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Lecture 06 - Thermodynamic Activity & Gibbs Free Energy of Mixing

Welcome to the second week of open course on Diffusion in Multicomponent Solids. This is
the sixth lecture in the series and in this lecture, we will start with solution thermodynamics. |
will first explain the concept of thermodynamic activity and later, | will derive the equation

for Gibbs free energy of mixing in terms of activities of the components.

Interdiffusion is a process of intermixing that drives many transformations, that is, the
transformation from non-stable state to a stable state. And so it is important for us to
understand the Gibbs free energy changes associated with the process of mixing. In next
couple of classes, we will talk about solution thermodynamics or the process of intermixing

and Gibbs free energy changes associated with it.

When we talk about solutions, thermodynamic activity is an important parameter. As you all
know, diffusion is driven down the gradient of chemical potentials or equivalently down the
gradient of thermodynamic activities. Let us try to understand what is thermodynamic

activity and what is the physical significance of thermodynamic activity parameter.
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As you all know, any condensed phase, that is, a solid or a liquid builds up an equilibrium
vapor pressure above its surface. Consider, for example, a solid which is contained in a
container. Let us say this solid is a pure element A and let us say initially the chamber was
evacuated. This is a non-equilibrium state. Now, A has to exert an equilibrium vapor pressure
and since the chamber was evacuated - what happens? Some of the A atoms will go into the
vapor phase that will build up the vapor pressure and this process will continue until the
pressure becomes equal to the pressure at equilibrium at temperature T. P° or let say P7 to

be precise is the equilibrium vapor pressure of A at temperature T.

The evaporation will stop when the pressure inside the chamber reaches P, but on the
atomistic scale, the process of evaporation is still going on, but it is counterbalanced by the
reverse process of condensation. So, what is happening at the atomistic level is that there is a
continuous evaporation of some atoms of A from solid into the vapor phase, but at the same
time, some atoms of A are hitting back on the solid surface and they are getting condensed.
At equilibrium, the rate of condensation is equal to the rate of evaporation and so, we do not

see any net evaporation or condensation when the equilibrium is established.

Let us try to analyze how these rates are affected with the composition. Initially, let us say the

rate of evaporation is r,4). How the evaporation process occurs? Basically, what we are

doing is plucking out an A atom from the solid surface and putting it into the vapor phase.
Now all of us know that in solid all the atoms are in their equilibrium positions, right? They
are continuously vibrating about their equilibrium positions. If we consider this atomic
arrangement, essentially each atom is located at what we call as potential energy well. These
are the equilibrium positions, which means at these positions or at the regular lattice sites, the
forces are balanced. There are interactions between the atoms, but at the equilibrium
positions, these interactions are balanced. Essentially, those are the minimum energy
positions which are called the potential energy wells. If all the atoms are identical, the depth
of this potential energy wells are same. Let us call it as E4. In order to remove one atom from
the surface, there has to be some work done. The atom has to gain enough energy, it has to

overcome this activation barrier E, and obviously rate of evaporation will be proportional to

_EA
exp(W). This is the Arrhenius equation.
Now what about the condensation? For condensation to occur some of the A atom have to hit
on the surface and become part of A. We know in the vapor phase, the A atoms are

continuously undergoing the translational motion and some of the A atoms will hit solid A



and become part of A, which is the condensation process. Essentially the rate of condensation
T¢ay Will be proportional to the vapor pressure. If it is pure A, 7.,y Will be proportional to
P2 because pressure quantifies how many atoms are hitting the wall per unit time. We can

write 7,4y as:
Tea) = kP;

And we know at equilibrium, the rate of evaporation is the same as rate of condensation. And

we can write;
Te(a) = kPg (1)

Let us call this equation 1. Now suppose, instead of pure A we initially had a solution of A
and another component B, then what difference it will make? We know when A is inside the
solution instead of pure A, we need to consider the equilibrium partial vapor pressure. And
obviously, the vapor pressure P, exerted by element A when it is inside the solution will be
less than P?. Now how the rate of condensation and rate of evaporation will change?
Evaporation of A atoms can occur only from the sites of A. So, we have to reduce the
intrinsic rate of evaporation of A by the factor X,, that is, the mole fraction of A assuming
that the concentration of the surface is same as the bulk concentration. We need to apply the
factor X, to the intrinsic rate of evaporation. Now, on the other side, rate of condensation will

be proportional to P, because the new equilibrium partial vapor pressure is P,.
XaTe(a) = kP, (2)

This is our equation 2. If we divide Eq. 2 by 1, we get:

Py
Xy =—
R
Similarly, for B we can write:
Pg
Xg=—

Where, P2 is the equilibrium vapor pressure exerted by pure B at temperature T. We are

considering all these processes at the same temperature T.



