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Lecture - 30
Finite Element for Structures with Piezoelectric Material

This is the lecture number 30 of the Smart and Microsystems course, where we would be
studying about the formulation of Finite Element for the smart material structures, and in this
case we are considering piezoelectric materials structures. So in the previous lectures we
basically started studying about the finite element formulation in general, taking mechanical

system into the basic aspects of finite elements for mechanical structures.

And in this lecture we were basically be extending this to smart materials structures and typically
although there are many materials as we discussed in our earlier lecture, piezoelectric material
structures is considered for demonstrating the finite element method for such structures.
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Introduction

* Modeling of systems with smart material patches is very similar to
conventional structures, However, additional l‘tlllll)lﬁ'\i‘ll‘.“ will
arize due to the presence l)l‘('l)lll)ll‘.ll!}: terms in the constitutive law

ol these smart materials

* These coupling will introduce additional matrices in the finite

element tormulations

® Piezoelectric materials have two constitutive laws, one of which is

used for sensing and the other for actuation purposes,

¢ For 2-D l\l'l}l‘ll_‘ll.l.‘-i. the constitutive model for the Ilit_'ll_ll'lt_'(‘|l'i('

material iz of the form

v E)
b =[C1 P s t8 b —[eha {EYyyy = Actuation Law (a)

l
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1 = Sensing Law  (b)

So just to introduce we studied that that in lecture number initial lectures that smart materials
typically like the Magnetostrictive material like Tufnell or Piezoelectric material like PZT has 2
constitutive law, one is the sensing law and the actuation law. So it is this 2 laws give rise to in
addition to the mechanical component there is also an electrical component the additional

complexity arises in the finite element formulation.



So the additional complexity is due to the coupling that couples the mechanical energy to the
electrical energy, so what does this mean in the finite element terms, it introduces additional
matrices. So here we have given 2 law where the sigma is the stress is related to the mechanical

part C is the stiffness which is basically material properties, and epsilon which is the strain.

And the electromechanical coupling coefficient e that is what we call the piezoelectric coefficient
which is coupled to the electrical field. And here we have said that the mechanical stress is a 3x1
vector for a 2-D problem that a sigma x, sigma y and tau xy and the 3x3 is the material property

matrix and epsilon is 3 strains corresponding to the stress that is epsilon x epsilon y and gamma

Xy.

And the 3 electric field and the 2 electric field in the 2 coordinate direction in Ex and Ey
similarly, the electrical displacement is related to the strain through electromechanical coupling
coefficient piezoelectric coefficient and the permittivity of the medium and the electric field. So
this is the first is an actuation law, second is the sensing law.
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Introduction (cont)

¢ Here, o) lo o, r‘:,.} is the stress vector, 16} %-'TJ-,\- Byis rl_p.l
strain vector, [l’l is the ix the matrix of |1il'znl'll.‘t‘|l'it' coellicients,

which has units of Newton/ Volts-mm and is of size 3x2.

* (£} :Er Ev; %I'\,Ir l'..fr} is the .Il)]lllt'(l field in two coordinate
directions, where and are the -llll)lit‘tl voltages in the two
coordinate directions, and ¢ is the thickness parameter. The units of
E. (and E)is V/mm.

* [u] is the Permittivity matrix of size 2x2, measured at constant
stress and has a unit of N/V/ ¥

o D)= {!J_r D, ! is the vector of electric tlislal.n't-lm-ur in o
coordinate directions, This hag a wnits of N/ V-mum.

So in the above expression e is essentially the matrix of piezoelectric coefficient which has a unit

of Newton per volt millimeter and it is of the size 3x2, and the electric field is basically in the 2

direction Ex and Ey which is related to the voltage, and the thickness of the structure t is the



thickness of the structure, Vx and Vy are the voltage in the 2 directions the co-ordinate directions

applied voltage.

And the electric field has unit of volt per millimeter because it is V/t t is the thickness in the
millimeter, mu is the permittivity matrix of the size 2x2 and measured at constant stress and has
a unit of Newton per volt per volt, and these the vector of electrical displacement which has a
unit of Newton per volt millimeter.
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Introduction (Cont)

» I(I ( mn ]ftlll (.‘l}) i# the mechanical constitutive matrix measure (o1
Hooke s law) at constant electric lield. The above Constitutive law

can alwo be written in the form

te} =[S){o} +[d]{E}

¢ [n the above expression, I'\I is the \'lilllllll.lli{'l‘ matrix, which iz the
inverse of the mechanical material matrix |(| and  [d] =[] "[e]

is the electromechanical l'tlll.lllilli_.l. matrix, where the elements of this
matrix have a unit mm/ 1V and the elements of thiz matrix are
direction l]r‘llt‘llllr‘llf.

