Diffusion in Multicomponent Solids
Professor Kaustubh Kulkarni
Department of Materials Science and Engineering
Indian Institute of Technology, Kanpur
Lecture 35
Derivation of Correlation Factor in Cubic Crystals by Vacancy Mechanism

(Refer Slide Time: 00:14)

Welcome to the 35" lecture in the open course on Diffusion in Multicomponent Solids. In
this lecture, the concept of correlated jumps is introduced. It is shown that the diffusivity as
defined by Einstein's equation needs to be modified by a correlation factor for diffusion of
substitutional atoms guided by defects. A general expression is also derived for substitutional

diffusion via vacancy mechanism in any cubic lattice.

Last couple of classes we went over the theory of random walk. Now we would like to apply

it to derive expressions for diffusivity in crystalline solids, specifically in cubic lattices.

(Refer Slide Time: 01:18)
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Just a recap over the last couple of lectures, we derived the expression for diffusivity in terms
of mean square displacement as:

(X?)
2T

D =

where (X?2) denotes the average of square of x projections of net displacements of all the

atoms and 7 is the small time interval. If we consider the mean square displacement, which is
denoted as (R?), it can be given as:
(R?) = (X?) +(Y?) +(Z?)

X,Y,Z here denote the projections on x,y and z axis of the net displacement vector R. In

isotropic diffusion, the distribution is spreading equally in all directions. So we have



(x?) = (r) = (22)
And we can write, average of R? that is the mean square displacement as:
(R?) = 3(X?)
If we substitute this in a previous equation, we get:
RZ
p =&
6T

We also derived the expression for mean square displacement that is average of R?, which we

can write as:

n-1 n
R?) =nA? |1 E 0, ;
(R®) =n +n (cos U)
i=1 j=i+1

Now, this expression for mean square displacement is valid for any type of jumps whether

random or not. If the jumps are truly random, then we have seen that:
(cosB;;)=0
and we get the expression as:

(R?) = nA?

Now, if we consider the small time interval T and if y is the successful jump frequency of

atoms, then in time interval 7 the total number of jumps n will be:

n=yr
If we substitute back in D we get:
ytA? 1
= = — /12
6r 6/

This is the equation that we had already derived using the simple atomic jump model a few
classes back. Now, in order to evaluate the successful jump frequency, we need to consider
two contributions. For any successful jump of an atom, two conditions have to be satisfied.
First, the atom has to gain energy equal or greater than the activation energy for migration
and second, the next site or one of the nearest neighbor site has to be vacant so that the atom

can jump onto that site.



When these two conditions are satisfied, a particular vibration will convert into a successful

jump. We can write y as:

AG,,
y =V, exp (— ﬁ) Xy

Here v, is the Debye frequency which is the number of times an average atom vibrates per
unit time. The second exponential term basically represents the probability that a particular
vibration will have an energy equal to or greater than the activation energy for migration that
is AG,,, and X,y represents the probability that a particular site is vacant. X,y is basically the
equilibrium concentration of vacancies. So, we are assuming all the vacancies are randomly

distributed in the crystal, we can write X;y as:

AH,, — TASYP
X1V - eXp - RT

If we substitute for X;,, and then substitute for y in D, we get the expression for D as:

1 1
D=-yA*= gvoxlz exp

6

AS,, + ASTP ( AH,, + AH1V>
R 4P RT

This we get after combining the entropic and enthalpic terms together. Here AH,, is the
activation enthalpy of migration, AH; is the enthalpy of mono vacancy formation, AS,, is
the entropy of migration that is the difference in the entropy of equilibrium state and the state
of saddle configuration and ASY}? is the vibrational entropy change associated with a mono
vacancy formation. Now, the first term including v,, 4 and the entropic term are relatively
independent of temperature. The second exponential term is strongly dependent on

temperature. Usually the temperature independent terms are combined together and denoted

as D,, so we get the expression for D as:

AQp

D= D, exp (‘ﬁ)

