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Lecture - 37
Advanced topics in non-linear control of manipulators

Welcome to this NPTEL lectures on Robotics: Basic and Advanced Concepts. In the last
lecture, we had looked at force control of manipulators and also how to design or
implement a hybrid position force control of manipulators ok. So, in this last lecture of

this week, we look at some Advanced topics in non-linear control of manipulators.
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ADVANCED TOPICS - STABILITY Ay

o Stability - Bounded input gives bounded output.
o Linear controller - Easy to analyse
o Single-link manipulator under a proportional control scheme.
o Q(t) = Qq(t) as t oo
o Proportional controller is stable.
o PD is also stable but PID can become unstable!
o Non-linear controllers - Difficult to analyse for stability.

o Stability analysis using Lyapunov's method.

o Controllability
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So, the first advanced topic which you will look at is stability ok. A word of warning so,
in this last lecture, we will not be doing too much mathematics ok, but I want to introduce
you to the some of these advance topics like stability, controllability and so on for
manipulators. These are sort of very well understood for linear systems, but what can we

say about stability and some of this advanced topic for non-linear robots?

So, let us start with stability. So, first what is the definition of stability? The most widely
accepted definition of stability is that if you give a bounded input to a system, the output
is bounded ok. If this happens the system is said to be stable ok, in a linear controller this

IS very easy to analyze ok.



Remember for the single link manipulator under proportional control scheme, | showed
you that if | give a step input which is a bounded input the output Q(t) which is the speed
of the link of the robot approaches Q,(t) as t tends to infinity. It was an exponential curve.

It did not go off to infinity, but it approach Q,(t) which was the step input.

So, the proportional controller can be said to be stable. PD controller is also stable ok. We
can show that; however, the PID controller is not necessarily stable ok. PID controller can
make a stable system unstable why? Because the | introduces a term like K;/s. So, if you
have a second order system and if you have a | part and | controller which you had to it
will become a third order system. And third order systems you can show that it can become

unstable.

So, basically those who are few who have done a course in controls we can plot the root
locus. We have not done this in this robotics course, but we can plot the root locus of a
third order system and show that for certain gains the root locus go on to the right half

plane ok.

So, PID controller can make a stable system unstable that way, if you do not choose the
integral gain properly. Non-linear controllers are very difficult to analyze for stability ok.
There are very few general results available.

So, the most well-known way to do stability analysis of a non-linear controller or for that
matter any non-linear system is using what is called as Lyapunov’s method ok. So, we will
look at this Lyapunov’s method in a little bit detail. The last topic which we will look at is
controllability. So, even if the system is unstable ok, how do we know we can control this

non-linear system?
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STABILITY ~ ANALYSIS  USING i
LYAPUNOV’S METHOD

o Lyapunov was a very well-known Russian mathematician in late 1800.

o One of the few general and widely used result for non-linear systems is based
on Lyapunov (1892).

o Non-linear system described in the form

X=f(X.t)

X e R", f(X,t) are n vector functions, and t denotes the time
o ODE has a unique solution starting at a given initial condition Xo.
o Robot manipulators no explicit dependence on t and X = f(X).
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So, let us look at stability analysis using Lyapunov’s method, first a little bit of history.
Lyapunov was a very well-known Russian mathematician in late 1800s ok. Think of it,
more than 130 or 140 years back he wrote, he did his work and he presented one of the
few general and widely used results for non-linear systems ok. How to analyze stability

for non-linear system; this was presented in 1892.

So, more than 120 years back and there has not been that much improvement of his results
ok. So, let us continue a little bit. So, if you have a non-linear system which can be
described in this form X = f(X,t) and so, X is an element of ™ dimensional space,

f (X, t) are n vector functions, t denotes time ok.

So, we can only look at systems which can be X = £ (X, t) there is no nonlinearity in the
X, there is nonlinearity in X. So, f(X, t) could be a non-linear function of X and time ok.

So, this ODE has a unique solution starting at a given initial condition ok.

So, this is an ODE, if | give you an initial condition | can at least conceptually integrate
definitely, integrate numerically. And find what is X at every time instant ok. So, this is
the context of Lyapunov’s stability ok. Moreover, in robot manipulators there are no
explicit dependence of time. So, we will be left with only X = £(X) slightly simpler then
X =fX,0).
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STABILITY ANALYSIS USING
LYAPUNOV’S METHOD

o Stability analysis is performed at equilibrium point(s) or state(s).
o X, is called an equilibrium point or state when it satisfies

f(X)=0

o X, can be solved from n non-linear algebraic/trigonometric equations.
o f(X) =0 can have more than one solution?.
o Need to investigate stability at all equilibrium points!

