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Lecture - 31

Motion Planning

Welcome to this NPTEL lectures on Basics and Advanced Concepts. In this week, we will

look at Motion Planning and Linear Control of Robotic Manipulators.
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So, there will be 3 lectures this week, the 1st lecture will be on motion planning, the 2nd
lecture will be on control of a single link using linear control. The 3rd lecture will be

control of multi-link serial manipulators again using linear control.
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INTRODUCTION

o Trajectory of a robot manipulator.

o Time history of position, velocity and acceleration of actuated joints or the
end-effector.

o Algorithms for planning and generation.

o Main issues:

o Ease and flexibility of planning.

o Planned trajectories must be sufficiently smooth so as not to cause vibrations or
jerky motion.

o Efficient representation of trajectory in a computer and generation of desired
trajectory in real time.
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So, 1st lecture is on motion planning, let us start. So, what do we mean by motion
planning? We need to specify the trajectory of a robot manipulator. And what do we mean
by specify the trajectory of a robot manipulator? Basically, we need to specify the time
history of position, velocity, and acceleration of actuated joints or the end-effector, ok.

So, it could be either in terms of the 8 which is the joint variable or it could be in terms of
the end-effector position and orientation. So, what do we need? We need to develop
algorithms for planning and generation of this trajectory. The main issues in motion

planning are there should be ease and flexibility in planning, ok.

It should also be that the trajectories which are being planned are sufficiently smooth so
as not to cause vibration or jerky motion, ok. Vibration or jerky motion in a robot
manipulator will decrease the life of the manipulator. We should also efficiently represent
the trajectory in a computer and generate this desired trajectory in real time when required,
ok. So, we will look at what is meant by real time little later, ok.
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INTRODUCTION

o Two main ways a robot trajectory is specified:
o Joint space schemes - Time history of a single or multiple joints.
o Cartesian space schemes — Time history of position and/or orientation of
end-effector.

o Initial and final points (in joint space or Cartesian space) is specified.

o Initial and final desired velocity is often specified.

o Often via or intermediate point(s) are specified with or without desired velocity
at via point(s).

o Most robots require (at least) that the second derivative or acceleration is
continuous between initial and final points — Known as % continuity.

o Trajectory updates at rates between 50 and 200 Hz - Representation and
computations of trajectories must be efficient - Not a very serious issue with
modern processors!!

e s/

So, there are two main ways a robot trajectory is specified, the first is joint space schemes.
So, basically it means the time history of a single or multiple joints ok. In Cartesian space
schemes, the time history of position and orientation of the end-effector is specified. And
what is typically specified? The initial and final points in joint space or Cartesian space is

specified. Often the initial and final desired velocity is also specified.

Additionally, sometimes via or intermediate points are specified. And these come in two
varieties, sometimes with the desired velocity at the via points or without the desired
velocity at the via point. Most robots require at least that the second derivative or
acceleration is continuous between the initial and final points, ok. So, this is known as ¢?

continuity.

The trajectory update rates are typically between 50 and 200 Hertz, so between 20 and 5
milliseconds. So, every 20 milliseconds or every 5 milliseconds, we need to generate either
the position of the joint 8, 8, 6 or the position or an orientation of the end-effector and its

derivatives, ok.

So, this representation and computation of trajectories must be efficiently done. So, it is
not a very serious issue with modern processors. Modern processors can easily generate

the desired trajectories in 5 milliseconds or even faster.
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JOINT SPACE SCHEMES ﬁ

o Planning trajectory of 6; - 6y(tp) to final 6y(tf) - to, ty initial and final time.
o Infinite number of smooth curves can connect 6;(to) to 6;(tr).
o Interpolation - Choosing a smooth curve between two points - Very well

studied in CAD and Geometric Modeling.
o In robotics — Simple polynomials — Simplest

i(tr) - (o)

6i(t) = (t—tr)+64(tr)

tr—to
o Not very smooth!/»
NPTEL 200 6/62

So, let us continue in joint space schemes, basically they are planned for the trajectory of
let us say 6;. What is given? 6, at t, and 6, at t; are given, ok. So, where t, and ¢t are
initial and final time. There are infinite number of smooth curves which can connect 6;(t,)
to 6;(tr). This topic is called interpolation ok, which is nothing but choosing the smooth

curve between two given points.