Where:
AQp = AH,,, + AH,y

AQp is the activation energy for diffusion. And thus we get an Arrhenius type of equation or
the Arrhenius type of temperature dependence for the diffusivity term which is obvious

because diffusion is a thermally activated process.
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Now this expression is valid for diffusion of an atom by vacancy mechanism. Remember
when an atom jumps into a vacancy, the vacancy is making a reverse jump. So, we can also
consider diffusion of a vacancy. Let us consider the vacancy diffusion. Since the vacancy
concentration is typically very low (less than 107%) at most temperatures, for any given
vacancy all 12 nearest neighbors in FCC, for example, should be occupied by atoms. So the
probability of finding a vacancy next to a vacancy is very-very low. At any given instance,
the vacancy can jump on to any of the nearest neighbor site. So the diffusion of a vacancy
truly represents random walk. When we consider the diffusion of a vacancy, we do not need
to consider this term X;,, because the probability that the next site is vacant is 1 almost at all
times. The only contribution to the activation energy for diffusion of a vacancy will be from

the activation barrier for migration. For a vacancy we can write:

Dyacancy = %volz exp (%) .exp (— %)
Similarly, for an interstitial diffusion the jumps of an interstitial will represent true random
walk because the equilibrium concentration of interstitial is typically very low. The
probability that there will be an interstitial in the nearest neighbor interstitial site of an
existing interstitial will be very, very low. So, at any instance the interstitial will have all of
it’s nearest neighbor site available for jumping. Therefore, the interstitial diffusion also

represents true random walk.

In case of interstitial diffusion too, the only contribution to the activation energy for diffusion

will be from the activation barrier for migration of the interstitial. Obviously, the migration



barrier for interstitial will be different from that for substitutional diffusion. We can write the

similar expression as vacancy for interstitial diffusion:

1 ASL AHL
Dinterstitial = gvo/lz exp (Tm> . exp <— R—?)

We have put superscript i to denote interstitial. Now, coming back to the expression for
diffusion of an atom by vacancy mechanism, this expression needs a little bit of correction

because while deriving this expression we assumed that the atom is making random walk.

It comes from the expression for average of R? that is the mean square displacement which
was nA? for random walk. When the jumps are not random, then we need to use a more

general expression here because:
(cosB; ;) # 0
Let us see how.
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*
Dineii — év,z"w( .—E,_J C’FP[ %T
o0 o0 (Rc\ = .- ?
; f= e = {4 = <us8;)
OO@C,D@ => OOGO® P RZ)‘M“ { i?)éﬂ j

n
'F — 721_ Z [<""'91,iol>”' (019;,,-,9) +(Uf9;,,‘f3> "'"'J

=)

oy cuu.; whic lathie = ((,;Q;/,-y) = < offy, m)J




[rrpv—ry— E——

_ <RD <Oz LYY <)
ah= €T (REY = 3R

<R2> - n),f-fj + ——' Ei<c‘f9'd>] &
)IJ "
%/
<RZ):n?iLe-—
Lyn=77

7
0=%e it sl

=, emt( %- =
f W o
= ou.., A»w diftwion of an
D= funfiar( Enr 8 epp[- Ozl ] o o o
\mm.n7 methanjsm)

[p=nent -2 ——

a

Let us consider for example, the (111) plane in an FCC lattice. Suppose, we are considering
the diffusion of this atom X. The first time a vacancy arrives at any of the nearest neighbor of
this atom X, it is a random process. A vacancy will randomly arrive on any of the nearest
neighbor of X and the atom X will make a random jump into that site. Let us say the first

random jump was from X to this site V here.

After the jump the vacancy is in the middle here and the atom is at X. Now, the second jump
of X would no more be random, because now there exists more than random probability that
the vacancy exists as the nearest neighbor of X, because the X have just exchanged with this
vacancy. What would be that probability? Of course, it would not be unity, but it will be more
than random. Why is it not unity? Because vacancy itself is making random jumps and for
vacancy, there is no barrier for vacancy formation as for the diffusion of X. The only barrier
for vacancy diffusion is the migration barrier. The number of successful jumps of a vacancy
per unit time will be much higher than that for the atom X. The vacancy itself will make n
number of jumps and after making n number of jumps, it can come back to one of the nearest
neighbor site of X. Then this X will make its second jump into that same vacancy, then that

jump will no more be random because X is exchanging with the same vacancy.