2In a linear system X = [A]X, only one equilibrium point X =0 when [A] is a constant
non-singular matrix.
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So, what did Lyapunov say? He said that the stability analysis is to be performed at what
are called equilibrium points or states ok. So, what is an equilibrium point? X, is called an
equilibrium point or state when it satisfies f(X) = 0. So, basically X = 0. So, we can solve
these non-linear algebraic trigonometric equations and obtain the solution. It satisfies

f(X) = 0, if not analytically, definitely numerically.

The interesting thing is f(X) = 0 can have more than one solution ok. It is a non-linear
equation ok. So, for example, if you say sin(X) = 0, X could be 0 or nm. So, n could be
1, 2, and so on. So, it can have more than one solution and what did Lyapunov say he said,

you need to investigate stability at all equilibrium point, at all possible solutions of this

F(X) =0,

So, in contrast to a non-linear equation, if you have a linear equation which is X = [A]X,
[A]X, where now, [A] is a matrix of constant variables it is non-singular. So, what are the
equilibrium points for linear system only X = 0, because if [A] is regular it is non singular
[A]X = 0 it satisfy only when X = 0 ok. So, there is one equilibrium points for the linear

system whereas, for the non-linear system | can have more than one equilibrium point ok.
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LYAPUNOV’S SECOND METHOD &

o Statement: A non-linear system X = f(X) is said to be asymptotically stable
(in the sense of Lyapunov) if there exists a positive-definite, differentiable,
scalar function of the state variables V/(X), with V(X) being negative definite.

o A function f(x) is positive definite if f(x) > 0 for all x# 0 and is zero only
when x = 0.
o Positive semi-definite, if (x) > 0 & negative definite if £(x) < 0.
o f(x)=x2+x is positive-definite
o f(x)=(x —x)? is positive semi-definite, and
o f(x)=—(x?+x3) is negative definite.
o Motivation of Lyapunov's theorem: Spring-mass-damper system is stable
o Energy of system is positive-definite
o Energy continuously decreases with time.

B 7208

So, now what is Lyapunov second method? So, this is the statement of the Lyapunov
second method to obtain the stability of a non-linear system X = £(X). So, what is the
statement? A non-linear system X = f(X) is said to be asymptotically stable in the sense
of Lyapunov. If there exists a positive definite differentiable scalar function of the state

variables denoted by V (X), with V' (X) being negative definite ok.

So, let us go over this statement once more. If | have a non-linear system represented by
X = f(X), we can say that this is asymptotically stable. If there exists a positive definite
differentiable scalar function of the state variables X, let us denote that by VV(X). And the

derivative, V(X) with respect to time must be negative definite.

So, this must be positive definite and V (X) must be negative definite ok. | will just quickly
go through what is a positive definite function and a negative definite function. A function
f (x) is positive definite if f(x) > 0 forall x # 0 and is 0 only when x = 0, serves typical

example.

So, if f(x) = x? + x2, it is positive definite ok, because it will be always be greater than
0 and will be equal to 0 when x; = x, = 0. f(x) = (x; + x,)? is not positive definite

why? Because, this can become 0, when x; = x, # 0.



So, for example, x; can be 1 and x, is also 1. So, X is not 0 nevertheless f(X) = 0, but
these are called positive semi definite ok. f(x) = —(x? + x3) is negative definite ok. So,

the motivation of Lyapunov’s theorem comes from the Spring-mass-damper system.

So, we know that with some damning a spring-mass-damper system is stable why?
Because, if you displace the mass after a while due to damping the amplitude will die down
ok so, in the case of a spring mass damper system the energy of the system is positive

definite ok. The potential energy is %kx2 right. The energy also decreases continuously

with time ok, when there is damping.

So, that is what E' is positive definite, but rate of change of E is negative ok. So, based on
this intuition he said that this can be extended to any non-linear system X = £(X) and we
can find if it is stable if there exist V (X), which is positive definite and V (X) which is

negative definite ok.