¢ In the most analysis, it is assumed that the mechanical properties will
change very little with the change in the electric field and as a result,
the actuation law {I'_'llll (a)) can be assumed to behave l'un.‘.\rl_\‘ with
the electric field, while the sensing law ( II‘..t|ll (b) can be assumed to

behave |l|m|||_\ with the stress

So that C basically is the mechanical constitutive law which we already said what it is in our
previous lectures in finite element. And the above constitutive law can be rearranged by taking
the epsilon on the left hand side, and S as the compliance matrix which is nothing but C
inverse*sigma and d matrix is electromechanical coupling coefficient d, where d=C inverse*the

piezoelectric coefficient matrix.

So where the coupling matrix that is d has a unit of millimeter per volt because it is taken an
inverse here, so in most of our analysis it is assumed that the mechanical properties will change
very little with the electrical field, and as a result we can uncouple both the sensing law and

actuation law which is not true in the case of magnetosrictive material it is highly coupled.



But in the case of piezoelectric material it makes our life little simple mainly because this laws
can be uncoupled because of the behaviour that the mechanical properties change very little with
the change in the electric field.
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Introduction (cont)

* The lirst part of Equ. (a) represents the stresses developed due to
mechanical load, while the second part ol the same equation gives

the stresses due to \(Ill\l(__)‘l‘ ill[)lll. f'{'g . S5 4

From lﬁclu.\. (a & b), it is clear that the structure will be stressed due
to the ‘ll}llllt'.lrinn of electric field even in the absence of mechanical

load.

Alternatively, when the mechanical structure is loaded | it generates

Al l'll'l‘ll'it‘ llil‘lll

In other words, the above constitutive law demonstrates the
electromechanical coupling, which is exploited for variety of
structural applications involving sensing and actuation such as
vibration control, noise control, shape control or Struc tural Health

Monitoring.

So the first part of the equation that is the actuation equation represents the stress developed due
to the mechanical load, while the second part is the same gives stresses due to the voltage input.
So we have that epsilon =S sigma+d*E, so the first part is because of the mechanical and the
second part is because of the electrical field, so it is clear that the structure will be stressed due to

the application.

Suppose we do not have a mechanical loading and if we pass an electric field we see that it is
going to be stress or strain and the vice versa, suppose we apply an electric field it will be
stressed so it will also elongate. That is what alternatively when the mechanical structure is

loaded it generates an electric field, so this is what we call the smart concepts.

So we can actually use these aspects of the additional terms that are coming to our actuator
application or sensing application. So I have said that in other words the above constitutive law
demonstrates the electromechanical coupling which is exploited for a variety of structural
applications involving vibration control noise control and health monitoring.
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Actuation Through Piezo Electric material
¢ The actuation using piezoelectric
materials can be demonstrated using il
a plate of dimensions I x 17x ¢,
where Land W are the length and
width of the |)|‘|h- and ¢ s its

thickness

* Thin ez electric electrodes are
l]l-ll'l'll ol lll" I'Il'l .Illll ||ll||{l||| H]"'I:I(‘l' o .'I-l.
ol the [Il.l(l‘ ag shown. Such a |1|‘|Iv s

called the Bunorph |||.|h-.

* When the voltage is passed between
the electrodes ag shown in figure
{\\‘llil'll 1% 1 |I'III.‘I”\ referred to as

poling direction), the deformation in FRT,
SL=dyEL="0" sW=dy B =20"

the length, width and thickness r ;

directions are given by
So now let us talk about actuation, so as I said when we pass on the electric field the mechanical
structure elongates causing the strain, so in this crystal aspect let us consider the structure shown
here which has a length width and the thickness in this direction, and let us consider 2 thin
piezoelectric electrodes which are bonded to the top and bottom surface and such a structure is

called bimorph structure.

And here taken a bimorph plate of thickness t this is the thickness t having length L, with W. And
suppose we pass on an electric field through a system here where we pole it this way, when we
pole it basically we will have the strain developed in the direction perpendicular to the poling
direction, so this is the direction of poling, so in the current position it is shown we will have a
stress in this x direction and also in this direction which are the perpendicular direction to the

poling field.

