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Good morning everybody. Let us start today’s topic on elasticity crystal (struc differ)
different crystal structures. So, so far we have discussed the different type of structure of
materials, for example we explained in terms of BCC, FCC, HCP or different, and very basic

units of the materials.
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Module 2: Elasticity

|u||n\ to he covered

Ic elasticity of matenals

So, now today we will try to discuss this next topic that is called elasticity part of different
crystals. So, first I will try to focus on isotropic elasticity of materials and then gradually will
shift to anisotropic elasticity of materials and how the orientation dependence of elastic

response is generally observed in case of cubic and non-cubic crystals.



(Refer Slide Time: 01:10)

Elasticity

# All objects are deformable. It 1s possible to change the shape or the size of an

» Enen 1 nd stram diagrams are usually used i the elastic range

So, from the basic part start with the elasticity. So, it is known that all the objects are a
deformable when it is subjected to some kind of load but at the same time it is possible to
change their shape or size due to the application of the external load but how we can change
and (size) size and try to explain in the mathematical form, then we need to define several

parameters to analyse the deformation mechanisms of solids.

So first in terms of elasticity will try to explain the deformation behaviour, so elasticity is
known that it is a reversible process that means if we apply the load and subsequently
released the load it will come back to its initial position without any permanent deformation.
So, most of the materials practically undergoes very small amount of the elastic deformation
but (el) can go up to large amount of permanent deformation with the application of the
mechanical load here.

So there are 2 possibilities to analyse the elasticity, first if we analyse the load with respect to
the original area or the actual area at the instant time of load. But when the stress is calculated
on the basis of original area it is called engineering stress or nominal stress or (())(2:56)
similarly. When it is based on the original length to calculate the strain then it can be called
as engineering strain. Of course engineering stress and strain diagrams is specifically useful
within the elastic range but the true stress strain diagram is specifically significant or
important in plastic range. Although there is a (())(3:23) for small deformation case
engineering stress strain and or true stress strain, there is a very small difference is there

within the elastic limit.
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Solids: Stress and Strain

Stress: 1s a quantity that 1s proportional to the force causing a
deformation

Stress 15 the external force acting on an object per unit cross sectional
darea
Stress — Measure of force felt by material
Force(l)
Area(A)

Stress (o)

SIHunit 1s Pascal, 1 Pa 1 N/m?

(same as pressure)

First we define the stress and strain over a solid body. Stress actually quantify, which is the
proportional to the force causing deformation to that specific solid. Now stress is actually the
external force acting of the object per unit cross-sectional area. So we can measure the stress
like that; it is force divided by area that means force per unit area. So unit of stress is in Sl it

is Pascal or Newton per meter square which is same as the unit of pressure.
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Solids: Stress and Strain

Stram: 1s a measure of the degree of deformation I

For sufficiently small stress, strain is proportional

Lo Stress I Al
I'he constant of the proportionality depends on the A

material being deformed and on the nature of

deformation

We call this proportionality constant the elastic I

modulus

Strain ~ Measure of deformation
Strain(¢)

strain 15 a dimensionless parameter

Similarly strain is a measure of degree of deformation with the application of the load. But
for sufficiently small amount of the stress, strain is proportional to the stress. (The) the

constant term of the proportionality actually depends on the materials being deformed and the



nature of deformation. We call this proportionality constants as elastic modulus. If we look
into the right-hand side figure we see the L is the original length, and with the application of
the load F, it deformed to final length L plus delta L. So, specifically increment of the length
with the specific direction, that means parallel to the force vector here, is the delta L.

Now here, stress is the can be defined the load over the area, so that is a stress and strain can
be defined here, what is the increment of the length as compared to the original length. So of
course in this case we can define stress as a engineering stress or strain as a engineering

strain. The dimension of the strain, it is same that having no dimension of strain.

(Refer Slide Time: 06:01)

Elastic vs. Plastic Behavior

® If the stramn disappears when

the stress 15 removed, the

p
material 15 sad to  behave : Ruptur
clastically

B

® The largest stress for which this
oceurs 15 called the elastic lmit /

® When the strain does not return ! .

\ D

to zero after the stress 1s
removed, the material 1s said to

behave plastically

Now, if there is a application of the load in 1 specific direction that is uniaxial direction, then
the figure shows the typical stress strain diagram where the initial state from A to B the chord
actually follow a linear path but beyond B the diagram becomes non-linear and upto certain

point it breaks, that point is called the rupture or the fracture happens at (the) at that point.

Now, strains will disappear if we remove the load that point B and it will come back to the
initial position A. But at the same time if deformation happens up to the point C and then
afterwards if we remove the load it comes back to the position D. So, there exists some
permanent deformation AD. That (s) that is called the material undergoes plastic deformation

so that deformation is not recoverable.

So in this case, that is (por up) deformation at point C is called as plastic deformation but

deformation at, up to point B can be considered as a elastic deformation. So, the largest stress



for which this occurs is called as the elastic limit but when the strain does not return to the 0
after the stress is removed, the material is set to behave plastically. So there is a clear

distinction between elastic part as well as plastic deformation.
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Elastic Modulus

Ratio of stress to the resulting stran
Ilastic Modulus — Stress/Strain

In a sense 1t 1s a comparison of what 1s the force apphed and

how that object deforms to some extent
Modulus of
clasticity (Pa)
Stress (Pa) - 0= E &
Strain
Stress: normal stress or shear stress
Strain: normal strain or shear strain

So, within the elastic limit the ratio of the stress and strain is equal to the constant term, that
constant term is called as elastic modulus. In the sense that it is a comparison of what force is
applied and how the object deforms upto certain extent. So if we look into that expression,
the stress is equal to elastic modulus and multiplied by strain. So, since strain is
dimensionless, so equation of stress is equal to the here equation of unit of modulus of

elasticity.

So both the modulus of elasticity and stress, having the same unit but when we produce the
stress, this stress is whether it is normal stress or shear stress and the strain, whether it is
normal strain or shear strain accordingly we can define different elastic modulus and that is

limited to, within the elastic limit.



(Refer Slide Time: 09:30)
Three types of Elastic Modulus

“Young’s Modulus: measures the resistance of a solid
to a change n 1ts length

% Shear Modulus: measures the resistance to motion of

the planes of a solid shding past each other

“#Bulk Modulus: measures the resistance of sohids or
hiquids to change mn their volume

So, 3 different types of elastic modulus is generally we observe in the solid mechanics
approach when a material is deformed with the application of some external load. So, 1 is the
Young’s modulus. Actually it measures resistance of a solid to a change in its length. So, that
application of the load here may be either tensile or compressive but in this case the load acts

normal to the cross-sectional area.