This is very well studied in CAD and geometric modeling. In robotics, we will look at the

simplest possible polynomials. And what is the simplest possible polynomial? It is a linear

polynomial between two given points. So, 6, (t) = W (t —tr) + 6,(tf). So, this
—to

is this quantity is like the slope of the straight line connecting 6, (t;) and 8, (t,), ok. This

is not very smooth as we can as we will see in the next slide.
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PIFCE-WISE LINEAR ;ﬁ;
— AL o 4 piece-wise linear segment -
| ‘ Trajectory through 3 via points.
] l i o Sign changes in 64(t) between
PR DR segments.
— o Plot of 6y(t) even worsel!

o Not even %" continuity.

D— —

FIGURE: Piece-wise linear joint trajectory
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So, in this picture we are showing 6, (t) along the y axis and time which is along the x
axis. So, let us say the joint initially is at 8, (t,), it will go to 8,(t,), then it comes to
0,(ty), then 6, (t.). So, at 3 time instance t,, t;, t. these are the intermediate 8 which are

given, ok. And we end up at the final time.

So, if you do linear interpolation or if you connect 6, (t,) to 8,(t,) by a straight line and
likewise from t, to t, also via a straight line, so each of these are piece wise linear
segments ok, through these 3 via points, then the derivative of this straight line is a constant

value. So, 6, between t, and t, will be some value.

Now, when the straight line changes direction the velocity will become from positive to
negative. Likewise, again it changes direction again the velocity will go from negative to
positive. And if it changes slope again then it will have a different positive value. So,
basically there are sign changes in 6, between segments, ok. And there are distinct changes

in the value of 6, even if there is no sign change.

The plot of 6; is even worse. Why? Because the derivative of this so called step function,
so when it is constant it is 0. And then when it changes sign there is a change in; so, it is
like a delta function which is happening at t,, t,, and t., ok. So, it is not even C?!

continuity, ok.
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CUBIC TRAJECTORY

o Simplest polynomial trajectory with %2 continuity
o Cubic trajectory

01(t) = a0 +art +at? + st t € [to, tf] (1)

a0, a1, a and a3 are four constant coefficients.
o To obtain ap, a, @ and a3 use given 6; and 6, at ty and ty.

0i(t)) = 6o,  Ou(tr) =0y
Oi(to) = O,  6u(tr) =61 (2)
o Four linear equations in four unknowns ag, ay, a, and a3. For tp =0

o = bo  a=byo -
3 2. 1.

./ X8 L. S 3

P r2( 1 = b10) 7 0= 3 O (3)

f
2 T .

a3 = ——(6ir—0610)+ (610 +61r)
£ #
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To obtain a simplest polynomial trajectory with C? continuity, we can look at a cubic
trajectory. So, a cubic trajectory is given by 8, (t) = a, + a,t + a,t? + ast3, where t lies
between t, and t;. And this a,, a,, a,, and a; are four constant coefficients which needs

to be determined.

So, to obtain this four constant coefficients we use the fact that 6, is given at ¢, and ¢,
6, (t;) = 61. So, if you substitute these 4 given position and velocities at ¢, and t; back

into this cubic equation, we will get four linear equations in four unknowns, ok, a,, a4,

a,, and as.

So, for the sake of simplicity, let us assume that t, = 0, so we start at 0 time. Then, if you
substitute ¢t = 0 in this equation we will see that 68,, = a,. Likewise, a; = 0;,, and a,
and a3 will be in terms of t, and 6;¢, and 6;,, and so on, ok. Little complicated

expressions for a, and a3, but not very complicated, ok.
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CUBIC TRAJECTORY — NUMERICAL als
EXAMPLE

: o Given 6;(0) =30°, 61(3) =60°,
£ i i 61(0) = 10deg/sec and
B 01(3) = —30deg/sec.
‘ - o Cubic coefficients are ag = 30,
o a1 =10, ap=13.34 and a3 = —4.45
e (Units are dropped).

0 05 1 15 ? 25 3 [] The eXpTGSSiOﬂS fOf Bl(t)

. Bi(t) = 30+10t+13348
i ~4.45¢

o Continuous 6(t), 61(t) and 6y(t)

FIGURE: Cubic joint trajectory between t = 0 and t = 3 seconds.
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So, as you can see a, is divided one term is divided by t]?. In a5, one term is divided by
t]§, ok. So, as an example let us consider that 8,(t = 0) is 30 degrees, 8,(t = 3) is 60

degrees, 6, (t = 0) is 10 degrees per second and 6, (t = 3) is —30 degrees per second.

So, we substitute this 4 given quantities in the cubic equation and we can show or derive
that ag = 30, a; = 10, a, = 13.34, and a; = —4.45. So, the units are dropped. So, the
expression for 8;(t) = 30 + 10t + 13.34t% — 4.45t3, which we can plot. So, this is a
plot of 6, as a function of time between 0 and 3, ok. So, this is that cubic curve which we

have obtained.