The extreme case would be after the first jump, X will immediately jump back onto the same
vacancy. So, it will be a reverse jump. This reverse jump will nullify the contribution to the
diffusion from the previous jump. So we need to apply certain factor to this expression for D
which will take into account this correlation effect and it is done by applying a factor f in the

expression for D.



f is called correlation factor because the next jump of the atom X is no more random, it
depends upon the previous jump. These are called correlated jumps. Now the same vacancy
can exchange with atom X multiple times and such a sequence of jumps of an atom into the
same vacancy again and again it is called correlation chain or correlation sequence. If a fresh
vacancy arise on nearest neighbor shell of X and then X exchanges with that fresh vacancy,
the first correlation sequence is broken and the new correlation sequence will start with the
new vacancy and it is important to determine this correlation effect. The correlation factor, f

accounts for this correlation effect.

The correlation factor is defined as mean square displacement when the jumps are correlated
divided by mean square displacement assuming completely random jumps. If we look into

this expression for R? again, when the jumps are completely random:

(R?) = nA?
And in a sense, this summation of (cos 6, ;) gives the contribution from the correlated jumps.

f is essentially:

-1 n
R? 2%
<R2>Rand0m ns e '
i=1 j=i+1

So, we need to determine {cos 6; ;) and we need to consider the combination of each jump

with every other jump that occurred after it in order to evaluate the correlation factor f. Now,
let us try to determine this correlation factor here, we expand the summation inside, so we

can write:

n-1

2
f=1+ EZ[(COS Oi,i+1) + (COS Oy 142) +(COS Oy 13) + ]
i=1

Fortunately, we do not need to consider the pair of each jump with another jump that

occurred after it because for any cubic lattice, we can show:

(cos 014 ;) = (cOS 0 141)
We can illustrate this for the case of simple cubic.

(Refer Slide Time: 19:52)
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Let us consider the simple cubic lattice unit cell here. Suppose the atom X has made its ("
jump from A to X and the atom is now at position X and the vacancy is on A. X has 6 nearest
neighbor sites, which are denoted as A, B, C, D, E, F. Now on its (i + 1)5¢ jump, atom X can

either jump:

1) backtoA : cosf;;, =—1 (reverse jump)
2) ontoB : cosf;;4; = +1 (forward jump)
3) ontoC,D,E,F : cosB;;1.; =0

For the last case, jump vector would make an angle of 90 degree with the first jump vector
AX. If you find the average, (cos 6;;,) it would be the number of atoms N, that make this
reverse jump to A times cos 8;;,1 corresponding to that jump (which is -1) plus number of
atoms that make jump onto site B times cos 6, ;,; corresponding to that jump (which is +1)

divided by total number of atoms:

Ny(—1) + Np(+1)

N total

(cos 0; ;1) =

Ny .
4 is

We do not need to consider other 4 jumps because cos 8 for those would be 0. Now
total

the fraction of atoms which have made the reverse jump back to A. It can be considered as

the probability that an atom makes a reverse jump. Let us denote it as P,.. Similarly, is
total

the probability that an atom makes a forward jump. Let us denote it by Py, so we get:



Ny(—1) + Nz(+1
ACD+N D

(c0sB;41) =
Ntotal

(cos0;i41) = (P —B,)

Now let us consider the combination of i*"® and (i + 2)™¢ jump. For that, we need to consider
all the sequences it", (i + 1)5¢ and (i + 2)™?, because (i +2)™® jump will depend upon
(i + 1)t as well as well as i jump. Let us denote the jump of X from left to right by right

arrow and from right to left by a left arrow. Let us look at the table here:

i |i+1]|i+ 2| Probability | cos8;;,,
2
- >P | P.P -1
< P. P? +1
Ay 5

Now, a left arrow may indicate reverse jump or a forward jump, depending upon the previous
jump, because these are correlated jumps. i*" jump of atom X here was from A to X and let
us denote the it" jump as left arrow. Now, (i + 1)%¢ jump maybe a reverse jump or a forward
jump. If (i + 1)t jump was from right to left, it would be a forward jump, the probability of
which would be P;. And if it was from left to right, it would be a reverse jump, the

probability of which would be P,.