Shear modulus its measures resistance to motion of the plane of a solid past over (s up) solid
sliding past each other. So that will graphically, I will try to explain what is shear modulus.
So in this case the load actually applies which is parallel to the cross sectional area. Third 1 is
the bulk modulus; this actually measures the resistance of solids or liquids to change in their

volume.
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Young’s Modulus (Tension)

Consider a long bar of cross sectional arca A and nitial length |

I
4

. tensile stress
(")

y=p24
(5 ‘

tensile stram

\\

o E¢ [

* Measure of stiffness

So, these 3 elastic modulus, we can explain further that if we look into the figure, the (el)
application of the force at cross-sectional area, that ratio actually define the stress and if
tensile loading is acting here so it can be considered as a tensile stress. But, the area of cross-
section is normal to the force direction. At the same time there is a deformation along the
direction of the force that is delta L and that increment of the deformation with respect to the

initial length can be considered as a tensile strain.

So this tensile stress and tensile strain ratio is considered as a Young’s modulus. Stress can
also act in such a way that it may be the compressive load also. So in this case the Sigma
equal to E into Epsilon and E specifically considered as a Young’s modulus and this actually

indicates the measure of the stiffness of a solid body.
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Young’s Modulus (Tension)

» The clastic limit of a substance 1s defined as the maximum stress
that can be applied to the substance before it becomes
permanently deformed

» Imually a stress strain curve 1s linear. As the stress mcreases,
however the curve becomes non-linear

Measure of Young's modulus form the / |
stress strain curve / /
. £
fid
7 :
g Slope = modulus of
s elasticity ¥
{ Higher - higher “stiffness”
Strain

Now, the, if we look into that diagram, that elastic limit of the substance actually defined the
maximum stress can be applied to the substance before it permanently deformed, that we
have already explained. And if we take as a reference the right-hand side figure, here we can
see the stress strain diagram of a specific material but in this in this case how we can measure
the Young’s modulus and the stress strain curve. Since we are explained that stress is
proportional to the strain to the elastic limit and that constant of proportionality we affiliate
with the Young’s modulus. So the Young’s modulus is actually represented by the term of
ratio stress by strain but this (ratio) this relation of stress strain initial period is normally

follow the linear relation.

So, up that line AB is a straight line here and the slope of the (straight line) straight line is
physically represents the Young’s modulus. We can find out in that way that, if we consider
the angle theta between the (line) straight line and the strain axis, so tan theta represents the
slope, and the tan theta equal to stress by strain but that definitely within elastic limit and that
ratio actually represents the Young’s modulus here. So higher (E) Young’s modulus (meet)

means there exist higher stiffness for a specific structure of a solid.
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Shear Modulus

* When an object 1s subjected to a force tangential to
onc of 1ts faces while the opposite face 1s held fixed
by another force. The stress i this case 1s called a

shear stress

* lo a hist approximation (for small distortions) no
nge m volume occurs with this deformation

* We define the shear stress as F/A, the ratio of the

tangential 1o the arca of A of the force being sheared

Now, next is the shear modulus. Shear modulus we can define in such a way that when an
object is subjected to a force tangential to 1 of its faces while we keep (co) as a constant in
the opposite face, and then the stress in this case is called a shear stress. Definitely in this
case application of the load is parallel to the cross-sectional area here. And to a first
approximation and specifically for small (di) distortion or small deformation in case no
change in volume occurs with this deformation. We define the shear stress as a ratio similar
to normal stress area sorry force divided by area, but this area is the tangential to the area of

A of the force being acting.

(Refer Slide Time: 15:30)

Shear Modulus

> © 2003 Thomson - Brooks/Cole
Ihe shear stram 1s defined as Ax

the ratio Ax/h where Ax 1s the r ;&KP,
horizontal distance that  the ) |
sheared force moves and h 1s

the height of the object

Fixed face
In terms of these quantities the PR
shear modulus 15
S - shear stress/shear stramn
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Now, if we look into right-hand side figure, if we try to find out that there is application of
the force on the top of the element and bottom face is (keeped) kept as fixed. Now with the
application of the load A on the top surface its deformation longer direction of the load is
delta x and that deformation happens over the reference of height h. Now in this case the
shear strain on be defined as delta x divided by h where delta x is the horizontal distance, that

is the shear force moves and h is the height of the object.

Therefore when we try to find out the share modulus its is basically the ratio of the shear
stress and shear strain. So, here the shear stress is defined as the force F divided by a cross-
sectional area A but it is noteworthy that this cross-sectional area is actually acting parallel to

the application of the force.

So in terms of stress we can find out that S is F by A that is shear stress and the ratio of shear
strain that is delta x by h. So shear stress is generally represented by Tao that is equal to G
into gamma. So here, gamma equal to (t) tan theta which is equal to delta x by h here and that
is the measure of the shear strain in this case, and G is considered as a shear modulus in this

case having the unit of newton per meter squared or Pascal similar to pressure.
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Bulk Modulus

* Bulk modulus characterizes the response of a substance to uniform

or to a reduction n pressure

A uniform distribution of forces occur when an object 1s immersed

in a fluid. An object subject to this type of deformation undergoes a

* The 15 defined as the ratio of the magnitude of the
normal force I to the arca A

* The quantity P /A s called the pressure. If the pressure on an
object changes by an amount AP~ AF/A the object will expenience
a volume change AV

Now, the third modulus that is called bulk modulus which is characterised with the response
of a substance when it is subjected to uniform squeezing or is there any reduction in the
application of pressure and that actually acts over the volume of an element. So a uniform

distribution of forces occurs (c) specifically when the object is immersed in a fluid. And the



object is subjected to this type of deformation that is undergoes by the change of volume

without any change of shape.

So this volumetric (str) stress which is defined as the magnitude of the normal force to that
area A. And that quantity P, F by A, here it is termed as pressure. And if the pressure changes
by an amount of delta P which is equal to the change of force by the area the object will

experience a change of volume delta V.
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Bulk Modulus
AF ' o Change in Pressure
B -
Al v (/\l ,,) «— Volume Stram
|
I'he volume strain 1s equal to the '
change in volume AV divided by T /
the imual volume \ Ry r/”' !
| .
i F
B~ volume stress/volume strain ™  m
f | :
! |
B - - (AF/A)(AV/IV) : R~
1/ i V4 Al
B - -AP/(AV/V) I

So that delta \V with respect to the original V that is called volume strain or volumetric strain
and here the bulk modulus is defined by the ratio of change of pressure and the volumetric
strain. So the difference from the other 2 modulus with respect to the bulk modulus is that in

case of bulk modulus, we representing the stress and strain term acting over the volume.

So B, if we generally define the bulk modulus and that is specific to the solid, and that is the
ratio of the volume stress and the volume strain. But this volume stress actually comes from
the change in pressure and volumetric strains, actually change of volume with the application

of this force F without any change of the shape of the object.
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Example 2.1

A solid was mitially at normal atmospheric pressure (1.0 x 10° N/m?) and
afterwards it was put into the ocean to a depth where the pressure was 2.0% 10
N/m*. The volume of the sphere i air 1s 0,50 m*. By how much does this volume
change once the sphere is submerged ? Bulk Modulus: B -~ 6.1x10'° N/m

Bulk modulus, B -~ -AP/(AV/V) or AV - (VAP)/B

Because the final pressure is so much greater than the mitial
pressure, we neglect the imtial pressure and state that

AP = P~ P, = Pp=2.0 x 10" N/m?