The derivative of the cubic curve is a quadratic, ok. So, this is the quadratic curve which
shows 6, as a function of time. And the second derivative of that cubic curve is linear. So,
that is the acceleration. So, what you can see is 8, (t), 6, (t), and 8, (t) are all continuous

between t = 0 and t = 3 seconds, ok.
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CUBIC TRAJECTORY - als
NON-DIMENSIONAL FORM

o a and as require division by t¢2 and t;> — Error prone for large t;.
o Scale t as in geometric modeling (Mortenson, 1985).
o Define u=t/ts, u€[0,1] & derivative of (-) with respect to u by (-)'
o Cubic - 6;(u) = ap+aru +apu® + au, coefficients of cubic are
a = 91(0) {:21 = 61/(0)
n = -361(0)+36(1)-26{(0)-6;(1)
a3 = 26;(0)-26y(1)+6;(0)+6{(1)
and

Oi(u) = (2 -3u*+1)61(0)+(~2u° +3u?)By(1) +
(= 20% + )8} (0) + (u* - )8 (1) (4)
o Compute 6(u) and transform back to t.
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Let us continue. You can see that this a, and a5 requires division by tf and t]§. So, for
example, if t¢ is very large let us say it is 5 minutes, and you are going to generate At at
let us say 10 milliseconds, or 20 milliseconds. So then this t; can become very very large

and t¢ and t7 can also become very large.

So, we scale t as in geometric modeling that is the solution to this problem and this is
given in some geometric molding book by Mortenson. So, we defined a new variable u =

t/tr and u will always lie between 0 and 1, and the derivatives of this cubic is generated

by ( ' ), but with respect to u we denote it by a prime. So, the cubic now becomes 6, (u) =

ap + a,u + a,u’ + azud.

If you substitute back, all those given quantities which is a t, it is 8,,, and derivative at
(t = 0) is 6;(0), and so on. We can show that a, = 6,(0), a; = 8;(0), a, = —6,(0) +
36,(1) — 26,(0) — 6;(1). So, 1 means at u = 1. And likewise you can find a, ok.

So, basically re-substituting back a, a,, a,, and a5 in this cubic we can show that 6, (u) =
Qud = 3u? +1)6,(0) + (—2u® + 3u?)6, (1) + (w3 — 2u? + u)6;(0) + (ud -
u?)0;(1).

So, basically as you can see there is no division by a large number, ok. So, we can obtain

6, as a function of u which lies between 0 and 1, and u = t/tf, ok. But eventually, we



need to supply 6, at every time instant. So, we can convert back 6; (u) back to 8,(t) by

using u = t/t;, ok. So, we are not dividing by ¢/ or t7.
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CUBIC TRAJECTORY = 2l
NON-DIMENSIONAL FORM

o Cubic can be written in nested form (also known as Horner's rule)
01(u) = ao+u(ar+ u(ar + a3u))

o Once coefficients are computed (offline and only once!)
o Only 3 multiplications and 3 additions required for 6y (u) !
o Only 3 additional multiplications and 3 additions for 6] (u) and 6;'(u)!

o For n jointed robot, multiply by n — Cubic joint space scheme very efficient!

o Cubic can satisfy at most 4 constraint — No control over initial and final
acceleration! %

o Quintic polynomial for control of acceleration — More computations.

1Control of robots use desired position, velocity and acceleration.

B 11762

This cubic which is given here ok, ay + a,u + a,u? + azu®, where a’s are given by these
expressions, can also be written in nested form which is a, + u(a; + u(a; + azw)). So,
this is the nice compact way. What is the advantage of doing this? You can see that it

requires only 3 multiplication and 3 additions.

So, when it was in this cubic form it required 1 multiplication here, 3 multiplications here
and some u3 times a3, so 4 additions and some several multiplications, ok. In this nested
form we need only 3 multiplications and 3 additions for to obtain 6; (u). We can also find

01 (u) and 6;' (u) by just doing multiplication and 3 additions, ok.

So, for a n jointed robot we generate this 6,, 8,, 95,.., 8,,, separately. So, basically we have
n times 3 multiplications and 3 additions to obtain the 8’s of each one of the joints. So, in
a way this cubic joint space scheme is very efficient, ok. Let us continue. One thing that
you can see is the cubic can satisfy at most 4 constraints, ok. So, there are 4 parameters

ay, Ay, Ay, and as.

