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Hello and welcome to the course on Dealing with Materials Data. As | mentioned in the
previous session we are now going through a process of explaining parametric estimation.
Briefly the idea is that there is a population for which we know very little and we would like
to know more about the population in order to make more inferences about the population,

through observing a small sample.

It is a very common practice and | would like to briefly explain here, why do we do that because
in the area of production of some metallic components. We would like to have, we would like

to guarantee a certain quality or a certain parametric value for that product that we give.

For example, if we are giving a certain flat product and we may say that the flat product has a
certain strength property. Now, we cannot test each and every product to have what strength
property it has so all the product produced in a industry is the population. But, what we do is
we draw a randomly a small sample, test their strength properties and then we declare that this

is the kind of strength property our population, our production will have.

How to go about analysing this data? The small sample realisation that we get to come up with
the values for the strength properties, this is the question we are trying to answer through

parametric estimation.
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Review

* Types of Estimators
* Point estimator
* Interval Estimator

* Point Estimator
* Maximum Likelihood Estimator
* Likelihood function of unknown parameter as a joint pdf or pmf of data

* Three examples
* MLE for probability of success in Bernoulli trials
* MLE for mean and variance of Normal distribution
* MLE for two parameters of Weibull distribution - Iterative solution

So, we talked in the previous session that there are two types of estimator. One is called a point

estimator which would for example give you the exact value of say yield strength of the

product.

There could be another estimator in which we give an interval estimator. So, we say that instead
of saying that the yield strength will be exactly 1300 MPa we instead say that it would lie in a
certain interval before 95 percent of the time. It means that 95 percent of the product which

will come out of this industry will have real strength falling in this interval.

We started discussing in the previous session about the point estimator and we talked about
maximum likelihood estimator in which, we said that we know the population distribution. But,
we know the form of the distribution but we do not know the parameter of the distribution. So,
that parameter is say it is if it is theta then we said that take a joint density function of all the
sample realization that we have got which is independent and identically distributed.

So, itis simply a product of their individual densities and then this function contains all possible
information that you can get from the sample for the population with respect to theta. This is
what we called a likelihood function of theta, unknown parameter and then we maximize this
likelihood and the point that gave you the maximum value we called it a point estimator,

maximum likelihood point estimator of the parameter theta.

We talked three examples, two examples Bernoulli trials and normal very simple and straight
forward. Where you take the derivative of the maximum likelihood function, equate it to zero

and then you find, what is the value of the one or two unknown parameters. But, then we also



took the case of Weibull distribution in which we found that you have to find a solution using

numerical methods or iterative methods.
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Outline

* Method of Moments Estimator (MME)
* Some examples of MM estimators
* Shortcomings of MM estimators

9
So, now this time we want to talk about method of moments estimator, we will again give the
examples of Bernoulli and normal. But, we will also like to point out a short coming of method

of moments estimator by giving one example.
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Method of Moments

* Let Xy, X;,+++, X;, be a random sample from common distribution F(6)

* Let g 1y, i3+ denote raw moments of F(8) and let my, my,ms, -+ be
corresponding sample raw moments.

* Recall that

* i = E(X*) is k™ raw moment of random variable X (having distribution
F(8)

omy = %Z}’:I(X[-)" is k! sample raw moment of the sample X;, X5, -+, X,,

O
Suppose we have a random sample Let X, X,, ---, X,, be a random sample from common

distribution F(0)

Let puy pp, puz -+ denote raw moments of F(0) and let my, m,, ms, --- be corresponding

sample raw moments.



w, = E(X%) is k' raw moment of random variable X (having distribution F())

1

my =~ (XD isk™ sample raw moment of the sample Xy, X5, -+, X,
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Method of Moments

* Method of moments Estimator is derived by equating the raw
moments of the distribution function with the respective raw sample
moment obtained from the data.