[herefore

o (0.5m)(2.0x10" N/m”%) ,
Al = , 1.6x10 'm
6.1x107 N/m

I'he negative sign indicates a decrease n volume

Let us look into 1 example to understand the different modulus or specifically the bulk
modulus in this case. A solid was initially at normal atmospheric pressure that is 1 into 10 to
the power 5 Newton per meter squared and afterwards it was put into the ocean to a depth but
the pressure was 2 into 10 to the power 7 Newton per meter squared. The volume of the
sphere in air is point 5 metre cube but now, we need to estimate the how much does the
volume change once the sphere is submerged into the water from the atmosphere. So, bulk
modulus also defined here so it is noteworthy that all the units of the modulus which is the

units (is) equal to the stress, units of stress.

Now bulk modulus, if we directly apply is (del) change of pressure and delta V by V, so here
the sign convention is considered as a negative depending upon the application of the
pressure and whether it is expanding or whether it is squeezing. So, change of volume can be
represented as the original volume into change of pressure divided by the bulk modulus. So,
in this case change of pressure can also be calculate if the gauge pressure is known at a

specific depth where the pressure was 2 into 10 to the power 7 Newton per meter squared.

So, in this case the difference between the final and the initial pressure is actually the 2 into
10 to the power 7 Newton per meter squared. So the change of volume, if we put the
numerical values of all the parameters and we found out change of volume is calculated as 1
point 6 into 10 to the power minus 4 metre cube. this negative sign actually indicates there is

a decrease in volume with the application of the pressure.
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3D Elasticity

Volume
clement dV

Internal reaction forces per unit area (red arrows), on cach

surface, may be decomposed into three orthogonal components
Now we come to that 3-dimensional state of the stress and of course all these cases the
analysis is limited to within the elastic limit. So, so far we have discussed the 1-dimensional
or 1 directional set of the stress, now we try to implement the concept of 1 directional state of
the stress for 3-dimensional case. Now if we look into that figure, left-hand side figure (yeah)
material volume if we consider and on that material volume if we try to find out what the

element of stresses can be act on this volume of the material.

Let us look into that, there is an arbitrary forces basically acting on an element but this
component of the forces can also be decomposed into the 3 orthogonal component and on this
3 orthogonal component or maybe we can say the in the Cartesian coordinate system we can
define the general state of the stress. Let us look into that elemental volume here and what are

the different stresses are acting on this case.

First they are the stresses, normal stress is Sigma Y, probably it is acting along the Y
direction, Sigma X is the acting on X direction and Sigma Z. These are the normal stresses
which acting. Now on, we see that there are several shear stress components as well and we,
we if we see there are the shear stress components are Tao YX or Tao XY, Tao YZ or Tao
ZY, Tao XZ or Tao ZX. | mean there are 6 shear stress components; all are (ac) acting over
the surface of this elemental volume. But any state of the force condition can also be
represented within the elemental volume in terms of this 9 components of the stress that
means 6 are the normal stress components and sorry, 3 are the normal stress components and

6 are the shear stress components.
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3D Elasticity

6,. 6, and o, are normal stresses

['he rest 6 are the shear stresses
Convention: 1, 15 the stress on the
face perpendicular to the x-axis and

~ pomts i the fvey direction

[otal of 9 stress components of which

Z
s

only 6 are independent since

o

y

- T
X { r\l rn

o
[he stress vector 1s therefore o z, s

{ X

Here see that Sigma X Sigma Y and Sigma Z are the normal stresses, but the rest of the 6 are
the shear stresses. It is a convention is like that; Tao XY is the stress on the face
perpendicular to the axis at points in the positive Y direction. So with this Convention we can
define the different shear stress components. But there are 9 stress components out of which
only 6 are independent since the shear stress component Tao XY is equal to Tao YX, Tao YZ
is equal to Tao ZY, and Tao ZX equal to Tao XZ, so therefore the stress vectors can be
represented at the 6 component that is the Sigma X, Sigma Y, Sigma Z and 3 shear stress
components, Tao XY, Tao YZ and Tao ZX.
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Generalized Hooke’s Law

A complete deseription of
the general state of stress at a
pomt consists ol
normal stresses in three
directions, oy (or 611).

oy (or 67) and o, (or

033),

shear stresses on three
planes, Ty (or oy, ...),
Tyz (OF 623 .....), and Txx
(Or 03 )



This is the another way to represents the 3-dimensional state of the stress and sometimes we
define the axis as X1, X2, X3 and the sheer or normal stress components can be represented
like that and here is Sigma X which is equal to Sigma 11, Sigma Y which may be able to
Sigma 22, and Sigma Z which is equal to Sigma 33. Similarly the shear stress component Tao
XY can be represented as Sigma 12, Tao YZ, Sigma 23 and Tao ZX (or if) which is equal to
Sigma 31. So throughout our analysis we can use both of the notation, either Sigma X, or
either Sigma 1 in that way, we can use to, for that analysis of 3 dimensional state of the
stress.
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Generalized Hooke’s Law

I'he stress, oy in the x-direction produces 3 strains
longitudinal strain (extension) along the x-axis of
o
(('. \
\ /4-
transverse strams (contraction) along the y and z -axes
which are related to the Poisson’s ratio
VO,
£, & VE, i

Now, the Hooke’s Law states that stress is proportional to the strain, but how we can apply in
case of 3-dimensional stress state, this Hooke’s Law. The stress, suppose, the stress Sigma X
is acting on X direction and that actually produces 3 strains; 1 is the longitudinal strain or
maybe you can say that extension along the X axis, that can be defined as Epsilon X equal to
Sigma X by E. But at the same time it will produce the transverse strains or maybe

contraction along the Y and Z axis which are related to the Poisson’s ratio.

Now in case of 3-dimensional stress state, if 1 stress is acting 1 specific direction, (let) and if
there is a extension along this direction, so there must be contraction in other 2 directions to
make the volume consistency over the deformation. That is why the Poisson’s ratio actually
comes into the picture to consider the latter contraction in there is a application of the load in

1 specific direction.



So here is (Sigma Y) Epsilon Y and Epsilon Z can be represented as the negative of the
Poisson’s ratio and (mult) multiply with the strain in X direction so that is is equal to that
Poisson’s ratio into Sigma X by E. So the negative sign comes because of the contraction in
other direction as compared to the extension along in X direction.
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Poisson’s ratio

AV
Tension <> shrink laterally !
Compression 2 bulge
Ratio of lateral to axial strain called Poisson's ratio v
v is dimensionless
Sign: lateral strain opposite to longitudinal strain
Fheoretical value: 0.25 for a perfectly isotropic elastic materials
Maximum value: 0.50
Typical value: 0.24 - 0.30 for most of the materials

So here, how we can define the Poisson’s ratio in this case? The first (())(30:47) indicates the
undeformed state but if we apply the load then it will try to deform in 1 direction or maybe
extension in 1 direction but other 2 directions probably it can go through the contraction. So,
the Poisson’s ratio is defined by the lateral strain to the axial strain and that is negative of

Epsilon X by Epsilon Z or negative of Epsilon Y and Epsilon Z.

