Diffusion in Multicomponent Solids
Professor Kaustubh Kulkarni
Department of Materials Science and Engineering,
Indian Institute of Technology, Kanpur
Lecture 38
Defects Structures
Welcome back. Today, we are going to go over two of the problems which appeared there in
the last assignment. The first problem is related to finding out the average of cosine of angle
between successive jumps in a BCC crystal structure. So, let us try to evaluate average of

cos 8; ;41 in BCC.
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Just a recap of how manning defined various jump frequencies of vacancy in a BCC
structure. This is what we have already seen in one of the previous lectures. | have shown two
adjacent BCC unit cells here. On the left side at the body centre here, the vacancy is located
and our tagged atom X is at the leftmost corner here. Manning defined the frequencies as
follows. Now, there are 8 nearest neighbour for the vacancies all of which lie on 8 corners of

this cube. One of them is of course the tagged atom X and:

w, = frequency of exchange of a vacancy with X

Then, there are three nearest neighbour of the vacancy which are second nearest neighbour of

the tagged atom and are denoted by number 2 here.

w; = frequency of exchange of vacancy on NN with an atom on 2" NN of X

Then, reverse frequency can be defined as:



w} = frequency of exchange of vacancy from 2™ NN to NN of X

Then, there are third nearest neighbour and one fifth nearest neighbour which lie in the same

cube, the frequency of exchange with them is denoted as k.

k, = frequency of exchange of vacancy from NN of X to 3" or 5" NN of X

Then the vacancy can escape the 1st or 2nd coordination shell of X by jumping from the 2nd
nearest neighbour on to the 4th nearest neighbour. 4th nearest neighbour does not actually lie
in the 1st or 2nd coordination shell of X. It lies at the body centre of the next cube which is

on the right hand side. I have shown it by number 4. So:

k, = frequency of exchange of vacancy from 2™ NN of X to 4" NN of X

Remember in BCC, there is no common nearest neighbour for X and vacancy. The 1st
coordination shell of vacancy is either the 2nd nearest neighbour or 3rd and 5th nearest
neighbour of X. This is important as we go further and any other frequency is denoted as w,.

With this, let us try to evaluate (cos 6; ;11).
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Let us redraw this BCC unit cell again and now in this cell | have shown the tagged atom at X
at the body centre of this cube. Suppose the 1st jump of the atom X is from this site a to X.
the 1st jump of tagged atom X is from a to X. The second jump of X maybe on one of the
eight sites and those eight sites, the nearest neighbour of X can be divided into sites of the

types a, b, c or d. a is from where the X has just jumped during the 1st jump. So:

2™ jumpof X may be:

1) back onto site a : cos8, = —1
1
2) onto one of 3b :cosO, = -3
1
3) onto one of 3¢ :cosf, = .|.§

4)intod :cosf; =1

If you want to evaluate average of cos 6; ;,.1, this can be given as:

Z
(cos 0;41) = Z PX.cos 6
i=1
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PX is here is the probability that the 2nd jump of atom X is into the site S. cos 85 is the cosine
of the angle between the 2nd jump vector and the 1st jump vector which was aX. Now there
are la type of site, 3b types, 3c types and 1d type.

We can expand this as:

(cos0;141) =C=—P¥ —PX+PX+Pf

This is because cos 6, = —1 for 1 a site, there are 3b type of site and cos 6, = —g for each,

again 3 c types of sites for which cos 6, = +§ and there is only 1d site for which cos 8, =

1. Now, we need to evaluate this PX, P} and on. This can further be written as:

[Fa]
X X X X Pli( X
C=-Pf—P;y +P*+P; =[-1 -1 +1 +1] pX =[-1 -1 +1 +1].F
c

P
Now, we need to evaluate Pé). P(’fq) is the probability that the atom X jumps into site S for its

2nd jump. it can be written as

P()fg) = {Probability that the vacancy arrives at X after itself making n jumps}
x {Probability of exchange of vacancy with X}
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Now, let us recall this probability that the vacancy arrives at X after itself making n jumps as
Py(sy and the probability of exchange of vacancy with X is w, divided by total number of
jumps per second that the vacancy can make. So:

W32
W, + 3w, + 4k,

X _
Pisy = Pns)-

Now, let us try to evaluate P, for different types of sites. For example, Py, here is the
probability that the vacancy after itself making n jumps will arrive on site a. Remember,
when | am talking about exchange of vacancy, lam considering the same vacancy with which
atom X has exchanged during the first jump. That vacancy itself can make number of jumps
and arrive again on one of the nearest neighbour sites of X and the X can exchange with it

again. Those are the correlated jumps which will contribute to {(cos 6; ;41).