So when we do that so we can actually relate the change in length that is strain to the d31 this is
the electro because the 31 3 says that it is in the direction 3 with the applied voltage in the 1
direction, so we have actually poling it in the 3 direction and we are getting the stress in the 1

direction, so that is why we have d31, and E1 is electric field and L is the length.

So this is basically d31 V L/t is basically the strain in the length direction and d31 V W/t in the

width direction and in the direction of poling it is d33*V. So we know that if we can actually



pole in the appropriate direction and we can actually pole in the direction if you know in what
direction we want the stress or strain, we can actually pole the piezoelectric plate in the
appropriate direction.
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Actuation Through Piezo Electric material (Cont)

* Here.d, and d  are the electro-mechanical coupling
coefticients in the directions | and 3, respectively. Conversely, if
a force Fis applied in any of the length, width or thickness
directions, the \'thll_{t' b devel ilu'tl across the electrodes in the
thickness direction is given by

_dyF o dyFdyF

= ol 0l

ul W ulll

* Here is the dielectric |u-|mi|i\it\ of the material, The reversibility

I

between the strain and voltages makes piezoelectric materials

ideal for both sensing and actuation .
So as I said here d31 and d33 are the electromechanical coupling coefficient in direction 1 and 3
respectively. Conversely, if the force F is applied in any of the length along any of the length
width or thickness direction, the voltage V that is applied will be d31 F/mu L that is coming from

the second constitutive law where mu is the permittivity of the medium.

So it can be in the x direction it is d31 F/mu L, d31 F/mu W in the W direction and d31 F/mu L
W is in the thickness direction. The reversibility between the strain and voltage makes the
piezoelectric material an ideal for both sensing and actuation, so we will actually see how we can

do as we go along in this lecture.
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Piezoelectric material Types

¢ There are different types of piezoelectric materials that are used
for many structural applications. The most commonly used
material is the PZT (Lead-Zirconate-Titanate) material, which is
extensively used as bulk actuator material as they have high
electromechanical coupling coefficient. by) ,d3;
* Due to the low electromechanical coupling coeflicient, piezo
polymers (PVDF) are extensively used only as sensor material.
* With the advent of smart composite structures, a new brand of
material called Piezo Fiber Composite (PFC) is found to be very
elfective actuator material for use i vibration/noise c
applications,
So what are the piezoelectric types we did discuss this in our earlier lecture, there is our lecture
number 2 where we said there are different kinds of piezoelectric material and it is available in

different forms either in the ceramic form or in the crystal form or in the polymer form. The most

commonly used is the ceramic form that is PZT.

Where PZT stands for Lead Zirconate and Titanate material, which is extensively used as a bulk
actuator material as they have high electromechanical coupling coefficients, here we are talking
about d31 d33, so the material which has very high d31 and d33 we call it as a very good

actuator material.

However, the polymer form of the piezoelectric material which is called the PVDF that PVDF is
polyvinyl difluoride which has a very low d31 and hence extensively used as a sensor material it
cannot be used as the actuator material. And we also talked about the other forms of the piezo
material it is in the form of fiber composite, the Piezo Fiber Composites basically it is used

extensively as an actuator material.

Because it can be embedded into the composite structure and it is found that it is very useful to
do vibration and noise control. Here we would not be talking about PFC here but we will see
how the same constitutive law can be used for PVDF and PZT material and how it can be used

for sensing and actuation application.
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Finite Element Modeling

« Inite element modeling of the mechanical part is very similar to
what was discussed in the previously except that the coupling
terms introduce additional energy terms in the variational
statements. which results in additional coupling matrices i the FE
formulation.

« Introduction of Piezoelectric material. introduces an additional
degree of freedom in the FE formulation. This additional DOF can
be the electrical potential (Normally referred to as @, which is
related to the Electrical field vector £ =Eg+E,j+ Ek=NVD ) or
electrical field itself

* Alternatively, the analvsis can be performed by using conventional
beam., or plane stress element derived carlier and the effects of
coupling terms can be translated as equivalent concentrated nodal
loads. Such an approach is possible when we assume that the
sensing and actuation law are not coupled. which is mostly true in
piezoelectric material. We will demonstrate both approaches in this
lecture

Now coming back to the finite element modeling, see the finite element modeling of the
mechanical part which is epsilon =S times sigma is very similar to what we discussed in the
previous lecture, except that the coupling terms introduce additional energy terms in the weak
form of the governing equation which would result in the coupling matrices in the FE

formulation, so what does it mean in the finite element modeling.