So, it is obvious that the Poisson’s ratio is dimensionless at the lateral (ss) sign of this
Poisson’s ratio is that lateral strain opposite to the longitudinal strain. But theoretical value of
Poisson’s ratio is point 25 or perfectly isotropic elastic materials, but maximum limit is half

or point 5 but typical values for most of the metals is observed between point 24 to point 3.
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Elastic strain components

In order to determine the total strain produced along a particular
direction, we can apply the principle of superposition
Example, the resultant stramn along the x-axis, comes from the
strain contribution duc to the application of oy, 6y and o,
o
Oy Causes i the x-direction
/
Vir
Gy causes ; in the x-direction
Vo
O, CAUSES / in the x-direction
Applying the principle of superposition (x-axis)
[ -
o, ~v(o, +0.)

So by looking into the Poisson’s ratio we will try to explain the component of the stress or
strain at different directions. So in order to determine the total strain, 1 specific direction we
can apply the principle of superposition. Let us look into that (ss) strain along the X axis and
the (con), it comes from the contribution with application of the Sigma X, Sigma Y and
Sigma Z; that means other 2 directions. So Sigma X causes actually Sigma X by E in the X
direction but Sigma Y causes component of the strain in X direction and that is multiplied by

the Poisson’s ratio into Sigma Y by E.

Similarly the strain component along X direction due to the application of the stress Sigma Z
is considered as minus Nu Sigma Z by E. So by applying the principle of superposition along
the X axis, the total strain component is calculated as, 1 by E Sigma X minus Nu into Sigma
Y plus Sigma Z. In this case there is a positive deformation (or pos) happens due to the
application of the Sigma X while negative deformation happens due to the application of
Sigma Y and Sigma Z. So effective deformation is the Epsilon X, that is the, consist of both
the longitudinal strain and the other 2 lateral strain and that lateral strain actually represented

(in terms) with the effect of the Poisson’s ratio.
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Elastic strain components

Stress Stramn i the Stram m the Strain n the
x direction y direction 7 direction

O e =2 Vo, . Vo,

X “x ’ & ’, =

I y J /

o . Vo, o Vo
O Vo Vo o

3 g £

1 / 2 /

Now, if we look into that tabulated form, the stress is acting, Sigma X, Sigma Y and Sigma Z
but what are the component of the strain is acting X direction, what are the component of the
strain acting in Y direction and component of the strain in Z direction. So if we see that
component of the strain in X direction, Epsilon X is equal to Sigma X by E, Epsilon X due to
the Sigma Y, that is the multiply by the Poisson’s ratio with the (st) strain to Sigma Y and
similar effect can also be observed into the Sigma Z. So these are the way out to find out the

individual strain component acting in different direction.
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Elastic strain components

I'he components of strain in the ] I'he shearing stresses acting on the

X, v, and z directions umt cube produce shearing strains
l [rr \'(rr Fo )] 7. =(v
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— './
7, (r) ‘

I[n’ Vo wr\i:
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& / [(T "(n. +0, ) (315 the shear modulus
Values of G are usually determined
E 1s the Young’s modulus | from a torsion test
Values of I are usually |

determmed from a tension test



So when you apply the principle of superposition (of) of the effect of individual component
we can find out the component of the strain in X,Y and Z direction are represented like that;
Epsilon X equal to 1 by E Sigma X minus Nu into Sigma Y plus Sigma Z; similarly Epsilon
Y and (s) Epsilon Z. But if we look into all this expression the positive deformation or
positive amount of strain actually comes from their individual stress component along that
specific direction. So we are talking about the positive in the sense that Sigma X, Sigma Y or

Sigma Z all are positive.

But at the same time the negative contribution actually comes from the other 2 components of
the stress when we focus on 1 specific axial direction. So E here is the Young’s modulus but
values of the Young’s modulus can also be obtained from the uniaxial tension test and that
Young’s modulus actually represents the slope of the very initial curve or maybe we can say

the initial linear part of the stress strain curve is a measure of the Young’s modulus.

The shear stress also acting on the unit cube and that is, shear stress is proportional to the
shear strain and that proportionality is represented in terms of the shear modulus here. So
similarly all the shear strain component (can be) can also be represented individually with
respect to the (s) shear strain along the specific plane. So here G is the shear modulus and
values of the G can also be obtained from a torsion test as compared to E in case of tensile

test.
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Modulus of elasticity and Poisson’s ratio

lypical Room-Temperature values of elastic constants for isotropic
materials

Modulus of  Shear
Material Elasticity, ~ Modulus  Poisson’s
(GPa) (GPa) ratio, v

Aluminum alloys 724 27.5 031
Copper 110 14 (.33
Steel (plain carbon

and low-alloy) 200 75.8 0.33
Stainless Steel 193 65.6 0.28
litanium 117 14.8 0.31
Tungsten 100 157 0.27



These are the some basic idea about the specific values of the elastic constants for isotropic
materials. And if we see that modulus of elasticity, shear modulus and Poisson’s ratio are
defined for the different materials and out of these materials, tungsten is having very high
modulus of elasticity. That means the stiffness is very high in case of tungsten, other way we
can say the slope is very high on the stress strain diagram in case of tungsten as compared to

the other materials.

And similarly if we see, roughly observe the Poisson’s ratio is the maximum point 33 and
minimum is point 27 for this materials. And of course the aluminium alloy is having low
amount of the modulus of elasticity (())(38:34). Yet stiffness is specifically less as compared

to the other materials.
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Volumetric strain

The volume strain &, , is the change in volume per unit volume

Consider a rectangular parallelepiped with edges dv, dy and dz
The volume in the strained condition is:
(I +e)(1 +ey)(1 +¢,) dxdy dz
The volumetric strain £, is given as
(14 €,)(1+€,) (1+€,)dxdydz - dxdydz
dedvd

(14e)(1+€)(1+¢€,) I

For small strains

Now if we try to estimate the volumetric strain which is the changing of the volume or unit
volume and that can be calculated as simply considering 1 rectangular parallelepiped with
edges dx, dy and dz. Therefore if we consider the engineering strain here and that is the
engineering strain is a difference between the final length specifically I am talking about
when we focused on 1 specific direction so that is what was the final length minus what was
the initial length divided by the original length or initial length; that actually measured the

engineering strain.