So, there is no control over initial and final acceleration, we can only specify initial and
final position, and initial and final velocities. If you also want to specify initial and final

positions, we have to use a 5 degree polynomial which is also sometimes called as a



quintic polynomial. So, it is not very complicated, but we need a little bit more number of

computations, ok.

So, why do we need to specify acceleration? Sometimes in control we will need both
position velocity and acceleration. It helps to specify or find out what is the desired

velocity and desired acceleration also.
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CUBIC TRAJECTORY WITH VIA als
POINTS

@ k via points specified with one of two options:
o Case 1: Velocities at the k via point(s) specified.
o Case 2: Velocities at the k via point(s) not specified.

o Case 1: Plan trajectories for k+1 segments as k +1 cubics.

o Solve for a;, aj, apj, and as; (i=1,2,....k+1) for each of the k+ 1 segments
by using equation (3).

o %L continuity ensured - No control on acceleration, i.e. not %2,

o Discontinuity in joint acceleration across the via point.
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Now, let us continue if you want to generate a cubic trajectory with via points, ok. Let us
say there are k via points specified and as | mentioned earlier there are two possible cases,
one is the velocity at the k via points are specified and the other case the velocity at the k

via points are not specified. Not specified means we do not care, ok.

So, in the case of case 1, then the velocities are specified, so basically we have k + 1
segment and we plan k + 1 cubic. So, between first initial point and the first via point we
plan a cubic, between the first via point and the second via point we plan another cubic
and so on. So, for two points and k via points we will have k + 1 segments. So, we just

plan k + 1 cubics.

So, for each one of those we solve for ay;, ay;, a,; and as; ok, all by using the same cubic
equation. So, in this case, we will see later that C* continuity is ensured, but since we have
no control over the acceleration it is not C? continuity. So, there is a discontinuity in joint

acceleration across the via point, ok.
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CUBIC TRAJECTORY WITH VIA POINT

- EXAMPLE

0 6,(0)=30°, 6,(3) = 60",
61(0) = 10deg/sec and
61(3) = —30deg/sec.

o 6;(2)=55°, 6;(2) = —10deg/sec

o For segment 1: ap; = 30, ayy = 10,
a1 =13.75 and a3; = —6.25 (units
dropped).

o For segment 2: agy =55, ajp = —10,
a =65 and a3y = —50 (units dropped).
FIGURE: Cubic joint trajectory with via point
Bi(t) = 30+10t+13.75t2-6.25¢%, 0<t<2

6i(t) = 55-10t+65t*-50%, 2<t<3

|

Clearly as expected 6y(t) is discontinuous!
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Example. So, we have 6, (0) given as 30 degrees, 6, (3) given as 60 degrees, 6, (0) as 10
degrees per second and the 6, (3) as —30 degrees per second. However, it is also specified
that at time ¢ = 2, so in between 0 and 3 the angle should be 55 degrees and the velocity

should be—10 degrees per second. So, everything is specified.

So, there are two segments for segment 1, ay; = 30, a;; = 10, a,; = 13.75 and a3, =
—6.25. For segment 2, a,, = 55, a;, = —10, a,, = 65 and a3, = —50, we just solves
us to cubic’s with these boundary conditions,att = 0and t = 2, and thent = 2,and t =
3.

So, the equations of the cubics are 8,(t) = 30 + 10t + 13.75t2 — 6.25t3, where t lies
between 0 and 2. And likewise, for the 2nd segment 8, (t) = 55 — 10t + 65t% — 50t3,
where t lies between 2 and 3. So, we can plot this and we can see that 6, as a function of

time consist of one cubic up to 2 and another cubic from 2 to 3.

The velocity when you take the derivatives we will have one quadratic here and another
quadratic here. So, you can see that there is a kink sort of thing which is happening. And
if you take the second derivative you will have a linear acceleration from 0 to 2, and a
different linear acceleration from 2 to 3. So, there is a jump. So, the acceleration is

discontinuous.
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CUBIC TRAJECTORY WITH VIA 3&
POINTS: CASE 2

o k via points specified — Velocities at k via points not specified.
o Free choices can be used to match velocity and acceleration at via points.
@ Two cubics, each 0< t<tg, i=1.2