* If there are q number of unknown parameters then, first q raw moments
need to be equated with the first g sample raw moments

*  equations obtained thus are solved simultaneously to arrive at the values of
q unknown parameters.

®

Now, what we do in method of moments is that, we equate the population moments with the

sample raw moments. We take the population first raw moment and equate it to the sample first
raw moment. Population second moment, raw moment and we equate it to the sample second
raw moment like this. Now, if there are g number of parameters then we take the first g raw

moments from the population and first g raw moments from the sample and we equate them.

And we solve these equations because on one side, when you talk about the population
moments there is an unknown parameter theta in it. While the sample raw moments are not
unknown because there is a realisation of data and from data we can calculate it. So, we have
an equation with g unknowns, q equations with g unknowns and we need to solve them

simultaneously.
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Examples : Bernoulli Trials

* Example 1: MM estimator j of unknown probability of success pinn
independent Bernoulli trials, X;, X, -+, X,,, where for 1=1, 2, .., n

qi {1 if trial i is success
o Otherwise

«PlX; =x] =p*(1 - p)t*, forx=0,1

* There is only one unknown parameter, need to compare the first raw
moment of Bernoulli distribution with first sample raw moment
u=EX) =t oxp*A=p)*=pandm, =X

* Therefore, p = X

9
Let us take an example, of Bernoulli trial which is the simplest of the kind. X1, X2, X3, Xn

come from a Bernoulli population where the probability of success is p and Xi is 1 if trial is
success and Xi is O if trial is not successful.

X, = {1 if trial i is success
ol Otherwise

PlX;=x]=p*(1—p)t™* forx=0,1

There is only one unknown parameter, need to compare the first raw moment of Bernoulli

distribution with first sample raw moment
= EX) =Yy0xp*(1—=p)'™*=pandm; =X
Therefore, p = X

Remember, we got the same result in the maximum likelihood estimator, this is not a rule this

is an exception. Anyway let us continue another thing which will look like a rule.
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Example: Normal Distribution

* Example: X;, Xy, -, X, aiid sample from Normal distribution N{y, 0°), where parameters jand o are unknown

+ the distribution moments are

= E(X) = pand g, = E(X*) = 0" +4*

* The sample raw moments are

i

1 3
my = Xandm; = HZ(X,)-

— =1

Therefore, ji = X
n

=7 I
cttpt=my= —Z(J(',]‘
n
i=1
Iy
oi= my =it = F}ZMJ? -nX?
e i=1 3

=g
MLE (¢*)=0

0

If you take a normal distribution, we take a sample X1, X2, X3, Xn instead of calling it every
time random | have chosen now to call it independent identically distributed sample Normal

Distribution N (u, o), where parameters p and ¢® are unknown

py = EX) = pand y, = E(X?) = 0% + p?

The sample raw moments are
n
_ 1
m; =Xandm, = EZ(XL-)Z
i=1

Therefore, g = X

2 ~2 1 C 2
e mm= S
i=1
1 n
= my = =Y (X)? —nk?
i=1

that is the MME estimator or method of moment estimator of mean value of normal population

is same as the sample mean or sample average.



Now, you find that you have to equate the second moment that is second moment of population
with the second raw moment of the sample. And if you simplify, you will find that the method
of moment estimator of variance of normal distribution sigma square curled is equal to, actually
this is MLE of sigma square which is we call it sigma square hat, you please confirm this, this
also a good case but now let us consider the case where this may not always hold true. And this

is why | am going to | have decided to discuss this method here.

Method of moments is a very attractive method and as you saw in the two simple examples,
they very easily give us in a very much simpler manner, the maximum likelihood estimator for
the unknown parameters in the case of Bernoulli trials as well as in the case of normal

distribution.

Remember maximum likelihood estimator you have to find a likelihood function then take a
log likelihood, then its take derivative then you equate to 0 and then solve the equation.
Compare to this in these two examples you must have seen, that finding a method of moments

estimator MME is much simpler.
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Disadvantage of MME

* The two examples shown here are strait forward, however MME has
following shortcomings
* The estimators obtained thus may not be consistent with the data.

