Diffusion in Multicomponent Solids
Professor Kaustubh Kulkarni
Department of Materials Science and Engineering
Indian Institute of Technology, Kanpur
Lecture 07
Entropy of Mixing of Multicomponent Ideal Solution

Welcome to the seventh lecture of open course on Diffusion in Multicomponent Solids. In
this lecture, we will derive the expression for entropy of mixing for an ideal solution. In order
to give you a flavor of the multicomponent thermodynamics, we will apply this treatment to

an n component solution. We will go over solution thermodynamics.

Last class, we evaluated partial molar Gibbs free energy of mixing of constituent atoms or
elements based upon assuming the process of forming solution to be equivalent to
evaporation of one mole of the constituent from the pure element at constant temperature and
pressure PP, then reducing the pressure of the vapor from P? to P;, which is the vapor
pressure of i over the solution and then condensing that one mole of i from the vapor phase
into the solution.
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With this we got the expression for partial molar Gibbs free energy of mixing components i
as:

AG™ = RTIn a;



where q; is the thermodynamic activity of component i in the solution. And molar Gibbs free

energy of mixing to form an n component solution is:
n
AG™ = RTZXLITL a;
i=1
For a binary solution of A and B we will get:
AGm = RT(XAln aA + XBln aA)

Now we will go over couple of models of forming the solution of condensed phases. We will
talk particularly about solids to understand how the process occurs physically.
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AG™ or the molar Gibbs free of mixing can also be written as:
AG™ = AH™ — TAS™

This is at constant temperature and pressure where AH™ is the molar enthalpy of mixing and
AS™ is the molar entropy of mixing. The contribution to AH™ or the change in enthalpy

associated with the process of mixing is mainly from the changes in the types of bonds.

So, we have to form A-B solution from pure A and pure B. In pure A and pure B there are
only A-A and B-B pairs. When we form the solution, some of the similar atom pairs will be
replaced by A-B pairs. Now, A-A, B-B and A-B interactions are not same. As a result, it



causes changes in the potential energy which will lead to change in the enthalpy. That is the

change in enthalpy.

Obviously, when you form a solution from pure elements, in the solution there are more
special configurations available. So there is a change in entropy. We will first look at the
ideal solution model. In an ideal solution, essentially the enthalpy of mixing is 0, which
means there exist no interactions between the atoms or if there are interactions, they are all
the same no matter what pair we are looking at A-A, B-B or A B. The interactions are all
same. And the entropy of mixing is coming from the change in configurational entropy. Let

us try to evaluate AS,, . for the process of mixing.
AS™ = ASconf.
(Refer Slide Time: 5:21)
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Suppose, we form an n component solution by mixing N; atoms of element 1, N, atoms of
element 2 and so on. We have N; atoms of 1, N, atoms of 2, N,, atoms of n and so on. The

total number of items will be the summation of all the atoms.
N=N1+N2+"'+Nn

Before mixing it is called the entropy of the system before mixing. We are talking here about

only the configurational entropy. What should be the entropy of the system before mixing?
Student: 0, sir.

Professor: 0, right. How many configurations are available?



Student: 1.

Professor: Right, all 1 atoms are on lattice of one, all two atoms are on lattice of two and so
on, right and all 1 atoms are identical, all 2 atoms are identical and all 3 atoms are identical.

So, there is only one possible way in which these atoms can be arranged before mixing.
By Boltzmann’s equation we know:
S, =kinQ, =0
Q is the number of configurations possible. And Q; hereis 1, so S; is 0. Furthermore:
ASconf. =5—-5=5,

where S, is the configurational entropy after mixing. Let us try to evaluate S,. For that we
need to evaluate the number of possible configuration after mixing. Let us call this Q,. How
do we evaluate that? here we are talking about random solution, which means there is a

random mixing. All Ny, N,.. atoms are distributed randomly on the available n sites.

In that case how many number of different ways we can arrange N; atoms on n sites. That
will be ¥Cy, . Now once we arrange N; atoms, there are only N — N; sites left. We select N,
atoms and arrange them on the available N — N; sites. There are (’\""’1)C,VZ number of ways

possible in which N, atoms can be arranged.

After we arrange N; and N,, number of sites left are N — N; — N, and N; atoms can be
arranged on these many sites in (’\"’\’1""2)61\,3 number of ways, and on. Let us write the
formula for ¥Cy,_ , it should be:

N!

NC — :
AT AY

So:

Q, = NCN1 (N_Nl)CNZ (N—N1—N2)CN3
N' N - N1 N - Nl - NZ
= X X X ...
NN =N)D! " NyJ(N=N; —N,)! " N3!(N—=N, — N, — Ny)!

We can simplify this. These cross terms will just keep getting canceled. And finally, we have

the expression for Q, :



N!
AT

Q,
We can write S, is equal to:

52 = klnﬂz

So, how do we simplify this further? Each number here is typically a very large number,
right? When we talk about one mole of solution that N is going to be 6.023 x 1023 number

of atoms. If we are dealing with large numbers, we can use Sterling's approximation.
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It says:

Inx! = xlnx — x

If we use this approximation, you can write:
52 = k(NlnN —_ N - Nllan + N1 - NzlnNz + N2 —_ "‘)

s —k(zvl N o, )
2 = 171N1 271N2

X is the atom fraction of 1 or mole fraction of 1, which we call as X;. So, we can write this

1

as:

52 == _k(NllnX]_ + Nzlan + "'anan)

If we multiply and divide the equation by the Avogadro's number we get:

S, = —R(nyInX; + nyInX, + - nylnX,)

1

. . . . N
Where R is gas constant and n; is the number of moles of i component also written as -
Av

Basically ASc,,y. in this case should be equal to S,, this should be more appropriately

AS' because we are talking about the entire system. If we say per mole, we have to divide the

equation by the total number of moles, so we can get rid of this prime sign.

So, the molar configurational entropy of mixing is obtained by dividing the previous eq. by

total number of moles:



Asconf_ == —R(XllnXI + lenXZ + "‘anan)

Basically AS™*"9 for ideal solution, which is all because of the change in configurational

entropy should be equal to:

n
AS™4 = —R Z X;In X;

i=1

Obviously, since AH™!¢ = 0, delta G m ideal should be equal to:

AGm,id — _TAsm,id

n
AG™" = RT Z X;ln X;

i=1

This is the expression we got for the Gibbs free energy of mixing for an ideal solution. If you
remember we also derived an expression for Gibbs free energy of mixing for ideal gases, and
they have come out to be the same.
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So, let us plot this as a function of composition for just a binary solution of, say components
A and B. For binary ideal solution of A and B, we can write:

AS™ = —R(X,InX, + XzinXp)

AG™'% = RT(X4InX, + XginXp)



Let us plot both these quantities as a function of composition say X5. X, and X are fractions.
The logarithmic terms are negative which means AS™¢ has to be positive while AG™ will

be negative.

How do we interpret this curve? Obviously, you see a minimum somewhere. But do not
interpret it as the composition corresponding to this minimum is the most stable solution.
The way it has to be interpreted is at a given composition, let say Xi-X3 AG™ for ideal
solution of A and B is negative. It means if we mix A and B in this proportions, there will be
a negative change in Gibbs free energy or this mixing process is an irreversible process. That
is the way it has to be interpreted. So, this was for an ideal solution. We will now look into

the non-ideal solution that will be in the next class.