(Refer Slide Time: 11:38)

COMMENTS ~ ON  LYAPUNOV s
STABILITY THEOREM

o Sufficient condition for stability not a necessary conditions!.
o A single V/(X) > 0 such that V/(X) < 0 = Asymptotic stability!
o Fora V(X) >0, if V(X) £0 % System is not stable (or unstable) - Choice of
V(X) was not proper!

o If V(X)>0and V(X) <0 — Asymptotic stability under certain conditions
(LaSalle and Lefschetz (1961)).

o Local result - X, is asymptotically stable if any trajectory starting in a region
around the point converges to X, as t — oo (see Khalil (1992) or Vidyasagar
(1993) for a more formal definition). Region of asymptotic stability or domain
of attraction is more difficult to obtain!

o Lyapunov's method also applicable for non-autonomous systems X = f (X.t)
(Khalil, 1992 and Vidyasagar, 1993). :

o How to find appropriate Lyapunov function, V(X)?

ASHITAVA GHOSAL (11SC) 1 i) AD NPTEL, 2020 73/83

This is one of the very funny theorem, it is that it is a sufficient condition for stability ok
not a necessary condition ok. What do | mean by that? If you can somehow find a single

V(X) > 0; such that the V(X) < 0, it guaranties asymptotic stability ok.

However, let us assume that you found a V (X) > 0, but V(X) « 0. We cannot say that the

system is not stable ok. So, the negation of V(X) < 0 does not imply unstable system. All



it means is that you did not make a good choice of V (X). You have to try V (X) some other

one ok.

So, the Lyapunov stability theorem is for stability it says nothing about the instability or
the unstable nature of a system. So, we can find a system is stable if V(X) > 0 and V(X) <
0, but if we do not find V(X) < 0 then it does not mean it is unstable ok. That is why it is

called as a sufficient condition for stability not a necessary condition ok.

So, if V(X) > 0 and V(X) < 0 means that this is not negative definite. We can still show
asymptotic stability under certain conditions. I am not going to go into this ok. In the 60’s,
early 60’s these two you know researchers showed that under what condition if it is semi
definite what happens? What are some the others features? it is a local result ok.

So, we are going to test for stability at some equilibrium point ok. So, basically if any
trajectory starting in a region around this equilibrium point converges to X, as t tends to
infinity. This is known as asymptotic stable ok, but we have no idea of saying how big is
this region from where we can start ok. So, this region of asymptotic stability or the domain
of attraction is much more difficult to obtain ok.

The next point is this Lyapunov’s method is also applicable for non-autonomous system
when X = f(X, t), but we are not going to go into that. So, we can also determine stability
of non-autonomous system. Basically, non-autonomous systems are those where we have

explicit dependence one time ok.

So, the bottom line in using Lyapunov stability theorem is how to find appropriate
Lyapunov’s function ¥V (X). If you find V (X) and its time derivative satisfying less than 0

ok, then our job is done.
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EXAMPLE: SINGLE LINK als
)
o Equation of motion
g |0
él +(g/ll)sin 0, = u(t)
A0
T z > where u(t) = 11(t)/(my/?) and 8) is angle as
7T y shown.
7 - o State equation with (X, Xo)" = (61.6)7
[ .
U= X=X, Xp=ul(t)-(g/h)sin(X,)
e o Equilibrium points: u(t)=0, 6, =0 and
PR B =m. "
Zero PE :
FIGURE: A single link manipulator
ASHITAVA GHOSAL (11SC) NPTEL. 2020 74/83

So, let us look at some examples. So, we discussed this single link robot, when we are
doing this control. This is even simpler, we do not have I anymore. So, we have a link
with a mass at the end, there is a 8, rotation, there is a torque ok, gravity is acting this way,
this distance is [, link length is L.

So, the equation of motion of this one link robot can be shown to be 8; + (%) sinf, =
u(t), 8, is measured some here, where u(t) = t,(t)/(m,1?). So, we can derive this is not
at all hard it is very easy. So, | have to first write this second order differential equation in

the state space form.

The state equation in this case can be X; and X, which are nothing but 8, and 6, and X; =
Xy, X, = u(t) — (lﬁ) sin(X;). So, these are the state base equations. So, what are the
1

equilibrium points of this system? To obtain the equilibrium point we have to set f(X) =
0. So, u(t) = 0.

