, the worst case is that V can only involve rho. So, which is why I have written it this
way. So, worst case V can only involve rho. So, now, the question is I am going to show
you that this V can be actually absorbed into this in this formula itself so; that means,
without loss of generality I can set V to be 0. So, this is only deceptively more general in
fact, I am going to show you in the next couple of equations that J equals. So, the my

original guess is in fact, the most general one.

So, even if you make an effort to make this more general by adding some additional term
like this which happens to be a function of rho, it is not it is just deceptively more
general because eventually you can sort of subsume that into the simpler formula ok. So;
that means, that the simpler formula is in fact, the most general one. So, how do you
prove that? What you do is you will you insert this supposedly more general formula into

the third commutator of the current algebra.
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Now
ihp(e)V,I1(r) U, 8(r =) = ihp(r)V, (8(r =1 )V, I(r))
= ilip(r)Va(8(r =1 )V,I1(r)
ihp(r)VyIl(e)V,d(r =1 ) +ihd(r 1 )p(r)V,VyIl(r)
ih(Jy(r) = Vy([plir))VS(r = )+ ihd(x ~r )p(r)V,V,T1(r) (8.108)
Similarly,

ihp(r )VIl(r) V,3(r ~r)
=ihp(r) 8( =1)(V, Y, T1(r ) = ih(Ja(r) = Val[plir)) Vid(r =r).  (8.109)

Therefore,
[ae) ()

i)V, 8(r =) = ihd,() V,8(r 1)
iV, ([plir)V (e =) + iV, ([plir) Vpd(r ~r)
P(E)VTI(r), Vo(0rs [p])] = () V) V(s o)) TH(E ) (8.110)

This means that the terms involving V should add up to zero. Thus after some minor
changes we get,

iy} 0)Vad(r — ) = iV, [pl:e ) V,3(r ~ )

=p(r)Va[M1(r), V(r s [p])] = plr )V, [Va(r; [p)), 11(x )] = 0. @.111)

To obtain V we make the substitution V, (r; p]) = p(r) Va(r:[p]) so that,
ihd(r=r)(TyVu(r) = VaPi(r))

A CRAGIEGIAGRAN) 8.112)
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() V[T Vi ('3 [p))] — O )V, [Vl o)) T (8.110)

"This means thatthe terms involving V' should add up to zero. Thus afier some minor

changes we get,
iy([pli)Vad(r =1 ) — ihV,([plir ) V,8(r 1)

p(r)Va[M(r), Vi(r: [p])] = plr )V, [Va(rs[p]), TI(r )] = 0. @.111)

To obtain V we make the substitution V, (r; [p]) = p(r) ¥, (r: [p]) so that,
ih(r=r)(VVi(r) - VaVy(r))

)V, ), V()] +p(r) [VaI(r), Vi(r ) (8.112)
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One may compute V by making an ansatz of the form

3 . - V. ;
T,(1) = Vo) \:/,m dry "\I 0 01 )p(ra)...pley)
®113)

Substituting into the earlier equation we get,

o VN e
V,I(r),V, h //‘ dey———— (r2)
(), Vi(r) :\):‘ dry..dry Nopn P(2)-p(ew)

(8.114)
Hence we may conclude after inserting Eq. (8.113) and Eq. (8.114) into Eq. (8.112),

AT ) L1

And then it is a lot of work it is just tedious algebra and you will be able to show that
finally, I am not going to spend too much time on this is somewhat technical. But bottom
line is that you will be able to show that you can re express you can basically subsume;
that means, you can always redefine pi ok as pi plus something involving rho itself in
such a way that the that pi commutator rho will still be the; that means, pi and rho will
still be the conjugates of each other pi and rho will still be conjugates of each other and

pi commutes with other pis.



So, you can convince yourself with some effort that this seemingly more general
definition of or more general representation of J in terms of rho and its canonical

conjugate it is in fact, equivalent to the simpler version namely this ok.
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Since ry could be anything including r, it implies that the right-hand side of Eq
(8.116), and therefore the left-hand side, are zero. Hence,

Vol (01,02, i) = Vol (11,12, i) = 0, (8.118)

and therefore V¥ (r},£,...,ry;t) = V,@"(ry,13,...,ry:r) s the gradient of some

function making the velocity field irrotational in general, where p(r) # 0.
This means J(r) = —p(r) VI1(r) Wherever ensures that
1(r), 11(r )} = 0-and-{1(r),p(r )| = ik §'(r - r ). This has important ramifica-

tions to an effort where one attempts to express single-particle properties in terms
of correlations between observables. ‘Bosonization’ may be thought of as the act
of expressing the density and velocities (ratio of current to density) in terms of the
quantum fields as in Eq. (8.102) and Eq. (8.103). Its reverse is known as ‘refermion-
ization” (in some circles). This involves inverting Eq. (8.102) and Eq. (8.103) and
expressing ¢(r) and ¢'(r) in terms of J(r) (equivalently, v(r) and p(r)). This en-
e-particle properties in terms of the correlation
and densities. To what extent this is possible or mean-

ables the comy
function between ¢
ingful will be addressed in the last few chapters.
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8.6 Exercises