91([) = q;+ayt+ az,'t2 + 83,‘t3. =12

o From initial, final, via point, and initial, final velocities

01(0) = aol. 61(0) =a1l
91(v) = 301+311ff‘+321t%+331t?‘. 01(v):302
0(F) = an+apty+ath +ant]
91( f) = ap+2ap t,+ 3832!?2
a = a1+ 2.321t[l +3331t?‘. 2apy = 2a71 +6a3; tfl

o 8 equations in 8 unknowns — Solve for 8 coefficients of 2 cubics.
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In case 2, if the k via points are specified, but the velocities of the k via points are not
specified. Then we are free to choose to match velocities and accelerations at the via points,

ok. So, let us start. So, we have two cubics from 0 to tp 1= 1,2.S0,60,(t) = ag; + aq;t +

azitz + a3it3, i= 1,2

So, from initial final via point and initial final velocity, so there are 5 of these, ok. We can
substitute and we can show that 8, (0) = a,4, 6,(0) = a,,, 8, (v) also we can get, but for
the second segment 6, (v) = a,,, OK. So, at the via point the 6, at the end of the first
segment must be equal to 8, at the beginning of the next segment. So, we have actually
now 6 constraints. So, we substitute this 6 constraints in these expressions and we can

solve, we can get 6 equations.

Now, what we can do is we can match the velocities and acceleration at the via point, ok.

So, the velocity is the first derivative of this at t = ty, will be equal to the start of the next

segment. So, we will get one equation which is a,, = a;; + 2a211:f1 + 3a31tfi.

Likewise, we take the second derivative which is 2a,, = 2a,; + 6a31tf1. So, acceleration

in the end of the first segment should be equal to the acceleration with the beginning of
the second segment. So, now, you can see that there are 8 equation in 8 unknowns which

we can solve and obtain all the 8 coefficients of the two parts of the cubic.
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CUBIC TRAJECTORY WITH VIA POINT
- CASE 2 EXAMPLE

— o 6,(0)=30°, 6,(3) = 60",

61(0) = 10deg/sec, 6y(3) = —30deg/sec,

h_/,’\ and 6y(2) =55°.

o For segment 1: ap; = 30, a11 = 10,

i ' a1 =-1.04 and 31 = 1.15
/\ o For segment 2: apy = 55, ajp = 19.58,

dy» = 5.83 and ap = -20.42

FIGURE: Cubic joint trajectory with
continuous acceleration

o Clearly as expected 6y(t) and fy(t) are continuous!
o For k via points 4+ 4k equations — Sparse matrix and can be solved!

B 1576

So, if you plot this for the same data, so you can see that for the first segment ay, = 30,
a;; = 10, a,; = —1.04, a3, = 1.15. Likewise, for segment 2, a,, = 55, a;, = 19.58,
a,, = 5.83 and a3, = —20.42. So, this is one cubic till 2, this is another cubic from 2 to
3.

If you take the derivative this is the quadratic up to here and another quadratic up to here.
However, there is no kink. Why? Because we have matched the velocities at the via point
t = 2. Likewise, since there is no kink there is no jump in slope. So, we have acceleration
which is continuous which is a straight line from 0 to 2 and another straight line between

2 1 3, but there is no discontinuity at t = 2, ok.

So, clearly as expected 6; and 6, are continuous, ok. So, for k via points we can get 4 +
4k equations. And it turns out this is the sparse matrix and we can easily solve for all the
coefficients if you have k via points, but at the via points we match velocity and

accelerations, ok.
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CARTESIAN SPACE SCHEMES

£

o Joint space schemes useful if a joint or a group of joints are to be moved.
o Motion of end-effector — Motion planning in terms of position and orientation
— Cartesian Space schemes or motion planning.

o More natural for the robot operator to specify.
o Easier to see, visualize and check for obstacles.
o Difficulty in planning orientation due to representation issues.

o Traditionally two important Cartesian space paths used for position.
o Linear interpolation - Straight line path between two given positions
o Circular interpolation — Circular arcs between three given positions.

o All paths must be ? continuous in time t.
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So, the joint space schemes is useful if a joint or a group of joints are to be moved.
Typically, we are looking at the motion of the end-effector, ok. So, if you want to do
motion planning in terms of position and orientation of the end-effector, then we need to

use what are called Cartesian space schemes for motion planning, ok.

So, this is more natural for the robot operator to specify. A robot operator can see the end-
effector is moving along the straight line or it is moving along a curve in 3D space ok,
which is easier to see and visualize and check for obstacles also. Say, if | say that | want
to go from one point in the Cartesian space to another point in the Cartesian space, and if
| generate the straight line we can see if this in this straight line it is hitting any object or

not, ok.

It is difficult little bit to plan orientation due to the representations of orientation, ok.
Remember orientation can be represented using rotation matrices, angle axis ok, Euler
angles and so on. So, in all cases there are some small problems. Rotation matrix lots of
constraints, Euler angles there are singular configurations. So, traditionally two important

Cartesian space parts are used for position planning, ok.