This basically is called Raoult's law. We can plot how the equilibrium partial pressure P,
varies with composition, X,. Y-axis is the partial vapour pressure of A and x axis is X,. At

X, Aequal to 0, P, is equal to 0, and when X, is equal to 1, P, will be Py.

Raoult’s law tells that the plot will be a straight line as this is a straight line relation.
Similarly, if we plot P as a function of X, Xzwill be in the opposite direction. At Xz =1,
Py will be equal to P2 and Xz = 0, Pg will be 0.

When the solution follows Raoult’s law, we say it is an ideal solution. Now there is an
assumption that we have made here which we did not express earlier. See when we wrote this
equation 1 and 2 for pure element as well as for the solution, we are assuming 7, is same,
that is, intrinsic rate of evaporation is not changing for A whether it is pure A or whether A is
inside a solution. This can happen when either there are no interactions between A and B or

the interactions between A and B are same as that between A and A or between B and B.

In this case we call it an ideal solution or Raoultian solution. Basically, ideal solutions are
characterized by no interactions between the atoms or all the interactions are same. Let us
see how the situation changes when we have the interactions between A-A and B-B and A-B,

which are different.

What will happen in that case? Suppose A-B interactions are stronger than A-A and B-B,
what will happen? If you are considering the solution of A and B, what will happen to the
potential well? Obviously, there will be some A-B bonds, which are stronger than A-A
bonds. And the A atom which is surrounded by B atom will lie at a deeper potential energy
well, right. Let us call this E,, which means that to pluck one atom of A out of the solution,
more work will be required to be done as against pure A. Obviously, the intrinsic rate of

evaporation will change. We can write this equation 2 for the solution case as:
XAre,(A) = kP, 3)
And we know that for this case, when A-B interactions are stronger than A-A and B-B:
Toca) < Te(a)

Now if we divide equation three by one, what we get:




And since:

Toa) < Te(a)
So,

P, < X4P7

If we plot the relation between P, and X4, it will lie below the Raoultian line. This is called

as negative deviation from ideality.
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If we try to plot the relation between P, and X, obviously, this is the Raoult law line and

since,

Toca)y < Te(a)

there will be a negative deviation. Now, here we are considering a dilute solution of A in B,
what does that mean? That means that most of the A atoms are surrounded only by B atoms.

Most of the bonds that A is involved in are A-B type of bonds, which means re’(A) is basically

constant as a function of concentration as long as the concentration is very low.

Initially, there will be a linear relation between P, and X,. This is called Henry's law. Now,
what happens as we increase the concentration of A? With the increasing concentration of A,

probability of forming A-A bonds is more and since A-A bonds are weaker than A-B, it will



raise the overall potential energy well. The potential energy well will be lesser and lesser
deeper as X, increases, which means that there will be deviation from the Henry's law line at

higher concentrations.

And what happens, as X, tends to 1. As X, tends to 1, Again all A atoms will be mostly
surrounded by only A atoms, the intrinsic rate of evaporation will be similar to the intrinsic

rate of evaporation of pure A. And as X, tends to 1, this will follow the Raoult’s law line.

This is basically for a negative deviation from ideality. Now, what happens if

Te(a) > Te(ay, Which means A-B bonds are weaker than A-A and B-B bonds. With the similar

logic we can show that in that case there will be a positive deviation.

Okay, now we can define the quantity thermodynamic activity of A as:

Py

0
PA

In terms of thermodynamic activity we can state Raoult’s law as:
aA == XA
This is the Raoult’s law and we can define:

T, 4)
’y = —
T e

where y, is called the thermodynamic activity coefficient. When we have dilute
concentration, we know there is a linear relation between a, and X,and y, is constant. This is
the Henry's law. This gives us the physical significance of the term thermodynamic activity.
What is it?