So, that total volume can be calculated as 1 plus Epsilon X into 1 plus Epsilon Y into 1 plus

Epsilon Z multiplied by the initial volume dx, dy, and dz. And now overall volumetric strain



due to the change of the volume can also be calculate like that, that (f) ev equal to first is the
final volume minus initial volume divided by the initial volume or original volume and it can
be calculated is like that; 1 plus Epsilon X into 1 plus Epsilon Y into 1 plus Epsilon Z minus
1.

So if we consider that, neglect the higher-order term specifically (ep) multiply Epsilon X into
Epsilon Y and into Epsilon Z. So that quantity is very small (sp) in case of small strain so we
can approximate that volumetric strain is the linear sum of all the individual strain
components; that means ev equal to Epsilon X plus Epsilon Y plus Epsilon Z. So this

volumetric strain is actually varied when there exists small amount of the strains.
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Plane stress
o3 = 0: This exasts typically n

a thin sheet loaded in the plane of the sheet, or

a thin wall tube loaded by internal pressure where there

1S no stress normal to a free surface

selo, o3 (0

Iherefore
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Now if we look into very specific cases; the 3-dimensional state of the stress 1 specific case
is the plane stress condition. In this case typically exists when Sigma 3 equal to 0 and
practically this happens in case of the things she and when it is loaded in a plane of the sheet
or a thin wall tube which is loaded by internal pressure there is no stress on normal to the free

surface.

So these are the typical conditions of the plane stress where Sigma 3 equal to 0 that means
third directional stress is 0 here. And if we set either Sigma Z or Sigma 3 equal to 0, then we
can find out the 3 component of the strain; 1 by E into Sigma 1 minus Nu into Sigma 2, here
the Sigma 3 equal to 0. So we find out that expression of the 3 component of the strain but

there exist 2 component of the stress in case of plane stress condition.
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Plane stress

From the equations the stresses can be evaluated
I

I(T1 el + vo, )I

| |
/la(l | (v5,E)

Similarly

Now, it is possible further to rearrange this equation and it is possible to find out the value of
the 2 stress is here in terms of the strain component. So, here we see that Sigma 1 and Sigma
2 represented in terms of the material properties that means Young’s modulus and Poisson’s
ratio as well as strain components. However third strain component can also be represents by

adding the other 2 stresses.
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Plane stress
Non-zero stresses: o .o .7,

Non-zero strains: ¢

[sotropic linear elastic stress-stram law o = D ¢

So in plane stress condition, in say we can say that non-0 stresses exist Sigma X Sigma Y and
shear stress is only Tao XY and non-0 strains, Epsilon X, Epsilon Y, Epsilon Z and gamma
XY. So if we see there are 3 component of the non-0 stresses and there are 4 component of



the non-0 strain in case of plane stress conditions. So looking into that expression or relation
in terms of the elastic modulus and we rearrange this equations we can find out in the matrix

from like this Sigma equal to D into Epsilon; so stress equal to D into Epsilon.

So D actually related to the properties of the materials, that means D actually is a function of
the material properties like Young’s modulus and Poisson’s ratio here. If we see the
(0)(44:28) vector Sigma, Sigma X, Sigma Y and Tao XY, stress component, the D matrix
and then finally, Epsilon X, Epsilon Y and gamma XY. So this is the relation between the
stress and strain but individually the Epsilon Z can also be calculated in terms of Epsilon X

and Epsilon Y. So in this case, D matrix for the plane stress case is defined like this.
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Plane Strain

(£3 = 0): This occurs typically when
One dimension 1s much greater than the other two

Examples are a long rod or a cylinder with restramed ends

I'his shows that a stress exists along direction-3 (z-axis) even though
the stram 15 zero
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Similarly another special case that is called plane strain condition and this prevails when
strain is Epsilon 3 equal to 0 this case. This actually occurs in case of 1-dimension is much
greater than the other 2 dimension. 1 example are the long rod or a cylinder with some
restrained ends. So if we put the strain in third direction, that is when Epsilon 3 equal to 0
here we can correlate the Sigma 3 that means, in terms of Sigma 1 and Sigma 2. Actually it

shows there exists a component of the stress but 1, 2 component of the strain.
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Plane Strain

Non-zero stress: o .0 0.1

Non-zero strain components: €, .8,

[sotropic linear elastic stress-stram law |0 = D ¢

So in general we represents the plane strain condition like this, non-0 stresses are Sigma X,
Sigma Y, Sigma Z and Tao XY whereas non-0 strain components are Epsilon X, Epsilon Y
and gamma XY. So for isotropic linear (elasto) elastic stress strain law of can be represented,
Sigma equal to D into Epsilon; again D actually represents that (po) properties of the

materials, but in terms of Young’s modulus and the Poisson’s ratio.

So in this case the expression of D is different from that of plane stress conditions but it
actually links between the stress and strain and here we can link the 3 component of the stress
in terms of 3 component of the strain, but Sigma Z can also be calculated in terms Sigma X
and Sigma Y. So looking into that D matrix, different plane stress and the plane stress
condition we can correlate between the stress and strain when the condition exists in terms of

plane stress or condition exist in terms of plane strain condition.
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Example 2.2
A steel specimen is subjected to elastic stresses represented by
the matrix '
Calculate the corresponding strains
| =0y
£, / [(r‘ 1'((7I t O )] % 13,
| =07,
8, I_[n\ vio, +o )]
— )
: 7, —(I/‘
£ [(r \'(n\ to, )]

Now if we look into that 1 specific example then, we will be able to identify different
component of the stress and when it is subjected to some elastic deformation. So, a steel
specimen is subjected to elastic stresses represented by the matrix, if we see the different
component of the matrix and here we need to find out the corresponding strain for example,
the 3 component of the strain Epsilon X, Epsilon Y and Epsilon Z. Since stress are given so
we can find out exactly the stresses from the given matrix, but how to find out the different

stresses from this matrix, let us see.

The first component of the matrix, 11 component that is, is equal to Sigma X the numerical
value is 2 here. But if we look into the Tao XY or if we see the 12, Tao 12 or Sigma 12, that
is actually minus 3. If we look into that there are 2 minus 3 here, so that means it is a,
produce the symmetric matrix, that means here physically Tao XY equal to Tao YZ is
following here. Similarly Tao Y Z equal to Tao (ZX) ZY or Tao XZ equal to Tao ZX are
following here. So basically here this matrix, there are 6 components and if we pick up that
diagonal component (si) as Sigma X, Sigma Y and Sigma Z, if we put the numerical values

we can easily estimate the corresponding strain in this case.
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Example 2.3
Consider a plate under umaxial tension that is prevented from
contracting 1 the transverse direction. Find the effective modulus
along the loading direction under this condition of plane strain
Let, v = Poisson’s ratio and I = Young’s Modulus,
Loadig: Direction | Transverse: Direction 2
No stress normal to the free surface, 1.e. a3 = 0
Although the applied stress 1s uniaxial, the constraint on
contraction n direction 2 results in a stress in direction 2
I'he strain in direction 2 can be written in terms of Hooke’s
Law |
() _Irr‘ m||
05 = V0,

I will try to explain the another example here that; consider a plate under uniaxial tension that
is prevented from the contracting in the transverse direction, and need to find out the effective
modulus along the loading direction under the condition of plane strain. So, it is clearly
mentioned that the plane strain condition prevails in this specific problem. Now, it is a
basically uniaxial tension testing but 1 direction it is restricted to deformation, so if there is
existence of some restrictions on specific directions that will try to produce some amount of

the stress, but not the strain.

