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Lecture-14

Lagrangian Formulation

In the last lecture we looked at the newton Euler formulation. The basic idea in the newton Euler
formulation is propagation of velocities and accelerations from the base link to the free end and then
we use the Newton’s law and Euler’s equation to compute F = maand 1t = Ia + wXI/Xw . And
then we propagate these forces backwards to the base.

And to find the joint torque we take the z component of the moment. In this lecture we look at
another way to derive the equations of motion. This is called the Lagrangian formulation.
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INTRODUCTION
@ Energy based formulation involving kinetic and potential energy
@ Can be derived from Newton's Law and Euler's Equation

e Calculus of variation & Principle of least action
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The Lagrangian formulation is an energy based formulation, it involves obtaining the kinetic and
potential energy of the rigid body or a system of rigid bodies. We can derive the Lagrangian
formulation from the Newton’s law and Euler’s equation. This involves advanced calculus of variation
and something called as the principle of least action. We will not prove how to derive the Lagrangian
formulation from Newton’s law and Euler’s equation.
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LAGRANGIAN FORMULATION:
KINETIC ENERGY

o The kinetic energy of rigid body i with mass m; and inertia °[{];

1 1
KE; 5 m W PV, +5 P 0[] Py

o First and second term from linear ve|{)c:ily of the centre of mass and \-mguhr
velocity of rigid body.

° ':Vcl and "w; are the linear and angular velocities of the centre of mass and rigid
bady {i}, respectively.

Ve =P[RIVe,. °oi=?(Rl'w;
e Using above equations
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So, as | said the Lagrangian formulation involves evaluation of the kinetic energy and the potential
energy. The kinetic energy of a rigid body i with mass m i and inertia | with respect to some fixed

coordinate system can be written in this form .So, the first term is %mi OVc' OVC; basically we find

i i

the velocity of the C g of any link of mass m, and then OVc' OVc' Likewise we find in the second

i i

term the % Ou)i. O[I]i Ou)l_ of link | or rigid body | and then we multiply with inertia matrix.

So, Owi. O[I]i and then we take the dot product of this with Ou)l, . So, this is the expression for the

kinetic energy of a rigid body i with mass m, and inertia O[I]l, with respect to OVCor a fixed

coordinate system. The first and the second term from the linear velocity of the center of mass and
angular velocity of the rigid body as | had explained. Again just to reiterate OVC and Owi are the

i

linear and angular velocities of the center of mass and rigid body i respectively.

The OVC is nothing but the iVC if you recall in the propagation equation we obtained iVC but

i i i

pre-multiplied by a rotation matrix. So, iVC is the velocity of the center of mass described in its own

i

coordinate system. Likewise the angular velocity of rigid body i in some fixed 0 coordinate system is
also obtainable from imi which was again if you recall was involved in the propagation equations.

So, you take iwi and pre-multiplied by iO[R] and iu)l, was also nothing but the angular velocity of

rigid body i described in its own coordinate system. So, using the above equations we can show that
the kinetic energy of rigid body i instead of writing OVC , We can write iVC. iVC because this is

i i i

basically a scalar which is the magnitude of the velocity.



This is also a scalar which is magnitude of the velocity of the center of mass. So, it does not really
matter whether we are obtaining it from in the 0 coordinate system or in the ith coordinate system

and the same story is instead of obtaining% Ou)l,. O[I]l, Ou)i , we can also obtain the kinetic energy

1 .
as half = Owi. Ci[l]i lw, .

(Refer Slide Time: 05:04)

KINETIC ENERGY (CONTD.)

@ Velocity propagation formulas for serial chains

Tw; ::_1[R]j_1tu_._1 : 9(0 0 l]T joint / is rotary
':ﬂ}.: . 1“?]; Yoy joint i is prismatic
;VC, — ;V,' t i [OH x! pc
ipc. locates the centre of mass with respect to O;.
@ :0— nto obtain kinetic energy of all rigid bodies,
o Parallel configurations, loops —+ No propagation formulas.
@ Easier to compute velocities using derivatives
d

o, =9RPIRI". V=

0 3
("pc)
Upc is the position vector of the centre of mass of link 7.
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So, as | have mentioned we can use the velocity propagation formulas for serial chains. So, and recall
that the angular velocity of the ith link written in its own coordinate system can be written in terms
of the angular velocity of the i - 1th the previous link, will again written in its own coordinate system

pre-multiplied by this rotation matrix and if it is a rotary joint then we have to add Gi along the z

axis.

So, this is what the rotary joint is adding to the next link, the angular velocity of the next link is the

angular velocity of the previous link plus what is happening at the rotary joint. If it is a prismatic joint
then the angular velocity of the i - 1 at link is same as the angular velocity of the ith link. The velocity
of the center of mass of the ith link can be obtained by the iVi + iooi X R, and here R means ipcy.

i

So, this ipC locates the center of mass with respect to the origin of the ith coordinate system or the

origin of the ith rigid body. And we could do this from i = 0 through n and we can obtain the kinetic
1 1

energy of all rigid bodies in a serial chain. So, all we need to do is > >

2
mVC[ =+

parallel chains or configurations with loops then no such propagation formulas can be used.

wlw. If you have



So, in that case we go back to our basic definition of what is velocity which is basically in terms of
derivatives of the position vector or derivatives of the rotation matrix and then we can obtain the

angular velocity of any link in a parallel chainas [R] [R] . Thisis 0 means it is with respect to the
reference coordinate system or the fixed coordinate system.

Likewise we can obtain the velocity of the center of mass of any link in a parallel chain by taking the
time derivative of the position vector of the center of mass and again this position vector of the
centre of mass can be obtained by loop closure equations or by techniques of kinematics for parallel
chains. So, OpC is the position vector of the center of mass of link i.