So, one is called linear interpolation which is basically nothing, but straight line path
between two given positions. The second thing is called circular interpolation which is we
go on a circular path between three given positions, ok. And as in any motion planning

scheme all parts must be €2 continuous in time ¢.
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STRAIGHT LINE MOTION g&g

o Given (xo.y0.20) ", (%0.Y0.20) " & (xp.ye.ze) T, (%, 25)
o Equation of a straight line in the 3D Cartesian space

0 = (22260

Xf—Xo

) = (222) 0w 5)

XF—Xo

o Plan smooth cubic trajectory for x(t) as x(t) = a +art + at® + a3t
o Compute coefficients of cubic from given initial and final conditions

ap = X, 3121((0
3 2 1
= S(xr—x0)— —% — —X 6
) t?(Xr %) i (6)
1. .
a = 7—3(X,rfxo)+?(xg+)<()

o Compute y(t) and z(t) from equation (5) — x(t), y(t) and z(t) are all %2
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So, straight line motion. How do we plan a straight line motion for the end-effector? So,
what are we given? We are given (x,,yq,%o)" at t = 0 initial point initial velocity
(%0, Vo, 2o)T: final point (xf,yf,zf)T and final velocity (xf,yf,z'f)T. So, the equation of a

straight line in 3D space can be represented by two equations.

So, it is like y = mx + ¢ and z = m,x + ¢,, ok. In general, we can write as y is some
slope times (x(t) — xf) plus ys; and z(t), z as a function of time is some slope times
(x(t) — xf) plus z¢. So, we plan a smooth cubic trajectory for x(t) as x(t) = ao + a;t +
a,t? + ast3. Compute the coefficients from the given initial and final conditions, a, =

Xo, A1 = X, and so on.

So, once we have x(t) at the smooth trajectory we can compute y(t) and z(t) from this
equation, ok. So, which will ensure that all the generated x(t),y(t),z(t) are all ¢?
continuous, right, x(t) is €2 continuous, so both z(t) and y(t) should be C? continuous
and more importantly all the x(t), y(t), z(t) are exactly lying on a straight line in 3D

space, ok.
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CIRCULAR MOTION ¢

o For smoothness circular arcs as opposed to piece-wise straight lines are desired.
o Given points °py, ®py, %pa, in K2, and velocities at these points.
o Algorithm for circular interpolation

o Compute the normal to the plane as

0n ("P2-"p1) % (°ps—"p1)

[(°p2=p1) % (°ps =" py)|

o Compute °X, °¥ and °Z as

7 = %
0, 0
R - (DP2 Opl).
[(°p2~p1fi
0y = "ax®X

to define coordinate system {CIRC}.
o Obtain rotation matrix %q[R] with °X, °Y and %.

LM 12

Sometimes for smoothness, we specify circular arcs as opposed to piece-wise straight lines
between 3 points. So, if you are given 3 points, | can do two straight lines or | can pass a
circular arc. So, circular arc is little preferred, better preferred because it is more smoother,
in terms of 3D space, in time we will always be smooth. So, how do we obtain the

trajectory?

When 3 given points let us say °p;, °p,, °ps, all in some fixed coordinate system are
given and the velocities at these points are also given. So, first thing is, we need to define
an algorithm for circular interpolation. Meaning what? We find out the equation of the
circle, all these 3 points will line in a plane. So, we need to find the equation of the circular

arc in this plane.

So, what are the steps? First thing is we compute the normal to this plane. So, there is a
vector from °p, to °p,. Another vector from °p, to °ps, the normal to this plane is the
cross product of these two vectors. We also need to make sure that they are unit vectors.

Then, we compute the location of the axis in this plane let us call them °X, °Y and °Z.

So, the °Z axis is along the normal, the °X axis is between °p, and °p,, again made
into a unit vector and °Y axisis °n x °X. So, right handed coordinate system again. So,
these °X, °Z and °Z axis will define the coordinate system {CIRC} for denoting circular,

ok. So, what is the rotation matrix of this coordinate system {CIRC} with respect to {0}?



The first column is the °X axis which is this, second column is the °Y axis which is this,

and third column is the °Z axis which is the normal to the plane.