So the introduction of piezoelectric material introduces an additional degree of freedom which is
in the form of the electric field E, this additional degree of freedom can be basically can be an
electric potential phi which is related to electric field E by taking the gradient of the potential phi

or we can take the electric field itself either way it is fine.

Alternatively, since the sensing and actuation law are not coupled analysis can be performed by
using conventional beam type elements or plane stress type elements or even plate element
derived earlier and the effects of coupling terms are translated into equivalent concentrated loads
on to the beam structure and the conventional beam element which we actually use can be a
beam or plate element or plane stress elements can be used to actually solve both sensing and

actuation problem.

We will deal with these 2 and see how each of them can be used in this lecture.
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FE MOUENNE USINg CUMpeda Approach
Analysis of Piezoelectric bi-morph beam
* The |ril||l-l|l|i beam consists of
two identical PYDF beams
laminated lngvtln'l with
opposite polarities. The .
gchematic diagram of the . " 14
bimorph beam is shown R -

¢ The PVDF |).Itl'lll‘.~‘\ are I)il]t‘ll X ‘ . -

in such a Way that the strains N
are produced in the axial x |k

.
direction due to an .||li:li.m| — E

electric field in the 2

direction. |
" . - M=2alht
* The dimensions of the beam

1

I
are taken as 100mm x 5.0mm | —
- 1 . " I 4
x (. 5mm. The aim of this
l'\.lilll)li' is to see how the
cantilever deforms due to the s
-8
3

-I|I|I|it'€l \'(}Ingl‘

So the first approach we call it as the lumped approach, where we have doing an FE analysis of a
piezoelectric bimorph beam, so here there is bimorph beam where there is 2 layers one is the top
layer and the bottom layer are stitched together, and we have taken 100mm x 5 mm x 0.5 mm the

width is 5 mm.

So here the 2 bimorph beams are stitched together and we consider this bimorph material is made
up of polymer type of piezo material that is a PVDF beams with opposite polarities, so the PVDF
patches poled in such a way that the strains are produced in the axial direction that is we poled in
the wiser plane that is in this direction, so that we get the stress in x direction due to the applied

field in the z direction.

So we get the field in the z direction, so we get the poling in z direction will introduce a strain in
the x direction, so these are the dimensions, so what does it mean? If I use a lumped approach so
this 1s going to cause a force F at this end and a force F in this end, which is basically equal to a
couple, so we can actually calculate this force from the piezoelectric constitutive law and apply a
couple to the cantilever beam, and then study the response using our beam element, let us see
how we can do in the both approaches.
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Exact Solution- Through Strength of Materials

* This problem can be statically reduced to a problem of a cantilever
beam with an end moment M hown.

* The moment Mneeds to be determined from the constitutive law
of the PVDF material,

® The beam iz under a 1-D state of stress with the stress acting in the
x direction.

* From Eqn (a), we have

-1 -l -
{e} =[S {e}=[ST [d]{E)
* The inverse of the compliance matrix is the constitutive matrix [(]

and [l‘I'Il'l‘.\l'Il[il!llJ. [e]=[8] '[L/J the above l'llll.l[ill]l becomes

(o} =[C)e}-[KE,}

So before doing that we can actually derive the exact solution to this using the strength of
materials approach, so as I said that the problem can be statically reduced to a problem of
cantilever beam with an end moment M as shown in the figure. The moment M needs to be
determined from the constitutive law of the PVDF material. So the beam is under the 1-D state of

stress with the stress acting in the x direction.