So basically, we have X, = 0 and (g/l,) sin X; = 0. So, basically (lg) sin X; = 0 means,
1

X, =6,.50,0, =0o0r6; =mand 6; = 0. So, we have two equilibrium points which is
(0,0) which means this is coming all the way down and then (m, 0) when the link is

vertically upwards ok. This is vertically downwards (0,0), vertically upwards (7, 0).
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EXAMPLE: SINGLE LINK
MANIPULATOR

L=

o Investigate stability at 6, = 0.
o Candidate Lyapunov function

1
V(X1 %) = Eml(/1><2)2+ mygh(1-cos(X1))

o V(Xi,X;) = Total Energy > 0 & zero only when X; = X, =0 - Zero potential
energy at y = —h.
o V(X1,X) at equilibrium point 6 = 0 s given by

V(X1X2) = mlleng +mgh sin(Xl)Xl =0

o Not asymptotically stable!

TR0 7508

So, let us investigate the stability at 6; = 0 and 6; = 0. So, the one possible candidate
Lyapunov’s function is the kinetic energy of this system. So, V(X;,X,) = %ml(llxz)2 +

mygli(1 —cos X;). So, the candidate Lyapunov’s function is the total energy of the

system, kinetic plus potential energy ok.

So, we know that the total energy will always be greater than 0 and it is zero only when
X; = X, = 0. So, itis a positive definite function. The derivative of this V (X, X,) at 6; =
0 can be obtained and we can see it is equal to 0 ok. So, you will get some m,I2X,X, +

m, gly sin(X,) X, and what do we do with X; and X,?

We use the state equations and we substitute the state equation here. So, the derivative is
not less than 0. So, strictly speaking it is not asymptotically stable ok. Does it make sense
yes. So, if | put up this bob by some angle and leave it will keep on oscillating, it will not

go to the equilibrium point which is vertically downwards ok.
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EXAMPLE: SINGLE LINK
MANIPULATOR

=

o Consider added damping
Xi=Xo, Xo= —(g/h)sin(X1)—cXa, ¢>0
o For above state equations, V(Xl.Xz) at6=0is
V(X1, %) = —mPcXd <0

o Single link manipulator with damping is asymptotically stable!
o Consider actuator output 71(t) = Kp(X1, — X1), Kp >0, or u(t) given by

u(t) = Kp(Xo, = X1)/(miF?), Ky >0

where X1, denotes a desired ;.

B 7608

Now, let us consider we add some damping at the joint. So, basically we say that there is

a damping which is like c8. So, which is like —cX,. So, now, my state equations are X; =

X,and X, = — (li) sin(X;) — cX,. So, for the above state equations again we can use the
1

same V and we can obtain V and we can see that the V(X;, X,) = —m, [?cX32.

So, this is the square. So, this is less than 0 ok. So, the single link manipulated with

damping is asymptotically stable ok. Let us continue. Now, let us assume that we are

applying a torque to this robot and this is the proportional control torque. So, this torque

is equal to 7, (t) = K, (X1, — X1), ok and K;, > 0, where X; , is some desired 6,. So, we

can show that u(t) = K,(X;, — X1)/(my1).
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SINGLE LINK MANIPULATOR s

o Investigate stability for X;, =0

o If Xy, #0, perform a change of coordinates Xi = Xy, — X1 and investigate
stability at 0.

o Choose candidate Lyapunov function as
1 1
V(X1 %) = 5ml(llxz)2 +mgh(1-cos(X1))+ EK,,xl2

o V(X1,X,) is positive definite.
o For the state equations with zero damping,

V(Xl.Xz) = mlllngu(t) + KPX1X2

o For u(t) = —K,Xa/(m ) = V(X1,X2) = 0 = Not asymptotically stable!
o With damping, V(Xl.Xg) <0 = Asymptotic stability at X;,.
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So, for simplicity we investigate the stability at X; , = 0. Is that very serious? No, if X,

or 8, was some other angle 45 degrees, we can do a change of coordinates ok and then

investigate the stability at that point, but for simplicity we will assume 6, , is 0. So, it is

lying vertically down ok.

So, as I said if X;, # 0 we can perform a change of coordinates, X; = X;, — X; and
investigate again the stability at X; = 0. So, we choose a candidate Lyapunov function and

again as the kinetic energy plus potential energy, but let us add one more term which is

%Kpr where K, is the proportional gain ok.