Activity is a ratio of equilibrium partial vapor pressure of A exerted by the solution to the
equilibrium vapor pressure exerted by pure A at a given temperature T. And we know if y, <
1 that means, a4 < X4 and this occurs when re’(A) < Tecay- The intrinsic rate of evaporation in
solution is less than intrinsic rate of evaporation in pure A, which means, the intrinsic
evaporation tendency of A is reduced when it goes from pure state to the solution. What is
evaporation? The atom is trying to escape from the solid. Basically that defines the escaping
tendency of the component, in this case A. If:



ay < Xy

it denotes negative deviation, which means, the intrinsic escaping tendency of A is reduced

by going into the solution.
On the other hand, if we have:
as > X,

in that case the intrinsic escaping tendency of A increases by going into the solution. Here,
we are comparing the intrinsic escaping tendency in solution with that in the pure state.
Basically, here we are taking this pure state as a reference state or the standard state. This is

the significance of thermodynamic activity.

Now, when we are analyzing the intermixing process, we need to see what are the Gibbs free
energy changes associated with it based upon which we can decide the equilibrium or
stability criteria. We will see how the Gibbs free energy changes are calculated for the

mixing process.

Before that, it is first important to define the contribution from individual element to the total

property of the system. For example, Gibbs free energy or volume, which are also extensive

property.
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The contribution per mole from the individual component to the total property of the system

is referred to as the partial molar quantity. Partial molar property is denoted by Q; and it is

_ (aQ
Q= <an)
t T,P,nj;:i

partial of Q" with respect to number of moles of i, n;, at constant temperature, pressure and

defined as:

constant number of moles of other components. It is basically the change in property Q' by
the addition of one mole of i when we keep temperature, pressure and other numbers of
moles constant. Again, this has to be done at constant composition, because then Q; will also
change with composition. When we add this one mole to the system to define Q;, it has to be
added to a large amount of the system, that addition of one mole of i does not affect the

composition significantly.

Okay now, we know then Q' is a function of temperature, pressure and number of moles of
all the species. So, let us consider n component system and Q' basically is a state function.

So, it has an exact differential. At constant temperature and pressure, we can define its

Q' aQ’
dQ’ :<aQ ) dnl+<a_Q> dle"‘"'
i) rpn i ") 1P ;

And we can see these partials are nothing but the partial molar quantities which results in:

differential as:

Let us denote this by equation one. As | said, a partial molar property is basically the

contribution per mole of species i to the total property Q’. We can mention Q' :
Q' =Qin; + Qjm; + -
If we take a differential of this we get:
dQ' = Q;dn; + Q;dn; + -+ +n;dQ; + njdQ; + - (2)
Let us denote this by equation 2 and if we compare equation 1 with equation 2, we see that:



Or if we divide this equation by the total number of moles of the system and we can write:

where X; is the mole fraction of i. Both equations (3) and (4) are equivalent and they are
called Gibbs-Duhem equation. These are very important equations. The Gibbs-Duhem
equation will be very important for our class, we will keep using it as we go along, but what
is the physical significance of this? It essentially tells me that not all partial molar quantities
are independent. And practically why it is important? Because, for example if we are
considering a binary system, many times we find that it is possible to measure the property of
only one component and measuring property of second component is not practical. But this
equation tells me that if I can measure the property of one component as a function of
composition, then from the Gibbs-Duhem equation I can get to the other property. That is the

physical significance of this Gibbs Duhem equation and this is very important.

For example, we will often talk about molar volumes when we study diffusion because the
analysis of diffusion profiles is considerably affected by the changes in molar volumes.
Volume is an extensive property; obviously we have a partial molar volume, which is the
contribution per mole by individual species to the total volume of the system. In terms of

mole fractions we can write molar volume as:

Where V; and 171 are the partial molar volumes and we can write the Gibbs-Duhem equation

as.:

Z Xl'dVi = 0

Similarly, if we consider molar Gibbs free energy, we can write:

Where by the definition of partial molar quantities G; is defined as:

6 <aG’>
i ani TP i




This looks familiar? This is equivalent to the chemical potential. The partial molar Gibbs
free energy of i in a solution is same as its chemical potential y; in the solution. We can

write the Gibbs Duhem equation for chemical potential as:

Z Xid:ui =0

These two equations are very important and we will use them in the later part of the class.