So we have simplified the problem considerably, so that we can actually go ahead and do a
simple exact solution and we will actually check this exact solution with our beam element
formulation, so from the constitutive that is the actuator law we have sigma =S times sigma-S
inverse d*E, so we can write the constitutive law into this form where E is the piezoelectric
coefficient which we have derived it earlier.
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Exact Solution (Cont)

* The first part of the above equation is due to mechanical load, which is
zero in the present case and hence is not relevant to the present problem

* Since the beam is in 1-1) state of stress, u|||_\ L2 J |u'l|llm:_‘. stress in the
axial direction, exists,

* The only material property of relevance here is theYoung's Modulus ¥
and the relevant [1|r.f|u-|n tric coeflicient is ey, which is first element ol
third row ol the matrix [¢] given in the above Equation Hence the

constitutive law can be written as

o, =—e, k. =-¢, "/t

Y

* [rom I|1|‘ l.'Il‘IlII'Il|.II‘\ I‘H'.ll]l ||'ll'l iy , we have
M /I =0c. |z
¥y
* where M is the moment acting on the cross section, [is the area Moment
ol Inertia of the cross section, and z is the coordinate in the thickness

direction-

So the first part of the above is due to the mechanical part, which is 0 in the present case because
there is no mechanical loading we have applied, we have applied only purely the electrical
loading which is converted into equivalent that is equivalent moment. And hence the first part is
not relevant to the present problem, since the beam is in 1-D state of stress only sigma xx has and

the bending stress in the axial direction exists.

The only material properties here of relevant to the Young's modulus y, and the relevant
piezoelectric coefficient is e31 that is the piezoelectric coefficient because it is in the direction 1
due to the field in the direction 3 that is the z direction, which is the first element of the third row
of the matrix e. Hence the constitutive law here becomes sigma xx =e31*Ez or e31*V/t V is the

applied field in the z direction.

From the elementary beam theory we said that M/I =sigma xx/z, z is the thickness co-ordinate, so
where M is the moment being acting on the cross section and we have found the moment, we
need to find this moment to be lumped on to the to be use in the equation, and I is area moment
of inertia of the cross section and as I said z is the thickness coordinate.
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Exact Solution (Cont)

* Substituting for from Equ. (5.109) in the elementary beam
equation, we can express the moment llr‘\r‘]{lln—‘!l due to electrical
excitation is given by

\f - 2e 1 I‘J i
X
* From the lln-nl'_\' of deflection of beams, we can show that the

transver se c]i~'|1|.u-r|ue||l w (%) of a cantilever beam with a tip
moment M iz given by
M x
< El
s [lsing the value of Moment M, we can write the l|i.<|||.u'v|m'||l

wix)

variation in a bi-morph piezoelectric cantilever beam as

AR \||f|jl —LI-‘l‘I.‘{' |-

lee ; ) At x=1
¢ E \t

So substituting this into the equation we get basically we take this the moment we substitute
sigma X here so the M/l =V*e31/t z and we get and at the midpoint of the thickness at the 2 top
ends z ranges from —t/2 to +t/2, when we substitute this the moment becomes 2*e31*V I/t

square.

So from the theory of deflection of beams we can show that the transverse displacement w of a
cantilever beam is given by w M due to a cantilever is M x square/2 E I with M substituted from
e31 coming from the piezoelectric constitutive law, so when we actually plug this in equation we
get that the equation for a bimorph piezoelectric PVDF beam is given by this equation. So we

can substitute x at any point and we can get the deflection due to this effect of piezoelectricity.

So supposed we take that at x=L that is at the tip e31 V/E*L/t whole square, we get that so we
can basically see how this whole thing when we increase the voltage for a given material there is
the deflection increases or when we decrease the thickness or increase the length the deflection
increases.
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Exact Solution (Cont)

¢ Next, in addition to electric field, we will introduce a

mechanical load P-llll:lir'll at the Ilp‘

* Defllection ol a cantilever beam "lllljl'l'll'll to Ii|= concentrated
")
~

I(I.lll [" is
A —
wix) ji L,‘7L| G/Uﬂ L 7(
o 6 - a

* The tip deflection in this case is got by substituting v= in the
above equation, which is l‘lil].ll to
\I'{f{.||“_l_ , PL> 3R]
* Now when both mechanical and electrical loads are -Illl)lll'll‘
the total deflection will be sum of the deflections due to

mechanical load and electrical load | which given by

. e,V
w(L)l =-PL/3EIl+ 'j'_ L|
tetal . 2

Next, what we do is we will add in addition to electric field, we will also introduce a mechanical
load P, so when we do that now we have 2 problems, one is due to mechanical load, one is due to
electrical field, we have already found out what is the deflection due to electric field. Now we
will take the mechanical load and we will take we will solve this problem of cantilever beam

with a mechanical load L.