So, this term is positive, this was also positive. So, the sum of these two functions is
positive also. So, it is positive definite ok. So, again with state equations with 0 damping,
we can show that V (X, X;) = myl2X,u(t) + K, X, X, and for u(t) = —K,X, /(my13),

V(X1,X,) = 0. So, we are using proportional controller and V(X;, X,) = 0.

So, again it is not asymptotically stable. So, what it is telling you is even with a proportion
and controller if I give some input it will keep on oscillating about that desired quantity
ok. If you add damping which is like —cX, again, we can show that it is an asymptotically

stable at X; , = 0. So, proportional controller with damping will result in asymptotic

stability ok.
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EXAMPLE: SINGLE LINK
MANIPULATOR

o Consider a (modified) proportional plus derivative (PD) control
a(t) = KXo — K, X1, Ky, K, >0
o Consider the candidate Lyapunov function

1 1
V(X1 X) = Eml(/1X2)2 +mygh(1-cos(X1)) + EK"XIZ

o For the undamped system V(X X) = —K, X3 < 0 = Asymptotically stable!

o Xy, is assumed zero - Cannot prove asymptotic stability for trajectory following
when Xi, is non-zero!

o Not possible to prove stability for second equilibrium point 6; = 7 using
Lyapunov's second method.

o Recall V(X)>0and V(X) <0 s a sufficient condition for stability — 6; = 7
is known to be unstable!
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So, now, let us consider the modified proportional plus derivative controller ok. So, we
have 7, (t) = —K,X; — K, X;. Why am | calling it modified? Because there is no X, and
there is no Xid. So, X1, = 0 is not a problem, we can do change of coordinates, but Xid

is set to be 0.

In fact, there are no, we will see later that there are no known results when you have a

desired rate of change of X;. So, now let us consider again candidate Lyapunov function
which is the kinetic energy plus potential energy plus this %Kpr. So, for the undamped

system now, we can see that V (X, X,) = —K, X2 which is less than 0 ok.

So, there is no damping in the system, but there is a derivative controller, there is a
derivative part of the control and due to this derivative control which is —K,X; we get

asymptotic stability ok. So, as | said, X'ld is assumed to be zero. We cannot prove

asymptotic stability for trajectory following when X; 4 IS non-zero.

So, if I tell you that the X, , could also have some time derivative, desired time derivative
at each instants of time, there is no way to prove asymptotic stability ok. So, it is not
possible to prove stability for second equilibrium point. Remember, we said Lyapunov
said that we need to investigate stability at equilibrium point when the link is hanging

down and when the link is pointing upwards ok.



There is no way or no way to choose V(X) such that V(X) < 0. We cannot prove the
second equilibrium point to be stable using Lyapunov’s method why? Because you know

that it is not stable ok and Lyapunov’s result deals only with stability ok.

So, when the link is pointing vertically upwards, any small perturbation to the link will go
away from that (7, 0). It is an unstable point ok. From, if you linearize it we can show that
the poles of this linearized system are on the right half plane ok. So, those of you have
done a course in controls you are looked at this inverted pendulum. And we know that the

inverted pendulum is unstable ok.

Recall that V(X) > 0 and V(X) < 0 is a sufficient condition for stability ok and 6; = m is
known to be unstable. Lyapunov’s theorem has nothing to do with instability. This is a big

thing; many people do not understand that what is meant by a sufficient condition.
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STABILITY OF PD CONTROL SCHEME als
o Equations of motion of n-DOF manipulator without gravity
v=[M(a)ld+ [C(q.q)lg
o Consider a PD control of the form 7= —[K,]q(t) - [K/]a(t). Note: gq(t)=0
and qg=0°.
o Consider a candidate Lyapunov function
s i !
V(a.0)=5a"M(a)la+ 30" [Kla
o Evaluate V(q,q) to get
. 1.
Viad) = 4" M@i+5a" Mala+a’ [Kpla
= 4TIk 53 (V@) -2Cadl)a

[M] denotes the derivative of [M] with respect to time.

3Setting qq =0 is not a serious issue — Perform a linear transformation q' = qq—q and
investigate the stability at q' = 0.
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How about stability of a PD control scheme for a general serial robot with n degrees of
freedom? So, if you do not have gravity, we can write torque © = [M(q)]§ + [C(q, ¢)]q.
So, we can have a PD controller of this form © = —[K,]q(¢) — [K,]1¢(t). Note again, that

qq.(t) =0, g4(t) = 0 is again not a serious problem, because we can again do a change

of coordinates.