(Refer Slide Time: 08:02)

LAGRANGIAN FORMULATION:
PQTENTIAL ENERGY

@ Assumption: Potential energy due to gravity alone

For springs or other energy storage devices, appropriate modification
torsional springs add a term k6,

@ (General expression for potential energy due to gravity
PE = —m; °g % p¢
« °g - Gravity vector of magnitude 9.81m,/sec?
o g along vertical direction denoted by °Z axis
@ %pc. - Location of the centre of mass of rigid body / from the zero or reference
potential energy surface.

o Constant value of the reference potential energy does not matter as derivatives
are taken
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I

The other element in the Lagrangian formulation is the potential energy of a rigid body or the system
of rigid bodies. So, when we want to compute the potential energy the main assumption is in this
formulation. The potential energy is due to gravity alone, if you have springs or other energy storage
devices we need to modify the potential energy term. So, for example if you have a spring which is a

. . 2 . .
torsional spring then we have to add one term %ki Gi , Where k is the spring constant.

So, but most of the time or at least in this lecture we will assume the potential energy is due to
gravity alone. The general expression for potential energy due to gravity is nothing but m g h. Now
instead of writing simply m g h for any link we write it in a mode formal form as dot product of the
gravity vector with the vector locating the c g of the link .So, OpC locates the c g of link i, mi is the

i

mass of the link i.

And then this gravity vector dot this will give you the potential energy, minus is because the gravity is
normally acting in the downward direction. So, gravity is along vertical direction which is the z-axis



but the gravity is in the opposite direction. The magnitude of this gravity vector is 9.81 meters per
second square and as | said OpC is the location of the center of mass of rigid body i from the 0.

i

Or reference potential energy surface. In potential energy often this motion of a reference ora 0
potential energy surface is used to find the value of the potential energy. In this formulation we will
see it really does not matter where you choose this 0 or potential energy surface because whatever it
is it is a constant value and later on we will see in the Lagrangian formulation we have to take the
derivatives of the potential energy.

So, derivatives of some constant quantity will go to 0 and so, we should not really be worried about
what is the reference or the 0 potential energy surface you have chosen.

(Refer Slide Time: 10:40)

LAGRANGIAN FORMULATION:
EQUATIONS OF MOTION

o From the kinetic and potential energy, define the scalar Lagrangian
i)
#(a.4) = Y (KE; - PE)

N is the number of rigid bodies excluding the fixed base.
@ In serial manipulators, with R or P joints dim(q)=n=N

@ The equations of motion d (’]'f) - L Q i=12,..n
dt \ dg; / dg; '
o ('s are the extemnally applied generalised forces
When only joint torques or forces are present
Qr' =1, i=1,...n
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So, once we have the kinetic and potential energy we define a scalar quantity called the Lagrangian.

So, this is the symbol for Lagrangian, this L, it will be a function of g and q. So, q's are the joint
variables or any other generalized coordinates which you use to describe the serial or parallel chain,

é's are the derivatives of the generalized coordinates and this Lagrangian is nothing but KE — PE.

So, for each link we find KEi and potential energy of ith link. Then we subtract these two and then

we sum over all the N links which are part of the rigid body chain. So, in this case this N does not
include the fixed base. So, because the base is not moving. So, in serial manipulator with R or P joint
the dimension of q is nothing but N which is the number of joints and this is also same as N in this
example.

In kinematics if you recall this N was the number of links, but we have to add the fixed base. So, in
the planar 3 degree of freedom robot we had 3 moving links but N was 4. Here we do not do that.



So, the equations of motion once you have this Lagrangian is given by %(%) - = Qi. So, let
q

us go over this term by term.

dL
dq. *

i

So, this is So, the Lagrangian will be a function of both the generalized coordinates and also the

derivatives of the generalized coordinates. Remember the potential energy will contain only some

position vector. So, it will be a function of q, but the kinetic energy will be a function of gs also. So,

we also need to take the partial derivative of this Lagrangian with q,-

And then time derivative of the whole thing and this term in the left hand side is now equated to
what is called the generalized forces. So, QL_ are the externally applied generalized forces and how

many of these things do? We have to do we have to take i = 1 through n. So, where n in this case of
serial robots are the numbers of moving links when only joint torques or forces are present at the
links.

So, there is no other external force which is being applied. The Qi will be nothing but the torque

supplied by the motors at the joints.

(Refer Slide Time: 13:54)

EQUATIONS OF MOTION (CONTD,)

o After performing the derivatives, equation of mation of a serial chain takes the
farm
[M{a)la+[Cla.a)la +G(a) =

o [M{qg)] = nxn mass matrix
o [Clq.q)] — nxn matrix and [C(q.)]q is an nx 1 vector of centripetal and
Caticlis terms — Cantains only quadratic ¢;4; terms,
e G{q) — nx 1 vector of gravity terms, and
s T - nx1 vector of joint torques or forces,
@ Equations of motion of any serial chain can be written in the abeve form!
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So, after performing the derivatives, the equation of motion of a serial chain takes this form. So, we
find the Lagrangian we take the partial with respect to q, then we take the partial with respect to q,

and then d /dt of that one and then if you do all these things for i = 1 through n and then simplify
then we can rewrite the equations which you have got in this form. And this is a well-known form;
we have seen this earlier also.



That we get in something called mass matrix M(q). So, this mass matrix is only a function of the
generalized coordinates g, it is an nX n matrix q is nX 1 and then we have another term which is

C(q, q) + G =T C(q, q) , is also an nX n matrix and then this matrix into q is an nx 1 vector of
centripetal and coriolis terms. This coriolis term and centripetal term contains only quadratic terms.