There will be 4 possibilities for (i + 2)™® jump depending upon what was the (i + 1)5¢ jump.
The (i +2)™ jump might be again from right to left, the probability of which would be Py
because it is a forward jump with respect to the (i + 1)t jump, the first possible (i +
1)5¢ jump or it can be from left to right the probability of which would be P.. For the other
possibility of (i + 1)t jump, the (i + 2)™® jump again would be if it was from left to right,
the probability would be P. because it is a reverse jump with respect to the previous jump.
And if it is from left to right, the probability would be P;. The probabilities for all the four
sequences are given in the above Table. And if we see the combinations of i*"* and (i + 2)™¢
jump, for the first combination the 2 jumps are in the same direction, for second the 2 jumps
are in the opposite direction, for the third one again the 2 jumps are in the same direction and
for the last one it will be again opposite jumps. The corresponding cos 8;;., for the four

sequences are given in above Table.

The average of cosine {cos 8; ;;,) would be:



2
(c0s 0;;42) = P — 2P:P. + B* = (P — B,)
We can show that:
(cosB;;42) = (cosB;;41)?

We can keep doing this for (i +3)"™%, (i + 4)*" jump and we can show that for any cubic

lattice:
(cos 0;14;) = (cos 0;;11)

This is important because when I have to calculate cos6;;,; I don’t have to consider
combination of every jump with every other jump that occurred after it, but I have to know
only cos ; ;41 or only successive jumps of the atom. And when number of jumps n tends to
infinity, average of cosine between the successive jumps or {cos 6;;,) will be independent

of i and that is why this result is important.

Let us substitute this back into the expression for f here and let us try to derive the
expression for f. f is equal to:

n-—1

2
f=1+ EZ[(COS 0i+1) +(c0s0;;11)% + (cos 0;141)° + ]

i=1
If we take average of (cos 6, ;1) common, we get:

n—-1

2
f=1+ ;(COS Oii+1) Z[l +(cos 0;i41) +(cos 6;41) + ]

i=1

Now this series can be approximated to:

1
05 6;;41)

2 n-1
f=1 +E(COS 9i,i+1>Z T—(
i=

Now, as I said earlier as n — oo or for large values of n, {cos 6, ;1) would be independent of
i that means, it should not matter which pair of successive jumps we are considering the
average of cosine between the 2 successive jumps will be same for any pair, the average

being taken over all the atoms.

If I substitute:



(c0sB;;41) = C

And as (cos 6; ;1) will be the same for any i, the expression for correlation factor will boil

down to:

2
=14+—XCX —1) X
f +— (n—-1) 1T-¢C

Since n is large:

n—1
n
And we get the expression for f as:
_14+C
f=1=¢

We derived the expression for correlation factor f and this is valid for any cubic lattice and
for diffusion of an atom by vacancy mechanism. The correlation factor depends upon 2
factors, the geometry which is given by the crystal structure and the mechanism of diffusion.
In this case, the expression is for diffusion of atom by vacancy mechanism. In cubic lattice if
the diffusion is occurring by interstitialcy mechanism in which the atom diffuses by forming
its self-interstitials then the expression for correlation factor will be different. Similarly, the

correlation factor for vacancy mechanism in a tetragonal lattice would be different.

Next couple of classes we will look into the specific expression for f in different cubic
lattices FCC, BCC, diamond cubic etc. And we will consider specifically the vacancy

mechanism of diffusion. Now it should be noted that for the cubic lattice:
(cosB;;41)0or C <0
And:
f<1

This is because, as illustrated here considering the jumps in (111) plane of an atom X, the
second jump of atom X here will most probably be back into the same vacancy. That is the
most possible sequence and this nullifies the contribution to diffusion from the previous
jump. Since this reverse jump is most possible, it kind of indicates that C has to be less than

0. We will stop here for today. Thank you.