If at any time, the vacancy goes far away and another vacancy comes as nearest neighbour of
X, and then if X exchanges with that new vacancy then the correlation sequence with the first
vacancy is broken. In this particular problem, to make it simple, we are assuming that the
vacancy is considered as escaped if it leaves its first or second coordination shell. That
means, the vacancy is assumed to be escaped if the vacancy is not on either 1st, 2nd, 3rd or
5th nearest neighbour of X. Everywhere else if the vacancy jumps then we assume that the

vacancy has escaped.

(Refer Slide Time: 15:41)
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Similarly, if from the outside vacancy arrives at any of the sites on first or second

coordination shell of X, it will be taken as a random vacancy jump. For vacancy to exist at a
after n number of jumps, the vacancy should have been on one of the nearest neighbours of
a after n — 1 jumps. Okay, | have redrawn the BCC cell here. But now | have also shown all
of the nearest neighbour sites of a because we want to evaluate P ,). After n — 1 jumps, the
vacancy should have been on one of these nearest neighbours of a and on its nth jump the
vacancy will exchange with a. Now this nth jump maybe of w] type of jump or k, type of
jump. w; type of jump is the jump from second nearest neighbour of X to the nearest
neighbour of X. The k; type jump is the jump from 3rd or 5th nearest neighbour of X to the
nearest neighbour of X. | have shown three second nearest of X here by number 2, third

nearest neighbour by number 3 and the 5th nearest neighbour of X by number 5 here.



Let us consider these different types of jumps one by one. We consider w; types of jumps
and let us consider any of the nearest neighbour site of a which is 2™ nearest neighbour of

X. Now, P4 can be written as:

P
=ngll3)robability that the vacancy is on NN of a after (n — 1)jumps}

x {Probability that the vacancy makes a w} or k, type jump during n*"* jump}
Let us first evaluate the w; type of jump that is from the second nearest neighbour and then
the k, type of jump. Let us consider this atom 2 here which is the second nearest neighbour
atom of X. Now, for the vacancy to exist on this site, after the n — 2 jump, the vacancy
should have been on one of the nearest neighbour sites of 2. Remember, after n — 2 jumps,
now the vacancy can only be on either this a site or one of these two b sites or on c site
because the other four nearest neighbour of this atom 2 are outside the 1st and the 2nd
coordination shell of X and we are not considering those because if the vacancy jumps from
there, then it would be a random vacancy jump and will not be a part of this correlation
effect. The only sites that the vacancy should have occupied after n — 2 jumps are either a or

one of the two b or ¢ This we can write as:

Pr) = Pm-2)a  2Pm-2)p + Pin-2),c

where P,_,) s denotes the probability that the vacancy arrives at site S after n — 2 jumps.
Now we consider each of these type 2 site here. After n — 2 jump, the vacancy should have
been either on a or these two b or on ¢ and also for this 2 here, the vacancy after n — 2 jumps

should have been either on a or these two b or on c. So, we can multiply by 3 as follows:

Pu@) = 3|Pm-2)a + 2Pm-2)p + P(n-2)¢]

It should be multiplied by the probability that the vacancy exchanges with the type 2 atom on
its (n — 1)%tjump. This will be the jump from the nearest neighbour of X to the second

nearest neighbour of X. So, this will be an w; type of jump and the probability of that would

w
be: —————. So:
wy+3wq+4kq

w1
w, + 3w, + 4k,

Pn(a) = 3[P(n—2),a + 2P(n—2),b + P(n—Z),c]



For its nth jump, vacancy has to jump from this type 2 to a and this is a jump from second
nearest neighbour to the nearest neighbour, it is an w3 type of jJump. When the vacancy is on
2, it can either make a jump on to the one of the four nearest neighbours of X or it will make

a jump on to one of the fourth nearest neighbour of X which are not shown in this figure.