So that condition can be represented like that; Epsilon 2, that means second direction, if we
consider the loading direction is direction 1 and transverse direction (is) as direction 2, so
second direction the deformation is restricted. So in this case there may not be the change of
length, so that means strain component will be 0 but there must be some of a stress

component, that means it will try to create the, some amount of stress along direction 2.

But, if we investigate overall the problem no stress actually acting normal to the free surface,
maybe in the third direction, there does not acting any stress that means the Sigma 3 equal to
0. Now, this condition if we apply the Hooke’s law can find out that restriction of the strain
along direction 2 equal to 0 from that condition we can find out Sigma 2 equal to Nu into

Sigma 1, so relation between the Sigma 2 and Sigma 1.
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In direction 1, we can write the strain as
l I
o, - vo,] o, - voo,
[} [
a
-
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Hence the plane strain modulus in direction 1 1s given as
: o l
Fi= "1 |
1/ | =
[f we take v = 0.33, then the plane strain modulus

E' =1.12I

Then (effective) effective strain direction 1 is the represent in terms of Sigma 1 and Sigma 2
and report here the values of the relation between Sigma 1, Sigma 2 in the second part of this
equation, then we can find out Epsilon 1 in terms of Sigma 1 and other material parameters;
(here 1 am) that means E and Nu. So therefore, and plane strain (condition) modulus in the

direction one can also be represented by stress by strain in the specific direction.

So that means Sigma 1 by Epsilon 1 which can be represent E by 1 minus Nu square and this
effective value can also be very precisely evaluated if we know the numerical value of the Nu
if we consider Nu as point 33 then the plastic strain modulus is calculated as 1 point 12 E. So
this case the effective modulus along on specific direction maybe along direction 1 is 12
percent more as compared to the Young’s modulus which (is) which was measured in case of

uniaxial tensile testing.
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Example 2.4

\ cylinder pressure vessel 10 m long has closed ends, a wall
thickness of 5 mm, and a diameter at mid-thickness of 3 m. If the
vessel 1s filled with air to a pressure of 2 MPa, how much do the
length, diameter, and wall thickness change, and in cach case state
whether the change 1s an increase or a decrease. The vessel 1s made
of a steel having clastic modulus |~ 2x10° MPa and the Poisson’s
ratio v - 0.3, Neglect any effects associated with the details of how

the ends are attached

\/ pressure vessel :

We look into another example problem like that; a cylinder pressure vessel 10 meter long has

closed ends and all other parameters, for example thickness, diameter and the internal
pressure also given, Young’s modulus also given, the materials of this vessel is made of steel
and Poisson’s ratio are also given. Then, if we neglect any effects associated with the details
of the how the ends are attached, we can find out at different amount of the strain or stresses

and what are the change of the length along different directions.

If we look into that what are the stresses or strain acting in this case, if we see the stress is
acting along X direction due to the internal pressure of this thick cylinder. Also about the
circumference there is acting of the stress Sigma Y but Z direction, since this is a thin sheet
so there may not be any amount of the stress acting on the Z direction or variation of the

stress is negligible due to the thin sheet pressure vessel assumptions.
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I'he ratio of radius to thickness, r/t, 1s such that it 1s reasonable to
employ the thin walled tube assumption

Denoting the pressure as p, we have

pr (2MPa)(1500mm)

. 300MPa

2 2(Smm)

o (2MPa)(1500mm)

; _ 600MPa

[ ymm
['he value of . varies from -p on the mside wall to zero on the
outside, and for a thin walled tube 1s everywhere sufficiently small
that o. =0 can be used I

o

Iln‘ o, +o II

o - o, +0,)

So of course it is not that the ratio of the thickness, radius to the thickness is very small here
so that it can be considered as a thin-walled (b) pressure vessel and we can estimate that
stress acting direction X is pr by 2t where p is the internal pressure, r is the radius and t is the
thickness of the vessel and we can find out Sigma X as 300 mega Pascal. Similarly we can

estimate the Sigma Y pr by t where 600 mega Pascal.

But as already | mentioned, that Sigma Z varies actually minus p, which is the internal
pressure and outside it is 0, so we can assume that this is sufficiently small that can produce
any significant variation over the thickness of the wall, so Sigma Z can be considered as 0 in
this case. So, when Sigma Z equal to 0, so this can be considered as a plain stress problem
here. Now we can found out the different component of the strain along X, Y and Z direction
so here we have mentioned the X, Y and Z direction.
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6.00x10 " &, =2:55x%107 g, =-135x10"

['hese stramns are related to the changes in length A/ |, circumference
A(7d). diameter Ad . and thickness Ar . as follows
A/ A\(d)  Ad LN
/5 £
/ nd d [
Substituting the stramns from above and the known dimensions gives

Al = 6mm Ad =7.65mm  Ar=-675x10 'mm

[hus, there are small increases in length and diameter, and a tiny
decrease in the wall thickness

So if we put all the numerical values here we can find out the X direction, Y direction and Z
direction the strain component, but this strain we can find out that strain in along X direction,
that is a change of the length of the cylinder with respect to the original length, and similarly
over the circumference Sigma, Epsilon Y can also be calculated over the integer of the length
and that is the ratio of the change of the diameter of the original diameter and similarly
Epsilon Z can also be (calculated) estimated with the change of the thickness with respect to

the original or initial thickness.

So putting all these strain component values we can find out what is the change of the length,
change of the diameter and change of the thickness here. And we just observe that change of
the thickness is very small in this case as compared to the change of the length or change of

the diameter.
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Example 2.5
Strain-gauge measurements made on the free surface of a steel plate
indicate that the principal strains are 0.004 and 0.001. What are the
principal stresses? Assume there is no stress normal to the free
surface. Also assume E = 200 GPa and v = 0.33 for steel
. 1
Sol : ¢, T (0, -vo,~va,) = Ee. =0, =vo,
1
&= (0,~vo,~va,) = Ee, =0, —vo,
Now , g, =0 and solving the above equations ,
g, =+—[ve, +¢e)] a ]i‘|e Ve, |
y 1_\ X y X I_\‘. y X
200 % s
=y [0.004 +0.33 x 0.001] = 0.965 GPa
333
a,=0.516 GPa

We shift to another problem we can find out that some data which is the measurement from
the strain gauge made on the free surface of a steel plate indicate that the principal strain
components are point 004 and point 001. What are the principal stresses? Here the
assumptions is that no stress normal to the free surface and the values of the Young’s

modulus and Poisson’s ratio for steel are also given.