Let us consider a the Lyapunov function which is nothing but V(q, q) = %qT[M(q)]q +

%qT[Kp]q. What does this? If you recall, if you think back a little bit this is nothing but
the kinetic energy of the system, kinetic energy of the robot manipulator. And what is this?
This is like %KPBZ. This is coming from the controller, there is no gravity so there is no

question of potential energy.

We can evaluate the derivative of this IV (X;, X;) and it can be shown by using chain rule
that this is T [M(q)1§ + %qT[M(q)]q + " [K,]q and it can be written as —¢" [K,]g +
%qT([M(q)] — 2[C(q,¢)])q. So, this term is negative, but we do not know; what is this?

This is the derivative of the mass matrix minus twice the Coriolis matrix ok.
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STABILITY OF PD CONTROL SCHEME s

o ([M(q)] - 2[C(q.q)]) is skew-symmetric — Second quadratic form is zero, and
Va.)=-a"[K)a

o Since V(q,q) can be zero even for non-zero q, V(q,q) is negative semi-definite

o By LaSalle's invariance principle (LaSalle and Lefschetz 1961) — Equilibrium
point (q,q) = 0 is asymptotically stable.

o Assumption: Gg = Q4 =0 — PD control scheme is not proved asymptotically
stable for trajectory following!
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So, itturns out that this ([M(q)] — 2[C (g, §)]) is skew-symmetric ok. So, skew symmetric
means the diagonal terms are 0 ok. We can prove this, you can take this as a homework.
You can try it yourself. If you have a skew symmetric matrix the second quadratic form is

zero. What do you mean by this? %thimes some skew symmetric matrix times g will be

0 ok.

And hence, V(q,q) = —¢"[K,]q’, but since V(q, ¢) can be zero even for non-zero q so, it
is not negative definite ok. So, this is negative semi-definite. So, this is like that (q; — q,)?

that similar to that case. So, the function can be 0 even when g, and g, are not 0 ok.



However, you can show by this LaSalle Lefschetz invariance principle that the equilibrium
point g and ¢ is asymptotically stable ok. So, what have we shown? We have shown for a
general n degree of freedom manipulator without gravity, without a desired rate of change

of the desired trajectory ok, this manipulator under PD control is stable ok.

As soon as you add ¢, for g; # 0, we cannot prove an asymptotic stability ok. So, this is
a very unsolved problem. So, if you have trajectory tracking or trajectory following that
the desired derivative of the joint is not 0, we cannot prove asymptotic stability ok. There

are no known methods or results for asymptotic stability.
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STABILITY ~OF  MODEL-BASED 2l
CONTROL SCHEMES

o Very little can be proved about stability!
o PD and exact gravity cancellation

7=-[KJa(t) - [K.Ja(t) + G(q)

equilibrium point (q.q) = 0 is stable!
o Computed torque with exact cancellation: Error equation

G+KétKye=0, i=1..n

damped second-order linear ODE's — Asymptotically stable!

o Stability analysis of general model-based control scheme is still an unsolved
problem!

o Possibility of chaotic motions shown fof trajectory following.
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So, how about stability of model based control schemes? Again, very little can be proved
about stability ok. So, as | said PD and exact gravity cancellation so, T = —[Kp]q(t) -
[K,1g(t) + G(q) this can be shown to be stable why? Because the gravity is going away
and we are left with the equation T = [M(q)]§ + [C(q, ¢)]g that we show is stable.

How about computed torque with exact cancellation? Again, that can be proven to be stable
why? Because the error equation is damped linear second ordered ODE’s ok. And
depending in choice of K, and K,, we know that the errors will go down ok to 0. So, this

is asymptotically stable.

So, the stability analysis of general model based control schemes where the mass matrix

is not exactly known, where the gravity is not exactly known, is still an unsolved problem



ok and it turns out that such systems can exhibit chaotic motions ok. So, there are results
which show that the model-based control schemes where the mass matrix and the coriolis
term or the gravity term is not known exactly we can exhibit chaotic motions ok. So, that

is clearly not asymptotic stability.