(Refer Slide Time: 29:50)
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CIRCULAR MOTION (CONTD.)

o Algorithm for circular interpolation (Contd.)

o Transform °py, °py, %p to {CIRC} using S'RC[R).

o In {CIRC} points become (x;,y;,c), i=1,2,3.

o Compute centre, (a,b), radius r of circular arc in {CIRC}.

o Compute angle made by line from centre to 3 points with X axis in {CIrRC}.
Denote by ¢y, ¢ and ¢3.

o Plan a ¢ (cubic trajectory) for ¢(t) such that ¢y, 9> and @5 are reached at the
specified t and order - Joint space trajectory with via points.

o Circular arc in {CIRC} described by

x(t) = a+rcos(d(t))
y(t) = b+rsin(9(t)). z(t)=c
o Since 0(t) is €% — x(t), y(t) and z(t) is €2.
o To obtain path of end-effector in {0} use %zc[R].
o Alternate: use inverse kinematics and plan trajectory in joint space —
Approximate straight line or circular trajectory in Cartesian space.

LI 19762

So, now we transform this °p,, °p,, °ps to this coordinate system {CIRC} using a
rotation matrix ¢'RS[R]. So, you can see ’R§[R] °p, will give me this point p; in the
{CIRC} coordinate frame, ok. So, in this {CIRC} coordinate frame the points will be

(x;, yi, ¢i)- So, the z coordinates will not change ok, because all 3 are in a plane.

So, now, from these points (x;, y;, ¢;) we can compute (a, b), which is the centre of the
circular arc and r which is the radius of the circular arc, ok. How can we do that? There
are many ways. So, one is you connect (x;, v;): (x1,y1), (x2,¥2), (x3,¥3), you draw the
straight lines find the perpendicular bisector of these two segments wherever they meet,
that is the centre of the circular arc. And then radius is from the centre to any one of the

points.

We can also compute the angle made by the line from the centre to the 3 points with the
X axis in CIRC. So, let us denote them by ¢, ¢, and ¢, ok. So, | have found the centre,
| found an °X axis, and then from 1, 2 and 3 | can find the angle, ok. We can plan as €2,
cubic trajectory for ¢(t) such that ¢, ¢,, ¢ are reached in the specified order and in

specified time t, ok.



So, maybeatt = 0, thent = te.s and then some t = tr,s ok. So, once we find this circular

arc the equation of a points on the circular arc will be given by x(t) = a + r cos(¢(t))
and y(t) = b + rsin(¢(t)) and z(t) will be constant, ok. So, since ¢(t) is 2 continuous

which is done using a cubic trajectory x(t), y(t), and z(t) are also C2.

And then finally, to obtain the end-effector path in the 0™ coordinate system, the fixed
reference coordinate system we pre multiply x(t), y(t), z(t) by the ¢/RS[R], ok. So, what
have we done? Basically, we have taken these 3 points, find the equation of the centre of
the circular arc in some plane, then planed the trajectory in that plane, and then converted
it back to the 0™ coordinate system.

The alternate would be to use inverse kinematics and plan the trajectory in joint space. So,
if 1 give you x(t), y(t), z(t), we can do inverse kinematics find the joint angles plan, the
trajectory in joint space and then convert it back to the x(t), y(t), z(t). However, this will
only give you approximate straight line ok or circular trajectory in Cartesian space.
Because only at the points where you do the inverse kinematics it will be exact, in between
it will not be exact.
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T
TRAJECTORY ~ PLANNING  FOR s
ORIENTATION
o Various representation of orientation - all with their own advantages and
disadvantages!
o Euler parameters - 4 parameters + 1 constraint.
o Given: (OETOO,(O).&(O))T and (OSTOO/(I,').€4(tf))T.
o Constraint: €2 +&2+¢2+¢2 =1
o Interpolation must satisfy constraint at all t.
o Given: Initial angular velocity " 7,/(0) and final angular velocity of
end-effector O 7,(t).
o Need relationship between angular velocity and Euler parameters — Not as
simple as x(t) and X(t)!
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Trajectory planning for orientation. So, as | said there are various representation of

orientation, all with their own advantages and disadvantages, ok. When you want to do



trajectory planning for orientation it turns out that this representation using Euler

parameters is more suitable.

So, Euler parameters are nothing, but 4 parameters plus 1 constraint. So, we have some
&1, &, €5 in the 0" coordinate system and a scalar ,. So, what are we given? We are given

this vectorat t = 0, &, also at t = 0 and it is likewise this vector at t; and ¢, at t¢. So, we

have to ensure that the €2 + &% + &2 + & = 1.

And this interpolation must satisfy this constraint at all time t. So, what do we do? What
is given? We are given some initial and final Euler parameters. We are also given initial
and final angular velocity of the end-effector, ok. Remember in position we are given
initial and final position, but also the initial and final velocity. In the case of rotation or

orientation, we can only specify angular velocity, ok.