So we straightforward apply the strain component along the X direction that is 1 by E in
terms of Sigma Y Sigma (X Y) X and Sigma Z and (al) also in terms of Nu. So since no
stress acting normal to the free surface that means Sigma Z equal to 0 here and using that we
can find out (and we) we get 2 equations in terms of the stress and strain, (I) I mean Epsilon
X, Epsilon 1 stress component or Sigma X and Sigma 1 these are the stress components. So if
we solve it we can find out Sigma Y and Sigma X in terms of Epsilon X (Eps) Epsilon Y and

Young’s modulus as well as Nu; that means Poisson’s ratio.

So, if we put all the numerical values, we can find out that Sigma X point 965 Giga Pascal
and Sigma Y equal to point 516 Giga Pascal. So this example problems actually give some
practical idea, how we can apply 3D elasticity theory to solve very different kind of problems
so it is a, this was a very basic problems, but we, I think we can understand how this
applications or expression of the different strain or stress components is applied to solve any

practical problems.
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Isotropic elasticity

Many useful relatonships may be derived between the elastic
constants £, G, v K. For example, if we add all the stramn
components, then
-2
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For isotropic elasticity, the following expressions hold good
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For an isotropic material, G is not independent of Eand v _

Now, we have discussed there exists 3 different types of (module) modulus as well there are
existence of the Poisson’s ratio, but using all this elastic modulus or elastic components or we
can say elastic constants can find out different correlations among the different parameters.
Let us investigate how all these parameters, for example E, Young’s modulus, shear modulus,

Poisson’s ratio, K or D, it is a bulk modulus can also be correlated.

So it is a very first thing if we look into that expression of Epsilon X, Epsilon Y and Epsilon
Z, if we add it step forward and find out this relations. But for isotropic elasticity, the
following expression also (())(60:11) that we already discussed these things but here point to
be noted that shear strain, for example shear component YZ is the shear stress Y shear
modulus which is equivalent to the 2 times of the (s s s) normal strain component, that means
Epsilon Y Z. So for an isotropic material it can be says that G, shear modulus is not

independent of Young’s modulus and Nu, it should depends on that.
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Isotropic elasticity

For an isotropic material , G = E v

where G = Shear modulus , E = Young's modulus

Consider a state of pure shear, 7, , with

0, =0,=0,=1,=T,=0 ry
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Now let us look into the relation between G, E and Nu, that means between the shear
modulus, Young’s modulus and Nu; this 3 constant term. First we will try to focus on that,
the state of a pure shear condition. So, state of pure shear condition, there exist only one shear
stress that is Tao XY, of course with respect to the other components of the other 5, 3 normal

stress and 2 shear components as 0.

So with the state of the pure shear and if we analyse the (())(61:26) also we can find out the
principal stress components in this case, Sigma 1 is equal to Tao XY. Second principal stress
component is the minus Tao XY and Sigma 3 is definitely 0. So this is the state of the 3
principal stresses. Now when this principal stresses for pure shear condition is known to us
and we can find out the Epsilon 1; that means shear strain along direction one can be
represented in terms of the stress components and if we straightforward put the stress

component, we can find out the Epsilon 1 equal to 1 plus Nu by E into Tao XY.

But we know that Epsilon 1 at the (safe) same time the normal strain component is the half of
the shear strain component and shear stress component is related to the shear stress and the
shear modulus. So, from this relation we can find out this half of the, equal to, half is equal to
1 plus Nu by E into G. So, from here we can find out the relation between G in terms of
Young’s modulus and Nu. So, this is the straightforward relation between the shear modulus,

Young’s modulus and Poisson’s ratio.
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Isotropic elasticity

Bulk modulus (B)
- '
It measures substance's resistance to uniform compression l
dp {
D= dv/, e
- . 16 ~ ’
In solid mechanics, i e
av o1 ' t W
T ﬁ a, e T ' VoA
AV
where, volumetric strain, o,, = mean stress
V
1
O, = ‘m‘ to,+ 0,)
For an 1sotropic material, B is not independent of E and v
B- E,v

Similarly we can find out, for in case of isotropic elasticity the bulk modulus and with respect
to the Young’s modulus or Poisson’s ratio. So it is already discussed that bulk modulus can
be defined minus of dp, that means change of pressure over the volumetric strain. If the
negative sign actually indicates, depending upon the direction of the stress as well as is there
is a contraction of the volume with the application of this type of loading condition or this

type of pressure for this type of stress condition.

So in solid mechanics, that Delta V by V is the volumetric strain is equal to 1 by B into
Sigma M, Sigma M can be considered as a mean stress in this case or Delta V by V is the
volumetric strain, but this mean stress actually equal to the 1 third of sation of the stresses
along X, Y and Z direction. So for an isotropic material it can be says that he is not
independent of E and Nu, so how we can represents the bulk modulus in terms of E and Nu

from this basic concept of the relation between the mean stress and the volumetric strain.
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Isotropic elasticity

Volume strain produced by hydrostatic stress
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Now suppose volumetric strain actually produced by the hydrostatic stress and in the
hydrostatic stress component, the mean stress component is actually called the Sigma X,
Sigma Y and Sigma Z. So when there is application of the hydrostatic state of the stress that
means (if we) if we consider is as a in terms of pressure, so irrespective of the X, Y and Z,

this 3 Cartesian coordinate system all are equal in this case.

So, but if we try to estimate the volumetric strain here if we see that Ixo, lyo, 1zo was initial
length dimension of an object and final dimension was Ix, ly and 1z. So therefore, V by VO,
that means final length by initial length can also be (re) represented in terms of the logarithm,
and individual component. But if we know this volumetric (s) strain actually represented in

terms of the Epsilon X, Epsilon Y and Epsilon Z; but here all the terms are (log) true strain.

So it is obvious that in case of the true strain and if the deformation is very small the value of
the volumetric strain or individual strain component, the true strain is actually equal to the
engineering strain component. So here we find out the right-hand side expression, that we can
find out the logarithm V by VO is actually the volumetric strain and that is, approximation is
Delta V by V0; that is actually considered as a engineering, in the perspective of engineering

strain.

Now, Epsilon X can also be represented in terms of the Sigma X, Sigma Y, Sigma Z and Nu

and if we find out the (represent) replace Sigma X, Sigma Y and Sigma Z as against stress



value we can find out the Epsilon X in terms of mean stress and in terms of Poisson’s ratio

and Young’s modulus.
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Isotropic elasticity

AV 0
Therefore, = I u(1-2v)

1 do
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Now, B>0 ie 1-2v>0 or v<!/,

*  Forisotropic material
if Bis+ve, then u <05
ifBis-ve,
that means an increase in pressure would increase in volume

The following relations exists between all elastic constants for isotropic
materials

So from this relation we can find out that the definition of the bulk modulus, Delta V by (v)
VO which is equal to 1 by V into Sigma M and right-hand side also there is a Sigma M. So,
here we can find out that bulk modulus is a ratio of the E divided by the 3 into 1 minus 2Nu.
So these are the expression of the bulk modulus in terms of Young’s modulus and Poisson’s
ratio. Now, if B greater than O that means 1 minus 2Nu should be greater than O which

indicates that Nu should be less than half.