. . .2
So, you will have q, qj , you will not get q? orgq, into q, - So, it is only quadratic terms. The right

hand side is an nX 1 vector of joint forces or torques. This term G(q) what is called as the gravity
term. This is only a function of the position of each link; it is not a function of the derivatives of the
generalized coordinates. The equation of motion of any serial chain can be written in the above form.

This is a very, very important statement. If you give me any serial chain then it can be written in this
form that there will be a mass matrix into g then there will be a coriolis centripetal term, then there
will be a gravity term and which is equated to the torques which are acting at the joints.

(Refer Slide Time: 16:21)

PROPERTIES OF TERMS IN
EQUATIONS OF MOTION
o Mass matrix, [M(q)] = Always positive definite and symmetric

e Total kinetic energy of a serial manipulator is
Lo
KE =24 [Ma)la
o KE =0 for || 0 and zero anly when |g| =0 ——D[M-:q” is positive definite
o Inertia cannot be imaginary alang any compenent of § —+ Eigenvalues of [M(q)]
must be real — [M{q)| must be symmetric.

@ Coriolis/centripetal can be obtained as

¢ -1 L (M oMMy
2 TN dqy, dq; dagi [}
@ The gravity terms can be obtained as
¢ _ APE)
1T g
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Let us look at some of the properties of the terms in the equations of motion. The most important
property of this mass matrix is that it is always positive definite and symmetric and how do we prove
that? You can show that the total kinetic energy of a serial chain or any serial robot is given by KE is

.T
%q [M(q)] q . So, this is a quadratic form, it is of the form xX'AX.

Kinetic energy is always greater than 0 for q not equal to 0 and 0 only when q is equal to 0, M(q)
positive definite. This implies that. Another way of looking at it is inertia cannot be imaginary along

any component of q So, basically Eigen values of mass matrix M (g)must be real and M(q) must be
symmetric. If it were not symmetric then the eigenvalues could be imaginary which it does not make
sense.



It is also positive definite because the inertia can never be negative along in any component of q or

any direction. The coriolis and centripetal term can be obtained from this mass matrix which is M

oM, oM, oM, \ - . ,
and we take =+ + L q, So, we take all these elements of this mass matrix and take

aq i 6qj qu

appropriate partial derivatives with respect to g's.

n n

And then you % Y. , then before you sum it over you multiply by cik and then you % > .So, where
k=1 k=1

does this formula comes from? You can show that this is indeed true; this is sometimes in advance
math it is called as a Christoffel symbol. So, it comes from that notion that you have something which
is positive definite which is mass matrix.

So, it is related to some kind of a metric or a distance in some g space and then with that mass
matrix or with that positive definite metric we can define something called Christoffel symbols and
they are nothing but these components of this centripetal and coriolis terms. The gravity term can be
obtained as partial of potential energy with respect to q, Remember gravity is only a function of the

position, it is not a function of g.

(Refer Slide Time: 19:41)

LAGRANGIAN FORMULATION:
PARALLEL CONFIGURATIONS

o Presence of m loop-closure constraint equations.

o q € K" - p actuated joint variables, 8, and m passive joint variables ¢.

o To abtain equations of motion for a system with constraints — Lagrange
multipliers (Goldstein 1980, Haug 1989).

e Lagrangian written as

#(q,q) = Z(a.q)- ). Amnila)
1

il

m A;'s are the introduced (unknown) Lagrange multipliers.
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If you have loops as in parallel configurations then we can get this m loop-closure constraint
equations. So, | have some loops, there are m such loops. So, our m loop closure constraint equations
each loop can have more than one loop closure constraint equation. So, let us take the situation
when in a parallel configuration we have m loop closure constraints equations. So, what are these?

These are some ni(q) = 0Oandi = 1,2,. m.So, in such a situation the dimension of the

generalized coordinatesisn + m. So, we have n actuated joint variables typically denoted by theta



and m passive joint variables which we will denote by phi and to obtain the equations of motion for a
system with constraints. So, basically we have kinetic energy, potential energy, but then we have
these loop closure constraints for the generalized coordinates.

So, then we can use what is called as a Lagrange multiplier, this is very well known technique, it is
available in many textbooks. So, for example in Goldstein or by Haug that we use this notion of
Lagrange multipliers and then we can derive a new Lagrangian which is called L and notice this bar on

top. So, this is a function of g and q which is same as the original Lagrangian which is kinetic minus
m

potential energy minus this ), .
J=1

So, there are m loop closure equations. So, nj. So, this is like constrained into some 7\1, . So, these are

called as the Lagrange multipliers. So, those of you who have done any optimization course you can
see that when you want to optimize an objective function with some constraints we introduce those
Lagrange multipliers and this is the same idea. So, the Lagrangian we can introduce these Lagrange
multipliers.

And with this loop closure constraints and we form a new Lagrangian and then we can go ahead and
derive the equations of motion.

(Refer Slide Time: 22:15)

LAGRANGIAN FORMULATION:
PARALLEL CONFIGURATIONS

e m constraints, 1;(q) = 0, are holonomic — Only functions of q.

@ For holenomic constraints, equations of motion are

d fozy 0¥ &, dn;a)
dr (\dd.-) dg; }:i 4 da;
@ In matrix form,

M(a)]d +[C(a.q)]a +Gla) = 7+ [V(a)]" A

a A is the mx 1 vector of unknown Lagrange multipliers
o Constraint matrix [W(q)] is obtained from the partial derivatives of m constraint
equations with respect to g;
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So, if these m constraints are holonomic which means only functions of g. Then the equations of

o (@)

dq.

i

m
motion are given in this form which is that you find the —;t —Zé - - T, + Y 7\],
q i
j=1

i dqi



Andnowiw = 1,2,3,. n + m.So, remember there were theta actuated joint variables which we
denote by theta and there are n of those and then there are phi's which are the passive joint
variables which are not actuated and they were m of those. So, in matrix form these equations can

be written in this form. Again, we have a [M(q)] q + C(q, q) + G(q).