And if you go back and remember the angular velocity is not directly related to the rotation
matrix, ok. It is simply related to the rotation matrix. It was some [R][R]” and so on. So,
we need to find the relationship between angular velocity and Euler parameters, this is not

as simple as x(t) and x(t).
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.
TRAJECTORY ~ PLANNING ~ FOR ﬁz
ORIENTATION
o Relationships between ®@1,.(t) and Euler parameters
“orea(t) = 2AE(B)Ceroolt).éa(t)”
Cera(this(®)T = SIEEN ™ 0ma()

where [E(t)] is given
-8 & -& &
EM)=( -2 & & -&
—€ =& & &4
o Plan 2 trajectories from given %€ 7001 and %70/ at t =0 and t = t7.
o Compute the trajectory for &(t) from
S4(t) = :E\/,f 1- (OETOO/(I) . OETOOI(I))

o From (g(t), &(t)) obtain any required representation of the orientation of the
end-effector at each instant of time.
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But it turns out that there is a relationship which is why Euler parameters are used. So, it

turns out that the angular velocity of the tool coordinate system can be written in terms of



rate of change of the Euler parameters °é;,,; and &, pre-multiply by a matrix 2[E (t)], ok.

[E(t)] is given here below.

The inverse is always also possible. So, if | gave you the angular velocity of the tool, | can
pre multiply% [E(t)]". And get the rate of change of &;, &,, €; and &,. And [E ()] is a non-

square matrix. So, this is the interesting part.

So, I am going from w to € or from & to w both directions, but I am not inverting any

matrices, ok. So, it turns out that this is the real nice feature of Euler parameter. So, for a
—& & T& &

given E(t) which is specified by (-82 €3 €4 —€1>. This in one case we use
—& —& & &y

2[E(t)] and one case we use % [E(O]T.

So, what can we do to plan trajectory for orientation? Ok. We plan C? continuous

trajectories for given Euler parameter at ¢ = 0, t; and rate of change of Euler parameters

at t =0,t;. We compute the trajectory for &,. So, &, is not generated, &,(t) =

+ J 1— %7001 %€r001- SO, this ensures that the constraint is always satisfied at all ¢, ok.

So, from %ep,,;(t) and ,(t) obtain any required representation of the orientation of the
end-effector at each instant of time. So, if | want to show you what are the Euler angles, |
can obtain from ¢,, €,, &5 and &, what are the Euler angles. | can also obtain the rotation

matrix or even the axis and angle.
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SUMMARY OF MOTION PLANNING
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o Joint space schemes can be applied for all actuated joints in a robot,
independently.

o In parallel manipulators with passive joints, interpolated actuated joint values
must satisfy constraint equations containing passive and actuated joints.

o Straight line or circular trajectories may pass through singularities or points not
in workspace even though initial and final points are in workspace or far away
from singularities!

o Straight line and circular trajectories must be checked for singularities,
workspace and joint limits!

o End-effector trajectories need to take into account dynamics and torque limits
at joints (Bobrow et al., 1983).
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So, in summary, the joint space schemes can be applied for all actuated joints in a robot
independently, ok. So, when | am planning the trajectories for 8, |1 do not need to worry
about what is happening to 6,. In parallel manipulators with passive joints, interpolated
actuated joint values must satisfy the constraint equation containing passive and actuated

joints, ok. This is important to see or to check, ok.

Straight line or circular trajectories may pass through singularities or points not in the
workspace, ok. So, I have tried to move from one place to another place in between there
is a hole in the workspace. So, even though the initial and final points are in the workspace
or far away from singularity, in between points can be outside the work space or close to
a singularity. So, these needs to be checked also, ok.

Straight line and circular trajectories must be checked for singularities, weather it lies
always in the work space and also for joint limits. This is important, ok. So, not all joints
in a robot can rotate fully. Till now we are assuming there are no constraints on the joint

limits. But if there are joint limits we need to check for that.

Finally, all these end-effector trajectories or even the joint space trajectories that we have
generated, do not take into account the dynamics and torque limits of the joint, ok. So, we
can peacefully go and plan a trajectory. However, it turns out that in someplace the desired

acceleration is very high, and it cannot be supplied by the motor which is there in the robot.



So, if you want to plan trajectories taking into account the dynamics of the torque limits
then we need to do more advanced joint motion planning, ok. This was done in a paper by

Bobrow in 1983, longtime back. So, it is not a very new thing.

So, with this we come to end of this lecture on Motion Planning. In the next lecture, we

will look at control of a single link.