So for isotropic, if bulk modulus is B is positive , then we can say Nu should be less point 5.
But if B is negative, then that actually indicates that (at) an increase in pressure should
increase in volume. But we have already mentioned that practical values of the bulk modulus
is (most) for most of the materials (is) sorry (Nu) Nu; that means Nu here the Nu; Mu is the
Poisson’s ratio (here), that is actually limit is point 5 in in case of solid materials, but

practical for all the materials it lies between around point 24 to point 3 in between.

So we can derive so many relations between all these 4 parameters but here is the sary E in
terms of shear modulus and Nu, that means Poisson’s ratio and E can be represented in terms
of bulk modulus and Poisson’s ratio and similarly E can be represent in terms of shear
modulus and bulk modulus. So, so many correlations can also be possible among all these 4

parameters in case of isotropic elasticity.
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Isotropic elasticity

For crystalline material, I 1s generally regarded as being
relatively msensitive to changes of microstructure

* Eyee & Epee of Fe (iron) differ by a relatively small
amount

Heat treatment has large effects on hardness and yield
strength have httle effect on elastic properties

['he elastic behavior of polymer is very different from
that of metals

So, there is a few comments on this isotropic elasticity that for crystalline material, E is
generally regarded as being relatively insensitive to change of the microstructure, but for
BCC and FCC, Young’s modulus in case of iron differ by a relatively very small amount.
Heat treatment (at) practically having the large effect on the hardness and the yield strength

but very little effect on the elastic properties.

The elastic behaviour of the polymer is actually very different from that of the metals. So,
this isotropic elasticity, or all the parameters so far we have discussed, it is a basically
applicable for the solid materials and most of the engineering materials we can used all this
relations and main thing is that we need to remember that all this correlation we have derived

assuming there is a exist some isotropic elasticity.
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Isotropic elasticity

* Isotropic thermal expansion

AL = La AT @ = Thermal expansion coef ficient

A @ AT
L

From Hook” law ,total strain can be generalised as
1 m
&=z lo, = u(o, + 0,)] + a AT

T'his generalization 1s useful for finding the stresses that arise when

constrained bodies are heated or cooled

Bimetallic strips used for sensing temperature depend of the difference of the
thermal expansion of the two materials

Now, further extension of the isotropic elasticity when we consider there is a thermal
expansion; that actually produces some amount of the thermal strength. So, thermal, so actual
if there is a application of the temperature (())(70:23) difference within the body itself then
increment of the length or maybe linear strength can also be represented by the difference or

in terms of thermal expansion coefficient alpha and what is the temperature difference.

So, practically in solid materials if that existence of the thermal load, thermal load in the
sense of this (difference) difference of the temperature, it actually produce some amount of
the strain that is called the thermal strain. And when you (super) ; this thermal strength can be
directly added to the mechanical strain component we can find out or we can modify the
linear strain component along X direction which is the first part indicates in the, due to the
mechanical load and second part indicates due to the thermal load.

So this generalisation actually useful for finding the stresses that actually observed in case of
constrained bodies when they are heated or (they are) they are cooled. 1 typical examples of
the bimetallic strip used for sensing temperature depends on the difference of the thermal

expansion of the 2 materials.
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Example 2.6
A brass rod 1s restrained but stress-free at room temperature (RT) 20
Young's modulus of brass is 100 GPa, ¢, — 20x10°¢ 1/°C. At what
temperature does the stress reach -172 MPa?
I, 8, =a(lT.-T.)
\‘
‘ i 1, 0=Fe e, = —Fo (T, -T))=Ea,(T,~T,)
( \/
‘ : w 1 \/
i 'Q— ¢ npr ,lh
o o { RT
G 172x10°Pa
is=1 20 ~ 106 C
Ea 100x10"Pax20x10° ("

Let us look into 1 example to explain the effect of the thermal expansion. So first, a brass rod
IS restrained but stress free at the room temperature which is 20 degree, Young’s modulus is
given, the coefficient of thermal expansion also mentioned, (or) at what temperature does the
stress reach to minus 172 mega Pascal. So here in this case in absence of any mechanical load
only the strain will be produced due to the thermal load. So that thermal strain can be defined

like that (ex) thermal expansion coefficient multiplied by the difference in temperature.

So, first figure actually indicates that original length which is having (at) the temperature,
room temperature TO at 20 degrees centigrade. Now, if there is a difference of temperature,
then it will try to expand (if) freely if there is no constraint or no obstacle on this deformation
. So, second figure actually indicates the length or (s) of the material when it is in final
temperature, but in this case, no constant is applied to the material.

If we look into the third figure, if it is constant, if it is resist to move, or if it is resist to
deformation due to the application of the temperature change then definitely it will create
some amount of the stress here. So third figure actually indicates some amount of the
compressive stress will be generated if we try to restrict the elongation or deformation (mo
on) on specific direction. So that thermal strain is useful to estimate the amount of the stress

here.

So, Sigma can be considered as the Young’s modulus into the thermal strain here and that is

the Young’s modulus into coefficient of the thermal and the temperature difference and that



thermal strain can also be calculate from the available data and from there we can find out
what is the final temperature if we will try to produce, there is a compressive stress of 172
mega Pascal here. So, it is observed that final temperature here to produce the 172 mega
Pascal compressive stress, the temperature should raise to 106 degrees centigrade.

(Refer Slide Time: 74:29)

Summary (Single and Polycrystals’ elasticity)
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So, in say we can say that for single crystal the properties actually vary with the direction and
we know that atomic arrangement of the single crystal is different in different directions, so
there is a difference of the Young’s modulus at different direction if we look into that picture.
So at the diagonal direction, for BCC iron, it is a, the Young’s modulus is 273 Giga Pascal,

but along the edge the Young’s modulus is 125 Giga Pascal.

So, if we, here we find out the difference, the Young’s modulus at 2 different directions. That
means that (si) perfect single crystal actually follow some anisotropic behaviour. And second
thing is that polycrystal, that properties may or may not vary with the direction. If grains are
randomly oriented that we can consider as a isotropic properties. But if grains are textured
then 1 properties are, maybe, mechanical properties may be strong, 1 specific direction as
compared to the other direction.

So, in sary the, depending upon the application whether it is need to use elastic (properties)
elastic properties in case of anisotropic or plastic properties in case of isotropic, that actually

depends on the different structure. So, in sary we can say that single (crys) crystal structure



follow in different direction, the different properties; that means anisotropic properties hold
good in this case.

But in case of polycrystal, in general if there is no textured structure then we can follow the
isotropic properties and we can apply the theory of the isotropic elasticity in this case to
evaluate or to analyse the different properties or to correlate the amount of the stress, strain

using the material properties. So thank you very much for your kind attention. Thank you.