(Refer Slide Time: 31:34)
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o Lack of knowledge of model parameters

o No “exact” cancellation, difficult to predict evolution of e(t).

o Model parameters can be obtained using adaptive control schemes (see Craig
(1988), Ortega and Spong(1989) for more on adaptive control schemes for
robots).

o Mathematical notion of controllability of a system.

o A system X = f(X) is said to be controllableif it is possible to transfer the
system from any initial state X(0) to any desired state X(t¢) in finite time t; by
the application of the control input u(t).

o In a linear system (n state variables and m inputs)

X=[FX+[GCJu
the system is controllable if the controllability matrix
Q) = [ [G)IFICIF6l..|[FI" (6] ]

has rank n.
o A non-linear robot is not controllable at a singularity!

erEL s

Let us continue, we also discuss that there is this lack of knowledge of model parameters
in most practical robots ok. And hence, no exact cancellation is possible and it is difficult
to predict the evolution of t. So, remember when you had inexact models, we had linear
second order system, but the right hand side was a complex quantity ok. There was a
forcing which was not 0 ok.

So, we do not know what e(t) will look like ok. So, it is a linear second order ODE, but
with a non-linear right hand side. We do not know what it can do depending on the non-
linearity. We have seen that if the estimates are good then the right hand side is small and

the e(t) and é(t) will go to 0 ok or become small.

But there are no general results of what is this range of estimates or how good their
estimates should be for e(t) and é(t) to go to 0. The other issue is if you do not know the
model parameters exactly can we find it out? Ok, yes, the answer is yes, the models
parameters can be obtained using adaptive control schemes ok.



So, we do not want to get into adaptive control schemes. At basically, we can look at the
errors and then we can have some adaptive control laws which go and change the model
parameter such that the errors go to 0 over time ok. And at the end of this adaptation period,
we will know exactly what are the model parameters. The last thing that we want to

discuss, I want to discuss is this controllability of a system ok.

So, the mathematical notion of a controllability of system is the following ok. A system
X = f(X) is said to be controllable if it is possible to transfer the system from any initial
state X (0) to any desired state X (t), in finite time ¢, by application of the control input

u(t). So, I have given you some mathematical system.

How do | know I can take this system from a given initial state to a final desired state by
applying torques or applying the external input ok. In a linear system this is well known.
People know exactly what is the result, people can predict what happens or under what
conditions the system is controllable. So, in a linear system we have X = [F]X + [G]u.

[F] is a constant matrix, [G] is some another constant matrix.

So, n state variables with m inputs. The system is controllable if you find the matrix which
is [G] concatenated with [F][G] and [F]?[G] and all way till [F]"*"1[G]. So, first so, if [G]
is one dimensional so if column first column is [G], [F][G] will be a second column and

so on. So, there will be n columns ok.

So, this matrix if it has rank n then this system X = [F]X + [G]u is controllable, then what

about non-linear robots? There are no known results or controllability.

So, we cannot say that this robot or this robot mathematically, | can take it from an initial
6 and 6, initial state to a final 6 and @ state using the torque ok. What do we know about
controllability? The only thing we know about controllability and which can be proved is

that the non-linear robot is not controllable at a singularity ok, why?

Because at a singularity you either loss the degree of freedom or you gain a degree of
freedom ok and those loss and gain degrees of freedom ok, we cannot move perpendicular
to the direction or along the loss of degree of freedom and similarly, problems arise when

you gain a degree of freedom ok.



(Refer Slide Time: 36:09)

SUMMARY

=

o Lyapunov stability used to predict stability of a non-linear system
o Very few analytical results on stability of nonlinear manipulators
o No stability results are available for trajectory following

o Lack of knowledge of model parameters can be solved to some extent using
adaptive control.

o A non-linear robot is not controllable at a singularity
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So, in summary we have discussed Lyapunov’s stability and we have used Lyapunov’s
stability to predict the stability of a non-linear systems ok. So, there are very few analytical
results on non-linear robots and manipulators ok. So, no stability results are available for

trajectory following when derivative of 8, first or second derivative is non-zero ok.

The lack of knowledge of model parameters can be solved to some extent using adaptive
control ok and finally, a non-linear robot is not controllable at the singularity ok. So, that
is another reason why we need to know where the singularities of a robot are, because we
cannot control the motion ok. So, with this we come to a stop of this week ok. Next week,

we move on to a different topic.

Thank you.