This is same as the joint torques, but now we have another matrix which is [Lp(q)]T A. So, what is
Y(q)? Y(q) comes from here, partial derivatives of loop closure constraints with q, So, nj with gi we

will get a matrix which is this psi and then this can be written as [Lp(q)]T A. So, in this equation we
have As which are the lagrange multiplier.

They are m of these Lagrange multipliers coming from the m constraint equations and then this
constraint matrix psi of qs obtained from the partial derivatives of the m constraint equations with

respect to gi. So, if you do this and rewrite we can see that this could be written in this form.

(Refer Slide Time: 24:35)
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LAGRANGIAN FORMULATION: l‘ f}
PARALLEL CONFIGURATIONS WPTEL, Ifse
o To determine A
o Twice differentiate m constraint equations with respect to t

[W(g)lg+[Wia)lg =0

NJl is a mx (n+m) malrix containing the time derivatives of each of the
elements of 'J-']
e Since the mass matrix [M(qg)] is abvays invertible

= [M] (== [Cla—G)+ ML [W]T2
@ Substituting q
A= —([WIM] [T [+ (WM (e — [Cla— 6))

o Substitute A back — Equations of motion
[M]d = £ =[] T([W][M] (W] T) W] M)+ []a}
f denotes (17— [C]g-G).
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So, the As are unknown as of now, we need to derive the As in order to find the equations of motion.
So, the As have been introduced by us. So, we need to find what the As are. So, to obtain the As we
twice differentiate the m constraint equations with respect to t. So, once if you differentiate

ni(q) = 0 you will get someli(q) q = 0. Then if you differentiate that again then you will get
[W@lq + [W(@lq = 0.

Where [Y(q)] isanmX(n + m) matrix containing the time derivatives of each of the elements of
this constraint matrix Y(q). So, now since the mass matrix is always invertible. So, we can rewrite g =

M_l(r — [C]é -G ) + M [L|J]T7\. Where is this coming from? This is coming from the equations
of motion.



The equations of motion where [M]é = (T - [C]é - G) + [L|J]T?\. So, we pre-multiplied both sides
by M_1 and M_1 always exist, because the mass matrix is positive definite and symmetric and always

invertible. So, once we have this q we can substitute this q back into this constraint equation which
we have differentiated twice and then you can see that you will be left with only A.

And if you do some simplification you will get A in this complicated form which is some

_ -1 . . -1 .
- (v 1[L|J]T) {lv(lq + [v]IM (1' —[Clq— G )} with the - sign and finally we can
substitute this A back into this equation and we can get equations of motion.

The form of the equation of motion is like this we have

. _ -1 _ . .
[M]lg=f — [lIJ]T ([wM 1[LLJ]T) {[v|M 1f + [Y(q)] g} quite complicated, but if you do and sit
down and write it down you will get this because what is happening we can substitute A here. So, you

will get some M [ljJ]T this whole thing which is this minus term and so on.

It is not very hard and then we have this another term which is {[Lp]M_lf + [ip(q)] q So, [ip(q)] q
is coming from here and then [llJ]M_lf , thisis f, f is this (r — [C]ci -G ) We already have some

M_lso, we will get this term [LIJ]M_lf and where f denotes (T - [C]é -G ) So, let us see what
has happened. So, we have done lot of algebra and lot of simplification to arrive at an equation of
motion which is of the form [M] ¢ = (t — [C]q — G).

Plus this whole big term which comes from the constraint matrix. So, intuitively you can see that if
we did not have loop closure equations, if it was a serial chain we did not have to bother about this
Lagrange multipliers, we did not have to bother about this constraint matrix, then this part will not
be there. So, you will be left with [M] ¢° = (t — [C] ¢ — G )which is the same as what we
obtained for the serial chain.

But because of the presence of loop closure constraint equations and constraint matrices psi we will
get this complicated term, we will see some examples of this later on how we can use these loop
closure constraint equations and obtain this constraint matrix and then obtain this equations of
motion.
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[LAGRANGIAN FORMULATION: \’f}
PARALLEL CONFIGURATIONS NeTEL e
o Mass matrix [M] is (n+m) = (n+m), positive definite and symmetric matrix,

o Centripetal/Coriolis terms and the gravity terms are (n+m) x 1 vectors.

o [W(q)]" A has units of torque/force - Constraint forces /torques.
o Work done by constraint forces | :UJ[q}]Tl ]Tq Al [Wig)lq.

o [U(q)]q =10 from definition of constraint matrix,

o Useful to obtain constraint forces/torques for mechanical design of the joints
and rigid bodies.

o Most multi-body dynamics software packages (se¥, for example, ADA Ms®
(2002)) compute and provide the constraint forces and torques
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So, let us look at some of the properties of these equations of motion. First thing is that the mass
matrix Misnow (n + m)X(n + m).So, n at the actuated joints which is theta, m are the passive
joints which comes from the m loop closure constraint equations, even then it is a positive definite
and symmetric matrix. The centripetal coriolis terms and the gravity terms are (n + m)x1

In the case of serial robots or serial chains we had nX n mass matrix, the centripetal coriolis term
was nX 1, but now we have to take into account the m loop closure constraint equation. So, hence

. . P T .
the dimensions get modified in both of these terms. The terms [{/(q)] A as units of torque or force.
So, these are called also constrained forces and torques.

Why have these units of torque? Because if you just go back one more slide you can see that it was

T + [W(q)] A. So, tau has units of torque or force. So, hence this will also be similar units. This
constraint forces one of the interesting property is that the work done by the constraint forces is 0.
So, how do | find out what is the work done by this constraint forces?