]
4w +ak,’

Those will be k, type of jumps, so the probability of w1 type of jump would be

W1 w1
wy + 3w, + 4k, 4w] + 4k,

Pu) = 3[Ptn-2)a + 2P(n-2)p + Pin-2),c]

Now, the vacancy after n — 1 jump could have been on the third nearest neighbour, that is,
on one of these three type 3 sites. Let us first consider this type 3 site here first. Aftern — 1
jump, the vacancy should have been on one of the nearest neighbours of this 3 atom only 2 of
which that is a and b lie on the 1st and 2nd coordination shell of X here. The others will be

outside it and we will not consider those. This would give: P¢,_2) 4 + Pn-2)p-

w1 W}
wy + 3w, + 4k, 4w; + 4k,

Puw) = 3[Pm-2)a + 2P(n-2p + Pin-2)c]

+[Pn-2),a + P(n-2)5]

Then, for another type 3 atom after n — 2 jump, vacancy should have been either on this a or

on this b. Similarly for the the third 3 type atom. So we get:

w1 w1
wy + 3wy + 4k, 4] + 4k,

+ [Pa—2ya + Ptn-2)p + Ptn—2),a + Ptn-2)p + Pin—2),a + P(n-2)]

Pua) = 3[Pm-2)a + 2Pn-2p + P(n-2)c]

times the probability that on the n — 1 jump, the vacancy exchanges from, let us say this

type a to type 3 atom. This is a jump from nearest neighbour on to the 3rd nearest neighbour,

so this is a k; type of jump. The probability of that would be —f __ andonn —1

wo+3wq+4k,
jump, the vacancy has to exchange from this 3 to a. Now this is from 3rd nearest neighbour
to a nearest neighbour. This would be counted in any other kind of jump, this is basically a
random jump because other jumps are much away from atom X and so the probability of
jump from type 3 atom to any of the nearest neighbour is 1/8th because there are 8 nearest

neighbour, this should be multiplied by 1/8th here.



W1 w1
wy + 3w, + 4k, 4w; + 4k,

Pua) = 3[Pt-2)a + 2P(n-2p + Pin-2)c)

+ [P-2)a + P—2)p + Ptn—2).a + Ptn-2)p + Ptn-2).a

ky 1

+ Plne =
2] w; + 3w, + 4k, '8

Now, there is one more nearest neighbour of a which is type 5 or the 5th nearest neighbour of
X. Now, for the vacancy to be at type 5 after n — 1 jump, it should have been on a only after
n — 2 jump because that is the only nearest neighbour of type 5 which lies in first or second
coordination shell of X. Any other vacancy would have been a lost vacancy and those will not

be considered. For this we can write as:

w1 w1
w, + 3wy + 4k, 4w] + 4k,

Pua) = 3[Pm-2)a + 2P(n-2p + Pin-2)¢)

+ [P-2)a + P-2)p + Ptn—2).a + Ptn-2)p + Ptn-2).a

kq

1
+ P =+ P
o0 G R, vk, B P

This will be a k, type of jump, probability will be:

kq
W, + 3w, + 4k,

times % which will finally give:

w1 w1
Pt = 3{Per-2)a + 2Pm-2 + Po-ael G50 4wy + 4k,

+ [Pta-2)a + Pi-2p + Pn-2),a + Ptn-2)p + Ptn-2),a

ky 1 ky 1

+ P(, =+ Py a =
(n 2)'b]a)2+3w1+4k1 g (DA, 13w, + 4k, 8

Let us define a factor f, as:

B W1W7
(W + 3w + 4k)4(w] + ky)

f2

And f; as:



kq
8(wy + 3wy + 4ky)

fz =

Let us now consider P, that is the probability that the vacancy arrives at site b after itself

making n jumps.

(Refer Slide Time: 27:10)
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I have shown type b site, let us consider this type b site here, | have also shown all the nearest
neighbour of this type b site here out of which there are three 2nd second nearest neighbour
of X denoted by number 2, 3 third nearest neighbour of X which are shown by number 3 and
one fifth nearest neighbour that is shown by number 5 here. 1st type of jump if we consider
for b, we can write, P, is equal to, the jump from second nearest neighbour to the nearest
neighbour. This will be an w] type of jump and for being on type 2 site after n — 1 jump, the
vacancy should have been either on a or two b sites or one c site after n — 1 jumps. We

can write:

Puw) = [Pi—2ya + 2P-2p + Pi—2).c|f2

If we consider another type 2 site, again after n — 2 jump, the vacancy should have been on

either these two b sites or on this a site or on this ¢ site. So:

Puw) = [Pti-2)a + 2P-p + Pn—2)c)fo + [Ptnera + 2Pa-2)p + Pyl fo

If I consider third type 2 site, then the vacancy after n — 2 jumps should have been either on

this site b or one of these two sites ¢ or on site d. This would be:

Pn(b) = [P(n—z),a + 2P(n—2),b + P(n—Z),c]fZ + [P(n—z),a + 2P(n—2),b + P(n—z),c]fz