Okay, now how do we analyze the Gibbs free energy changes associated with the mixing
process? If we mix A and B to form a solution, what is the Gibbs free energy change
associated with mixing A and B? et us carry out that mixing process systematically.
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Suppose, initially we take X, moles of A and Xz moles of B and we form one mole of

solution, what will be the initial Gibbs free energy of the system? Let us call it G;:
G1 = XAGX +XBG3

where G7 and G3 are the molar Gibbs free energies of A and B. What will be the Gibbs free
energy after formation of solution? Let us call this Gs,iyution- IN terms of partial molar Gibbs

free energy it will be:
Gsotution = XAGA + XBGB

The Gibbs free energy associated with the mixing process is molar Gibbs free energy because

we are forming one mole of solution from X, moles of A and Xz moles of B. That will be:



AGmix = Gsowution — G1
the final Gibbs free energy minus initial Gibbs free energy.
And, from these two equations, we can write it as:
AGix = X4(G4 — G§) + Xp(Gp — GB)

What is this quantity, G, — G2? It is basically the change in Gibbs free energy associated
with A when it goes from pure state into the solution. We can call it as AG}* or partial molar

Gibbs free energy of mixing of A. We can write AG,,;, as:
AGopiy = X4AGT + XpAGE

Now, we need to evaluate AG* and AGZ*. Let us see what happens to the individual species

to form a solution from the pure state.

(Refer Slide Time: 34:10)
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What we are doing here is we are taking X, moles of A from pure A and putting it into a
solution. Now, when | had pure A, the partial pressure exerted by A was P7. When | have A
in solution partial pressure exerted by A is P,. Essentially, we are changing the vapor
pressure of A from PJ to P4. This solution process can be considered as is composed of three
steps. The first step is, evaporation of one mole of A at temperature T. Suppose pure A is at
equilibrium and we evaporate one mole of A at constant temperature, pressure from solid
state to the vapor state. Then, reduce the pressure of A from P2 to P, and then third step as

condense the one mole of A into the solution at P, and temperature T. The steps one and



three are essentially the reversible processes, evaporation of one mole of A at T and P? is
reversible. Similarly, step three is reversible, but step two is an irreversible process. There
will be the Gibbs free energy change associated with step two. Now, this we can replace with
a reversible process and find out what is the Gibbs free energy change associated with it. We

are trying to see what is dG.
We know it should be:
dG = —=SdT +VdP

and at constant temperature you know dG is equal to VdP. Now, if we consider ideal gas, we
are considering vapors and the vapor pressures are typically really low pressures. We know at

low pressure we can consider a real gas as close to an ideal gas. So, we can apply the ideal

gas equation here. We can replace V with %T.

So, if you make a state change from pressure 1 to pressure 2, you know:
RT
dG =VdP = ?dP

AG = RTI (PZ)

1

In this case, when we carry out these three steps AG is equivalent to AG* and we are

changing the pressure from P? to P, :

_ P,
AGJ* = RTIn (-5
PA

And (P—A) is nothing but thermodynamic activity of A, so:

P2
AGT = RTIn ay
So, the Gibbs free energy of mixing should be equal to:
AGpix = X4RTIn ay + XgRTIn ay

In general for an n component system, we can write the molar Gibbs free energy of mixing

as:



n
AGmix = RTZ Xlln a;
i=1

We know AG™ was:
Aélm' = G_i - Glo = RTIln a;

Again this equation you all are familiar with, | suppose, because G; bar is nothing but ;. we

can write this as:
wi — u¢ = RTIn g, (5)

Now we know the Gibbs free energy change associated with mixing process or when we
form a solution from pure components, what should be AG,,;, and the standard equation for
chemical potentials, i.e. Eq. (5). In this case g is nothing but the chemical potential of i in its
standard state. You can define any state as standard state. In this case, our standard state was
pure i. More specifically, the standard state conventionally is defined as pure component i in

its stable state at the temperature being considered.

Essentially the solution thermodynamics boils down to the study of temperature,
composition, vapor pressure interrelationship. We studied that when we form the solution,
how the pressure of vapor above the surface of the solid or liquid (the condensed phase)
changes and this vapor pressure will of course be a function of temperature and vapor
pressure. Intrinsic rate of evaporation also changes with composition. The solution
thermodynamics essentially deals with interrelationship between temperature, composition

and vapor pressure.