T .
So, it is nothing but some force times velocity. So, we have[ [Lp(q)]T A] q that is the work done by
these constraint forces and that we can simplify. So, a into b whole transpose is b transpose a

transpose. So, which is ?\T[Lp(q)] é, but we know this [{1(q)] q =0 because [Y(q)] q comes from
taking the first derivative of the loop closure constraint equation.

So, since if this is 0 then the work done whole thing is also 0. It is useful to obtain constrained forces
and torques for mechanical design of joints and rigid bodies. So, although they do not appear to add
to the work done or to the kinetic energy of the system but we still need to know what are these
constraint forces. The whole idea is similar to what we had looked at in the newton Euler
formulation.



Not only we need what is the torque due to the motor but we also need to know what are the
reaction torques. In this Lagrange formulation we the same reaction torques and forces appear as
constrained forces and torques not exactly the same numerically because in the newton Euler
formulation the constraints forces were along x, y, z. So, remember fx, fy, fZ and n, ny, n.

Here the constraint forces are along the generalized coordinate’s q, but nevertheless the q's and the
cartesian coordinates and orientation can be related. So, most multi-body dynamics software
packages for example ADAMS, compute and provide the constrained forces and torques. So, this
ADAMS is 2002, but there are now newer versions of ADAMS and we will see one such newer version
later on. But the feature in ADAMS or any other multi-body dynamics software packages you can
obtain the constraint forces and torques.
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NON-HOLONOMIC CONSTRAINTS ‘\_:f‘:}
@ In mobile robats and few other mechanical systems, constraints are non-holonomic

o Constraints can also contain explicit functions of time

o Lagrangian formulation for such systems -
o General constraints in the so-called Pfaffian form

() +[W(q)g =0
o Differentiate to get [W]§+[W]q+d(f) =0
@ Equations of motion
(MJd = F— W] ([w)[M] (W] 7) W] M)+ () + [V]a}
e A given by
fo= =(VIMIH W] T)H(@() 5 (W] + [VIM) (e~ [Cla - G)}
Nen-halonemic constraints are non-integrable functions of g and §. They restrict the space of § but not the space of g.
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In mobile robots and few other mechanical systems, sometimes the constraints are non-holonomic.
So, what do we mean by non-holonomic? They are not only functions of the generalized coordinates

g, they could be function ofd and we cannot get rid of the q So, they are non-integrable. So, in the
example of that rolling disk thin disk | showed you that the constraints are in terms of the velocity at
the point of contact being 0.

And hence the constraint contains both q and g and we could not get rid of the g by integration,
sometimes the constraints can also be explicit functions of time. So, in such systems we can also use
the Lagrangian formulation. So, the general constraints in what is called as the Pfaffian form is

d ()= [W(Q)] qg= 0. So, [U(q)] q was similar to what we obtained by taking the derivatives of
the loop closure equations.

So, sometimes the constraints could be directly in the form [W/(q)] q and non-integrable and this
term is showing the explicit function of time. So, we can have constraints which have as a explicit



function of time and then involves q and g. So, we can differentiate this constraint to get

[llJ]éi + [liJ] ciwhich is coming from this term using chain rule and c|> ) = 0.

Then the equation of motion can be modified and we can obtain the equation of motion if the
constraints are given in this Pfaffian form. That it is given by

Mg = f — [] ([w]M_l[Lp]T)_l{[qJ]M_lf + [W(q)] q}again this whole complicated term but
now we have terms which are q> (t) and then this [W(q)] q was earlier also there.

T

And A is also now can be obtained in to include the effect of ¢ (t). So, A will now contain ¢ (t)
previously this term was not there. So, as | said these are non-holonomic constraints, they are

non-integrable functions of g and ci, they restrict the space ofc} but not the space of g.
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EXAMPLE -  PLANAR 2R als
MANIPULATOR

@ Same as example done for Newton-Euler
o Two moving rigid bodies, 2 joint variables 8 and 8
o Joint torques - 71 and T2 @
Lacation of cg of Link 2
e Gravity along (— "Yp) axis.
a . .,.Llnk
A Location of cg of Link 1 fimg g, g0
o

o (m fi.r. i), i =1,2 denote
mass, length, CG location
and Iz component of inertia

..'.!‘.r',_.,-b______.-’.-’f'r‘.' matrix, respectively.
— 1y
= - ! @ Planar case — Only [,
= i relevant.
o )
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Let us now look at an example, we want to derive the equations of motion of a planar 2R

manipulator. We have done this earlier, we have looked at these system two rigid bodies connected
by 2 rotary joints, we used a long time back how to obtain using Euler’s equation and Newton’s law.
Then we also derive these equations of motions for this system using the newton Euler formulation.

Now | want to show you that we can derive the equations of motion of this 2R system using the
Lagrangian formulation. So, it is the same as the example done for Newton Euler formulation, we
have two moving bodies, two joint variables 91 and 92, two joint torques T, and T, which are acting

in this form counter clockwise positive. The first link has m, 11, T and l1'

So, mis the mass, I is the z component of the inertia, r locates the CG of this link 1 and l1 is the

length of this link and the same story with the second link. There is a gravity which is acting in the -y



direction and m I, r these are denote the mass length CG location and the z component of the
inertia matrix. This is a planar example. So, only IZZ is relevant.
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PLANAR 2R MANIPULATOR "f}
o Velocity propagation to find linear and angular velocities WPTEL, IF5¢
o {0} fixed = @ ="Vy=0.

e i=1
N (008)"
1\!"]_ = 0
We = 04(008) %(n00)7 =(0nr6 0)
@ i=2
20 (006 +6)"
cz 5 0 ! f C' ﬁ&z[}l
y, = s & 0 hey | =1 heb
0 01 0 0
Ve, Ny +2 @y % (ra 00)
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So, we can use the propagation formulas to find the linear and angular velocities. So, because it is
valid for this serial chain also. So, with 0 as a fixed coordinate system and that is fixed. So, hence the

angular velocity and the linear velocity is 0. So, fori = 1 we can find 1(1)1 whichis00 61' 1V1 =

and the linear velocity of the centre of mass is given by sum( 0 r él 0). So, this is quite obvious.