+ [Pia-2)p + 2Pm-2)c + P-2),alfz

Then, lets consider the third nearest neighbour type of sites. After n — 2 jumps, the vacancy

should have been either on a or b, this should be:



Puw) = [Pti-2)a + 2P-2p + Pa—2)elfo + [Panera + 2Pa-2)p + Pyl fo

+ [Ptn=2)p + 2P(m-2),c + Pn-2a)f2 + [Ptn-2),a + Pn-2)0] 5
For second type 3, the vacancy should have been on either this b or this c:

Prwy) = [Pt-2)a + 2P(n-2)p + Pin-2).c|fo + [P0 + 2Pm-p + Pine)c) fo
+ [Pta-2yp + 2Pm-2),c + Pin—2yalfe + [Pen2ra + Pin—2)p)f

+ [P(n—z),b + P(n—z),c]fs

For last type 3, the vacancy should have been either on this b or this c:

Puw) = [Pt-2)a + 2P-np + P-2)c)fz + [P0 + 2P(n-2)p + Pan—2).c| fo
+ [Pta—2yp + 2Pm-2).c + Pin—2y,alfe + [Pene2ra + Pin—2)p)f

+ [Ptn=2p + P-ycl|fs + [Pae2yp + Pan-2)c)f

For 5" nearest neighbour site, after n — 2 jump, the vacancy could have been only on site b
here because any other jump would have been a random jump because it would be from

outside the coordination shells of X, this would be:

Puw) = [Pti-2)a + 2P-p + Pa-2)c)fo + [Ptnmra + 2Pn-2)p + Pyl fo
+ [Pta—2yp + 2Pm-2y.c + Pan—2y,alfe + [Penera + Pine2yp)f
+ [Pta—2)p + Pyl fs + [Pe2)p + Pyl fs + [Pn-2)n)fs

On simplifying we can write:

Pua) = [3Pn-2)a + 6Pn-2p + 3P(n-2)c + 0Pn_2).alf2
+ [4P(n—2).a + 3P(n—2).b + Op(n—Z).c + 0P(n—2),d]f3

Prw) = [2P(n-2)a + 5Pm-2)p + 4P(n-2)c + P(n-2),al />
+ [Ptn-2)a + 4P(n-2)p + 2P(n-2)c + OP(n_2)alf5
Now for ¢ and d type, we can apply the similar treatment and in fact, we can get it by
applying this inverted symmetry here because this cube is has an inverted symmetry about
point X. whatever we apply for a and b type sites, by inverted symmetry, we can apply to
type c and d sites. Now, we can also get the equations for P, and P,»and we can write

those in the form of matrices.



[Pr@] 3 6 3 0][FPn-2.a]
[ Prp) | 2 5 4 1 |P(n—2).b|+f
Pn(c)J 721 4 5 2 P(n—z),c| 3
Ph 0 3 6 31|Pm-24

4
1
0
0

OSON B W

w s N O

0][P-20a]
0[|Pn-2)p|
1 P(n—Z),c
4P n-2)a

Observe, that the the last two rows of 4x4 matrixwas obtained by inversion from the first two

rows.

(Refer Slide Time: 36:57)
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We can write this as:

By = Q1P(n—2) + Q2P(n—2) = QP2

Where:
3 6 3 0 4 3 0 O
2 s a1 a2 0
Ql_fZ 1 4 5 2 and Qz_f3 0 2 4 1
0 3 6 3 0 0 3 4

Let us go back to the equation for C where:
C=[-1 -1 +1 +1].P}

and we got:



W3
W, + 3w, + 4k,

X _
Pisy = Pns)-

We can denote a term f; as:

W3
W, + 3wy + 4k,

fi=[-1 -1 +1 +1]

And can write C as:

w, P
w, + 3w, + 4k "

C=[-1 -1 +1 +1]

So C is equal to:
C=fik
Now, we can write B,as:

P, = QP(n—Z)

Now P,,_») can be expressed as:

Pn-2) = QPn-4)
So this becomes:
P, = QPtn—2y = Q*P(n_us)
and if we continue this, we would get:
P, = QP—2) = Q*Piy_gy = -..Q™/?P,

P, here is the probability matrix that the vacancy exist at site S after zero jump, that is right
after the first jump of X. And we know right after the first jump, the vacancy exist at a. So.