* They tend to be biased estimator

0
But, at times there is a disadvantage connected to this method of moments estimator or at times
it is called moments matching estimator. Sometimes they are inconsistent with the data and
number of times they tend to be biased estimator. This we are going to define later but here |
would like to show that, it may not be very consistent with the data that you have got. And one

example will sufficed for that.
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®

Please note this example | have picked up from the Wikipedia and | have given the reference
at the end. You are also welcome to go through and read through it. It gives a very good
description of method of moments. So, let us consider a uniform distribution with two unknown

parameters a and b, I hope you recall. When x is distributed uniform with parameter a and b

¥~ Uni(a,)

I
-L{z); — gt Xe b
b-&

-p ofhewise

Example of Uni(a, b) distribution

* Let X ~ Uni(a, b) where a and b are unknown parameters
2 2
sy =B = 22 and, = E(X) = 25

* Let{0,0,0,0, 1} be a sample of size 5 observed from Uni (a, b), then

emy =1 andmy = /s

. at+h a’+ab+b?
* Equatingm, = Tand my = = we get
a=my +3(my-mé)
b=2m -

Example of Uni(a, b) distribution

* Note the inconsistency: {0, 0, 0, 0("1} could not have been drawn from Uni
[ ' :

(-0.49,0.89)

—

Reference: https.//en.wikipedia.org/wiki/Method_of moments_(statistics)

Let X ~ Uni(a, b) where a and b are unknown parameters

a+b

m=EX)= — andu, = E(X

2y _ a?+ab+b?
) = 3

Let {0, 0, 0, 0, 1} be a sample of size 5 observed from Uni (a, b), then

my = 1/5 and m, = 1/5




. a+b a’+ab+b?
Equating m, = —~ and m, = — —— We get

1 2V3
d=-—"——=-049
5 5
1 243
=—+2"=089
b=c+—=08

Note the inconsistency: {0, 0, 0, 0, 1} could not have been drawn from Uni (-0.49, 0.89)

I wish to bring it out to you that method of moment estimators are easy to calculate. And very
attractive very easily these days available on variety of software including R-programming.
But, be careful when you use it. It is much better to use the maximum likelihood estimator

compared to matching of moments estimator or method of moments estimator.

Then why do we have it? It is natural question, why do we have this estimator? Well sometimes
finding maximum likelihood estimator is difficult, finding any other estimator involves lot of
numerical calculations or very complicated equations. At that time we fall back on the method

of moments estimator.

But what this example tells us is that, we have to be very careful, we have to solve it. And we
cannot say that these are the good estimator unless we put it through certain test and certain

observations.
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Summary

* Method of Moments Estimator is based on comparing distribution raw moments

with respective sample raw moments

* lllustrated two examples
+ Estimator of probability of success of Bernoulli trials

+ Estimator for mean and variance of Normal distribution

* Disadvantage of Method of Moments Estimator
* There are cases when they give inconsistent results

+ They can be biased

So, with this we summarized what we discussed just now. We discussed the method of
moments estimator and we said that it is based on comparing distribution raw moments with
the respective sample raw moments. So, if you have g unknown parameters you take q
distribution raw moments and equate them with the corresponding g sample raw moments. You

get a g set of equations and you have to solve them simultaneously.

We gave two examples in which, it actually resulted into maximum likelihood estimator only.
It was a very simple example of Bernoulli trials where we tried to estimate probability of
success. Then we took the normal distribution where we tried to estimate its mean and variance.

But, through the uniform distribution giving a one very specific sample that we may observed.

We found that there is a disadvantage connected with the method of moments estimator, that
they give inconsistent result. Of course, I have not shown you whether how they become biased
but they also tend to be biased, this is an additional information. I have given you the reference
to the Wikipedia from where this example is taken, you are welcome to go through it. Thank

you.
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