So, the first link is rotated mean 6 . So, the CG is located at a distance . So, that is r9 and it will be
along the y direction which is what is shown here. Fori = 2 we can show that the angular velocity

is 9 + 9 along the z axis. The velocity of the origin of the second link is given by l1 5261 l1 c,6 9 0.

Th|s is nothlng new, all of these were done when we did the Newton Euler formulation.

And the velocity of the center of mass is the 2V2 + sz X (r2 0 0), we have assumed that the

center of mass is along the link along the local x axis.

(Refer Slide Time: 40:12)



PLANAR 2R MANIPULATOR

PTEL, S
@ Total kinetic energy

1 A 1 ., 1 .. ..
KE Ern](ﬁm?+5w;+55m—pr+
5”?2("12312 Fr3(fy+6) + 2h et (6 + 6))

Rigid body 1 - First two terms; Rigid body 2 — Second two terms,

o Total potential energy
PE = mignsi + mag(hsi + r2s12)
o Lagrangian for planar 2R manipulator

#(0.0)=~KE-PE, ©-(8.6,)7
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2 2 .2
So, the total kinetic energy is nothing but %m V. So, one term from V' will give this. I_1 91 , then

.2
12( 91 + 62 )- So, this is the kinetic energy due to the rotation of the first link. This is the kinetic
energy due to the rotation of the second link and then we also have this kinetic energy of the second

. 2 . . .
link VC . So, m, into velocity of the center of mass of the second link square of that.
2

.2
And if you simplify this and we have done this earlier you will get one term which is li 91 , there is

17272
very simple conceptually. We are doing the kinetic energy of the first link plus the kinetic energy of
the second link.

. 72 .. .
also rz (61 + 92) +21l r c 91( 91 + 62). So, we have done this earlier this is nothing new and it is

And we know what is the angular velocity of first link and we know what is the angular velocity of the
second link and similarly what is happening to the linear velocity of the center of mass of first link
and the linear velocity of the center of mass of the second link. So, for rigid body 1 we have these 2
terms. For rigid body 2 we have these 2 terms the second, third and the fourth term.

The total potential energy is nothing but m g h of the first link and again if you go back and see what
is the height from the reference which is the x axis, it is r into sin sin 91 . So, we have m gr,

sin sin 61 . The second link the distance from again the horizontal is l1 S, +T,5 .

for the planar 2R manipulated is given by kinetic minus potential energy. In this case | am using theta
to denote the generalized coordinates.

So, the Lagrangian



The generalized coordinates are 91 and 62. So, this Lagrangian is a function of 61, 62 and 61 éz' So,

you can see él, éz. Similarly there is a 61 here, this is sin sin 61 , this is 61 + 92).
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PLANAR 2R MANIPULATOR i_rﬁ
WPTEL iS¢
o Partial derivatives of % with respect to 8, i =12
L2 mygricy— mag(ho +rga)
96, 18Nna 281 ha T ra;
a5 S
38 - Mzl ras26, (B + 6) — magracy;
o Partial derivatives of % with respect to 8, i =1.2
1L .
e (h+ b+ md+ mal? + mard + 2mal e )y
déy
+(k+ rr|2."-_.2 + mal !gc"_;]él:
. ) 5 . o
— = [kt mary+mahraca)fy +(h+ mar)8;
26, L ]
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So, the partial derivatives of this Lagrangian with respect to theta i can be very easily obtained, you
take the partial derivatives and you will get one term which is - mgrc — mg (llc1 + rzclz) .

The partial derivatives with respect to 92 will be a little bit more complicated. We will of course have
this gravity part which is m,gr,c but we also have terms which are coming from c, into 61 and

then (61 + 62).

So, in the kinetic energy there was a term which contained c, into 61 whole multiplying 61 + 62. So,

when you take the partial derivatives of cosine you will end up with — S, So, this term will also come.
The partial derivative of this Lagrangian with respect to él and éz can also be obtained. So, the

. . Co . 2
partial with respect to 61 will contain I1 + I2 tm T, and so on.

And then into él, there will be a term as | said which contains m, l1 r,c, and then of course there is

this other term when you take partial with respect to 61 which is I2 tm,r, and so on into 62. The

partial of Lagrangian with respect to éz is little bit simpler, but nevertheless we have a term which is
) .

r,+m, llrzcz) 61.

and then of course( 12 +m,



2

And( I2 tm, T, ) 62. So, this is very, very mechanical. So, once | know what is the linear velocity of

the center of mass of each link and the angular velocity of each link | can find the kinetic energy and
then if | know where is the center of mass with respect to a reference. So, | know the height. So, | can
find out like mgh and | know the potential energy then | combine both of them as KE — PE which
is the Lagrangian.

And then mechanically take these 4 partial derivatives one with respect to 61, second with respect to
92 then with respect to 61 and then with respect to 92 and then we have to take the time derivatives
of these two quantities which is what the Lagrangian formulation says you have to do.
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PLANAR 2R MANIPULATOR \f}
o Derivatives of %"-I: with respect to t WRTEL, WS¢
%(:;;J = ﬁ‘-_(h + b+ .'711r13 t m-_;r:? t mgff +2mahraca)

Fla( b+ mard + mah raca) — mah ras; (26, + 62)
d oz
(ﬂ ] = Bk mzr% Fmahrae)

de \ 96,
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So, we take the time derivative of this Lagrangian partial Lagrangian with respect to él and when you
take the time derivatives you will get some terms which are containing 9"1, but then we also have
time derivatives of c, So, you will again get some éz into sine 92. So, which is what these terms are.
So, the time derivatives of 9"1 is this plus into this 9"2 into this and then we have somem_1[ r_s 6 (2

2712272
91+92).