P, of only a is equal to 1 and P, of all other sites should be 0. The matrix P, essentially is:

P, = Probability matrix of existence of vacancy at S after 0 jumps of vacancy

i

In the equation of B,,we can replace gwith m and we can write:

P, =Q™F,



Now when we write the expression for C, we are writing f; P, but n can vary from 1 to
infinity because for some atom, the vacancy will arrive after making two jumps for some
atoms it will arrive after making 10 jumps, for some atoms it will arrive after making 1000
jumps and we have to consider all such correlations and n has to vary from 1 to infinity. This

we have to take actually summation for n equal to 1 to infinity.

We can write expression for C as:

C= ifl-QmPo
n=1

Now, let us try to evaluate what is f; Q™. If we first evaluate f; Q, that is going to be:

3 6 30 4 3 0 0
B ap 2 5 4 1 1 4 2 0
le_w2+3w1+4k1[1 111 Pl 4 5 2| 50 2 4 1
0 3 6 3 0 0 3 4

Because

Q=0.+0;

On simplifying we get:

"~ wy + 3w, + 4k,

fQ [-1 -1 1 1][4f; +5f3]

Again this is nothing but £;, so we get:

f1Q = [4f2 + 53] f

So we can write:

f1Q% = [4f; + 5171
...... f1Q™ = [4f, + 5f:1™. fi

if we substitute in this series, we get equation for C as:

C=) 4, +SHI™ P,

m=1

As n is a very large number, we replaced g by m.



If we evaluate f; P,, this should be:

Wy + 3w + 4k,

W3
P, = -1 -
fiFo a)2+3a)1+4k1[ 1 -1 1 1]

S O O

and we will end up getting:

(0]

= 4 m
w2+3w1+4k1;[ f2 + 5]

(Refer Slide Time: 45:56)
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Now this series we can approximate as:

N 1
Z 4o+ S = T

n=1

If we substitute for £, and f; and simplify, we will get the expression for C which is nothing

but {cos 6; ;+1)for BCC as:

=(c050;41) = o
(05 + 3(1)1 + 3375k1 — ﬁ
1 2

which can also be written as:



C =
w1k
W, + 2w, + 3.375k; + ——2—<
2 ! 1 (w; + k3)
(Refer Slide Time: 47:17)
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The second expression is the one which was derived by Manning. Note, there is a little bit of
correction in Manning’s paper this should have been w; there. Okay, this is the expression
for (cos 6;;+1) in a BCC lattice. Now let us look into the second problem. In this problem,
the probability of a vacancy starting at a and returning to one of a, b, ¢, d or e sites is given

which are respectively:

o /Lo T Q
m O, ™K

We have to find out the probability that a vacancy starting at one of the b sites returns to a,
b, c, d or e type of site. To evaluate this, because of the symmetry we can reorient our cube
which is shown here such that our b site now becomes an a site and we redistribute the other
nearest neighbours of X in the types a, b, ¢, d and e. Let us call the new orientation as types
al,bl,cl and d1. Let us say this site b is now type al, | have shown the new distribution
with the yellow colour here. The 4 b sites are each represented by b1, the two c sites are c1
cl, the four d sites are d1 d1 d1 and d1 and then e site is located here.



Now the probability that a vacancy starting at site b returns to a is same as probability of a
vacancy starting at a1l and returning to a b1 type of site which should be equal to £ and the
probability of a vacancy stating at b returning to one of the b sites should be equal to the
probability of a vacancy starting at al and returning to either one of the four b1types of sites

which are originally a b ¢ and d. This probability should be: a + B +y + &

Vacancy starting at b and returning to one of the c sites is same as vacancy starting at al and
returning to either b1 and d1, which is g + § and vacancy starting at b site and returning to
one of the d sites is same as vacancy starting at a1l and returning to either b1 type, c1 type,

d1 type or el type.

This should be equal to 8 + y + & + ¢ and vacancy starting at b and returning to an e site is
same at vacancy starting at al and returning to d1. this should be equal to §. Now this is

ho w we can find the new probabilities.

a: B

b: a+pf+y+46
c: f+6

d: pf+y+d+e
e: 6

Where is this useful? Remember when we derived the expression for correlation factor for
FCC, we considered any vacancy moving out of the nearest neighbour coordination shell of
the tagged atom as being escaped. But there is a finite probability that vacancy will return to
anyone of the nearest neighbour site of X after making n jumps and it can return from 2nd
coordination shell or 3rd or 4th or even from a far distance and if we want to be more
accurate in calculating the correlation factor, then we need to know these probabilities. Once
we know these probabilities, we can find the correlation factor more accurately and there we
will need to convert from one starting position of the vacancy to another starting position
based upon the knowledge of one set of probabilities. There this would be useful. These are

the two problems we solved today. Thank you.