Q.1 Consider a function f(ry,ry,r3) = ry.ry 4 ry.a. Make this a wavefunction that
the projection operator on it.

describes three bosons by ac

Q.2 Consider a function f(ry,ry,r3) = ry(|rs| = [r3]). Make this a wavefunction
that describes three fermions by acting the projection operator on it

So, I am going to skip the rest of the proof you will you can read it yourself ok. So, of
course, you see pi makes. So, you might say a well what is the definition of pi in that
case. Well pi obeys this alright that is fine granted, but how do you precisely define pi.
So, you define pi clearly by inverting this formula. So, if you invert this pi comes out as
the line integral of J say r dash over rho r dash dr dash all the way up to r from some

remote point I mean some other point.

So, this would be your definition. So, this would be the line integral of the ratio of J and
rho, but then clearly this makes sense only in only when along that path when you are
doing the line integral ok. So, along this path rho is not zero along this path so; that
means, you have to only restrict yourself to situations where the density does not vanish.

So, when the density does not vanish velocity is irrotational.

So, that is an important lesson from all this. So, when density does not vanish velocity is
irrotational so; that means, there are no vortices. So, vortices will exist. So, that is. So,

now, [ am coming to physics. So, till now it was like some very formidable mathematical



description. So, it had no physics. So, many of you would probably be put off by you

know lot of mathematics and algebra.

So, I am going to tell you the physical content of whatever I said till now. See the bottom
line the message this is trying to convey to you is that the velocity. So, you see J is rho
times V rho is scalar V is vector V is the velocity of the fluid. So, it is rho J bracket r J at

position r is rho at position r times the velocity vector at position r.

So, now, the velocity can be expressed as a minus gradient of a scalar only at points
where rho is not zero because only when rho is not zero you can rewrite pi that way, but
when rho is 0 current is also 0 and then the definition of pi becomes ambiguous; that
means, that. So, in other words that there need not be any such pi so; that means, velocity
can be is free to do what it wants. See when rho is not zero velocity has to be rotational;

that means, at those points you cannot expect vortices.

So, what this is telling you is that vortices exists only at points where the density
vanishes. So, when the density vanish you could have situations where you have fluid
flowing around this. So, those are called. So, this is basically what a vortex is you have a
core. So, this is this point where the density vanishes is called the vortex core. So, you
will have circulation of fluid around that core so; that means, velocity of the fluid goes
round and round the fluid goes round and round that point you would have seen that in

your kitchen sink for example.

Suppose you are fill your kitchen sink you put a plug. So, the water does not drain and
you fill the kitchen sink then you stick your hand in and create a rotating type of motion
in the you create a whirlpool and then you remove the plug then the water in the kitchen
sink kind of swirls and gets sucked into the drain and that is precisely what the vortex is;

that means, there is a vortex core.

So, the density at the drain of the fluid is 0. In fact, you can see right through there will
be a hole there you can actually see into the empty sink there will be a hole at the center.
You can see through the drain, but the water around the drain will be swirling around and
entering the drain. So, that happens. So, basically all this algebra this current algebra and

all that basically it just reflects the situation that we encounter in our everyday life.



So, I just want to point out that whatever we have learnt is not unreasonably
mathematical because it reflects what we encounter in daily life. So, later on I am going
to use this idea of current algebra to do something very technical, but very interesting
and that is called bosonization so, that I would not tell you what it is now but later on I

will try and use it somewhere ok.

So, in the subsequent lectures I am going to use this in a very deep and technical way.

So, that is the reason why I introduced it.
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Chapter 9

Quantum Fields on a Lattice

So far we have discussed particles moving in space that is a continuum. In solid-
t-binding picture
y hopping to

state physics it is more useful to employ what is known as a
ron is assumed to be tied to a particular atom, oc

atom. In this picture,

he electron’s position is a discrete quantity—it
ne atom or on its neighbor and not anywhere in between. This tight-
binding picture may be derived using appropriate basis functions. For our purposes,
we postulate that the Kinetic motion of the electron is brought about by hopping.
Therefore the Kinetic energy is

K==} ciocjo ©.1)
where < ij > signifies that sites i and j are nearest neighbors. The negative sign

implies that hopping lowers the energy of the system by an amount 1. But there
is a price to be paid for hopping, in the form of a potential energy. The potential

energy is assumed to be short-ranged, namely it is present only if a site has two
electrons so that they repel with some energy U. But Pauli’s exclusion principle
L L T L Lioc ot ibe oo chig oo kil

So, in the next class I am going to discuss something very important to condensed matter

people and that is quantum fields on a lattice. So, I am going to stop now.

Thanks for listening to me hope to see you in the next class.