So, there is some terms which are like 91 into something and 92 into something, but then you will get

.o .2
some terms which is 2 91 62 or 62 . The time derivative of the second part which is Lagrangian with

respect to 62, partial Lagrangian with respect to 62. Again you will see some terms which are 61 into

something.



62 into something, but then you will also have a term which is 61 62. So, then we collect this term,
this term and that the partial of Lagrangian with respect to 61, partial of Lagrangian with respect to
92, collect all of these terms according to the recipe given in the Lagrangian formulation and simplify.

And once you do all that | have skipping a few steps.

You can show that the equation of motion is T is 61 into something + 62 into something and then

2

you will getthism_1[ r_s 9. +2 él éz and then we have this gravity terms which are coming from

271 27272
the partial of the potential energy with respect to 61 and 62. So, we will get one term here gravity,

another term here.

. . .2
And for the second equation again we will have 91 into something + 62 into something and then 61

and m,r,gc,, So, if you go back and open your notes and see what we did for the Newton Euler

formulation equations are exactly same. So, there is absolutely no difference between the equations
of motion which you obtained from Newton Euler or from this Lagrangian.
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PLANAR 2R MANIPULATOR —

EQUATIONS OF MOTION WPTRL, Use
Equations of motion are two nonlinear ODEs = In standard form
{ n
I'\ T ]
[ htle+malf+ myed+mard + 2maliraes b+ mard + maliraca | Ir' h |
Iy 4+ mar2 + mahraca I+ mar? \ & )
| |- maly (28 + b6y ".I | mag(licy + racya) + mygricy ".I
% .’?’.2."_(352(41: J i \ marageys ]

@ In the above matrix equation
@ 22 matrix is the mass matrix,
o 2% 1 vector with quadratic 87, 8%, and 88 terms is the centripetal/Coriolis
term, and
e 21 vector with g is the gravity term

@ As mentioned ne friction or dissipative terms in equations of motion
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So, if you rewrite in the standard form you will get T, whichis a vector, cross, vector is some

matrix into 91 into 62 plus this coriolis centripetal term plus this gravity term. So, in this equation this

.2 .2
2 by 2 matrix is called the mass matrix as before this 2 by 1 vector which is quadratic in 61 ,92 and

61 62 is called the centripetal and coriolis term.



And the last term which is a function of only 91 and 92 is called the gravity term. The Lagrangian

formulation does not include any friction or dissipative term. The Lagrangian is for only conservative
system, historically Lagrange was a mathematician in the 1700s and he was studying the motion of
the planets. So, hence he derived a way to derive the equations of motion but there is no question of
adding friction. So, because this Lagrangian formulation inherently is only for conservative systems.
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SIMPLE PENDULUM (RE-VISTED) \r\_”{f
@ Recap: Choice of generalised coordinates is non-unique ,_;};_,R
Ly o Consider g = (x.y), the Cartesian coordinates of the mass

@ Gravity in the —Y direction
@ Holonomic constraint: f(x.y)=x*+y? -2 =0
o Double derivative of f(x.¥) =0 — x¥+yj+ %2432 =0
o Following Lagrangian formulation - obtain kinetic energy
KE = (1/2)m(5* + ¥*) & potential energy PE — mgl{1—cos#)

@ Obtain Lagrangian #(4,q) = KE — PE and cbtain equations of motion

mjeoe

e ° Equations of mation in terms of generalized coordinates and Lagrange

e multiplier 4
mi A(2x)
mi = —mg+A(2y)
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So, let us take some example. So, we have this very well-known example of a simple pendulum, we
have looked at this earlier. So, we have a gravity vector like this there is an x and y axis, this is the

origin and this is this link and a mass with end point x, y. We will see what this [ 8 and other things
come and we have this gravity which is mg. So, we recap that the choice of generalized coordinate is
non-unique.

So, we could consider g which is the generalized coordinates as x, y which is the cartesian
coordinates of the mass of the bob, the gravity is in the - Y direction. But if you choose x, y as your
generalized coordinates then inherently there is a constraint which is what that the distance of this

point x, y from the origin is governed by x2 + y2 - l2 = 0. Lis the length, this length here.

If you take the double derivative of this function f(x, y) = 0, you will get
- - .2 .2
xx + yy + x + y = 0,itisnotatall very hard. So, the first derivative will be

2xx + 2 yj} = 0. If you take the derivative again you will get this again using chain rule, the
.2 .2
kinetic energy of this mass is nothing but % m(x + y).

So, this is a massless rod of length I. So, the kinetic energy is onIy%mV , the potential energy is

mgl(1 — coscos 0) . So, we take some reference here. So, thisis mgl(1 — cos cos 6)



whatever is the height above that reference. The Lagrangian is nothing but kinetic minus potential
energy and just by following the Lagrangian formulation we can obtain the equations of motion of
this simple pendulum.

And what are the equations of motion, sort of obvious we have mx = A (2x) and

m); =— mg + A (2y). Remember there are no forces or any torques which are acting the only
external force is due to gravity. So, hence and this is acting along the y direction. So, we will have
some component of this external force gravity in the y direction and this A (2x) and A (2y) comes
from the derivative of this.

So, as | said you will get 2 xx + 2 y3;. So, that 2 x and 2 y we need to multiply by A because

: T :
remember the constraints are [W1(q)] A. So, we will get these two terms.
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SIMPLE PENDULUM (RE-VISTED) \_:’f}
e Two equations of motion WPTEL, Itse
¥ = A(2x/m)
yo= —g+A{2y/m)
o Substitute in x¥ + i + % + y? =0, and solve for A
o (2&/m)I? =yg —(x*+y?)

~7i @ Tointerpret A, set x = [sinf, y = —/cosf
[z, 4} :

e (24)/ mlg2 - mgeos —+ Both terms have units of force and are along the

i ona B

=l wire

@ 2/A is the tension T in the wirel

o Velocity of mass m is /8 — tangent to the mation —+ work done by /4 is zero!
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So, let us continue. So, | have two equations of motion one of them is x=2A (2x/m) and the other

one is3.1' =— g + A (2y/m). So, let us substitute this x and y into this and we solve for A . Basically
similar to what | showed you what we do when we have loop closure constraints. In this case the

_ 2 2 2 - N .
constraints are doublex + y — I = 0 and this is the second derivative of the constraints.

So, if you substitute A (fn—x) and — g and so on into this expression, we will get

.2 2

(2 7\/m)l2 =yg — (x + y).So,thisis what you will get. So, to interpret A what does this A
mean in this problem or in this case of this simple pendulum. So, we can see here that we can also
define this x and y by using this [ length 6.



So, we can set x is some [ sin sin 0 this is x coordinate which is this perpendicular distance that is [
sin sin 8 and then the y component which is in the negative direction is - [ cos cos 0 . So, we can

set these two by introducing a variable 8 which is from the vertical and this length [. So, if you

substitute x and y and then x and y and everything into this expression here.

.2 .2 .2
You will get (2A) I=-mlB — mg cos cos 6 . So, (x +y ) will be what? It will be something like.

.2
So, 12 0 and then if you simplify and then if you do some simple algebra you will get this expression

.2
whichis (2A) I=-ml8 — mg cos cos 8 . So, this is what is shown in this figure here.

So, we have this is mg, the direction of motion of this mass is lé. So, this is like the tangential
)
velocity, this is the velocity of the mass instantaneously. Due to this velocity we have some ml 0

which is acting outwards and also mg cos cos 8 which is acting this. So, those of you who
.2
remember your basic mechanics you can see that this mg cos cos 8 and ml 0 is nothing but the

tension in this rope or wire.

So, both of these terms have units of force and they are along the wire that is important. So, hence
this 2 L A is the tension T in the wire. So, in Newton Euler formulation we could have found this
tension by seeing that there is an mg here, there is an mg cos cos 8 here and then there is

something else and then there are all these mg sin sin @ and so on. Here it is a little bit more
complicated because we need to find what is the Lagrange multiplier.

And then this Lagrange multiplier is related to this tension in the wire. So, this is like a constraint
force and again remember tension in the wire is an internal force it is not doing any work it is a
constraint force but we can still find out what is this constraint force. So, the purpose of this example
is that | could have chosen a different generalized coordinates in this case x, y for this pendulum.

And then we have this constraint which is x2 + y2 = l2 and then due to that constraint just by
following the Lagrangian formulation we can find an expression for the Lagrange multiplier and that
Lagrange multiplier is related to the constraint forces. In this case there is a nice interpretation of
what exactly is the constraint force; it is nothing but the tension in the wire.

So, the velocity of the mass is in this direction [ 0, it is tangent to the motion and hence the work
done by this constraint tension in the wire is also 0 because these two are always perpendicular to
each other. Again everything is consistent with whatever | showed you mathematically earlier. |

showed you that [L|J(q)]T A that part the work done by [Lb(q)]T Awas 0.



Here also we know for a simple pendulum we have studied this in many places that there is
something called the tension in the wire and that is perpendicular to the direction of motion and
hence the work done by this force is 0.

(Refer Slide Time: 1:00:09)

SUMMARY

e Equations of motion for serial, parallel configurations and multi-body system
(even with non-halonomic constraints) can be obtained using Lagrangian
formulation.

o Equations of mation obtained using Lagrangian formulation does net contain
friction or any other dissipative term — Lagrangian formulation is for
conservative systems only!

@ Friction accommodated in ad-hoc manner in the right-hand side at appropriate
place,

v = [M(g)]a+C{a.q) +G(a) + F(q,4)

@ Friction term, F(q,q), looks similar to centripetal /Cariolis term but actually
very different!

@ Typical friction = sum of a constant (Coulemb friction) + term proporticnal to
q (viscous damping).

@ Equations of motion does not contain effects of flexibility, backlash, and ather
un-modeled dynamics.
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So, in summary the equations of motion for a serial or a parallel configuration and multi-body system
even with non-holonomic constraints can be obtained using the Lagrangian formulation. The
equations of motion obtained using the gradient formulation does not contain friction or any other
dissipative term. The Lagrangian formulation is for conservative systems only.

However in any mechanical systems we have friction and how do you accommodate that we just add

it in an ad-hoc manner. So, originally we have tau is [M(q)] C.['+ C(q, q) + G(q), we just add a friction
term. So, this friction could be a function of g and q'. So, if you just write it like this then you can
think that this centripetal coriolis term and this friction term looks more or less similar but that is not
true.

This is quadratic, this friction could be quadratic but it is very different from the centripetal coriolis
term, this is a dissipative term. Typically this friction term is some constant times some function of g,
most of the time linear function of q. So, this friction for T, will be( c + Cz) qor 91. So, one part

which is called Coulomb friction, one part which is called viscous damping.

This is a typical model for friction and note that this friction, this is quadratic this is typically not
guadratic. The other disadvantage of Lagrangian formulation is that this equation of motion does not
contain the effect of flexibility, backlash and other un-modeled dynamics. So, people are worried
about what is happening to the energy which is going into the flexibility.



So, if there is a deformation. So, something called strain energy might be happening, we can have
backlash between the gears which are there in the motors. So, we cannot model all these effects in
Lagrangian formulation.