And we know that this can be easily solved by any of the deflection methods are used in strength
of materials and that exact deflection at any point x from here can be got by x cubed/6*-x
squared L/2 multiplied by P/E I, and when we substitute at x=L, so we have taken x= here, so
then x=L we get the deflection is P L cube/3 E I. Now the total deflection at the tip is due to

mechanical load which is P L cube/3 E I and due to the electrical.

So we see that basically the electrical deflection opposes the mechanical deflection, so when we
increase the voltage we it will be increasing it will decrease the total deflection to such a level
that we can actually choose a voltage which will make the total deflection 0, and that is precisely
the actuation that we are talking about.
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* From this expression, we see that as the \ll]i.l_ﬂt' is increased,
it reduces the net downward deflection due to the
mechanical load

* The above t‘Xl_ll'L‘.\'ﬂlll}ll can also gi\'c- the \<_;ll.|5;t: necessary to
force the total deflection equal to zero, which is given by

)
V = PL

L'|]h|f

¢ [tis clear that the presence of electrical load helps to totally
eliminate the deflection of the cantilever beam due to
mechanical load. This, in essence, is the main principle of
actuation, which can be exploited for a variety of apadigations
such as vibration control, noige control or .~‘]|Jlu' ¢ n

tructures,
A

So from this expression we see that the voltage is increased, it reduces the net deflection due to
mechanical load, so we can actually get an expression that what is the voltage that is necessary to
make the deflection 0, so basically we can equate this term equal to 0 and we can get what is V

that makes the total deflection equal to 0 and that is given by here.

So we can actually make this equal to 0 by using this value of voltage. So it is very clear that the
presence of electrical load helps totally eliminate the deflection in a cantilever beam due to the
mechanical load, this is essence is the main principle of actuation which can be exploited to a
variety of application as I talked before.
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Finite Element Solution

* In this lamped approach, we do not need any smart or electrical
(l.“.t

* Here, the forces ﬂ_t.‘lli'l‘.l(t'cl due to electrical field are needed to be
lumped corres|x mding to FE degrees of freedom, which in this
casge 18 a moment ( ) M :“H:”ﬁ'

* Since, our objective here is to see how the deflection caused by
pure mechanical load is negated by the electrical field generated
through the PVDF patches, we need to retain the degrees of
freedom corresponding to transverse mechanical force

force) at the tip of the cantilever beam.



Now let us do the finite element solution, so as I said here in this lumped approach we need not
use any smart or electrical degree of freedom. Here, the forces are generated due to electric field
are needed to be lumped onto the corresponding finite element degrees of freedom, which in this

case is the moment M which is given by this expression.

Since, our objective here is to see how the deflection is caused by a pure mechanical load is
negated by the electric field generated through PVDF patches, we need to retain the degree of
freedom corresponding to the transverse mechanical force at the tip of the cantilever beam.
(Refer Slide Time: 22:55)

* The FE l‘l]ll.lll(lll of the beam derived in lecture 28, will be used

here, which is given by

i 1] 4L 12 6£](w )
M ¥I| -6 b 2L || 8 | 20
F ‘ L' -1p 4‘{ A2 6l W o #?
\f ?y 14; 6L 43 2
* We will model the beam n-|||}' throwali one element
* We need to first enforce the |l:ll1|lt|.|1'}' condition. The left end ol

the beam, which iz designated here as node 1, has both deflection
and .<|n|n‘ w|u.ll to zero.. This amounts to n'|illli|l.|li||g lirst two
rows and column of the stiflness matrix.

® The reduced stiffness matrix after the enforcement of boundary

conditions then becomes

12 6L
6L 4L

5| EI
M, I

" i‘fu\'nu:

So we go back to the stiffness matrix which we derived in the lecture 28 which will be use here,
which is basically Y I/L cube Y is the basically the Young's modulus given by this matrix related
to the wl is the transverse degree of freedom of theta 1 is the slope at the node 1, w2 is a
transverse at node 2, and theta 2 is the rotation at node 2. So we will model this beam only

through one element here, and we need first to enforce the boundary conditions.

Since, it is a cantilever beam we are talking about, so you have wl=theta 1=0 here, so we apply
this and eliminate these 2 rows and columns, and we will have only these the reduced stiffness
matrix will contain only these terms here, so which is written here P2 and M2 is related to w2
and theta 2 by here, and we know M2 which is got by our reducing the electrical load into

equivalent moment which can be applied here.
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* The displacements and rotation can be obtained by inverting the
reduced stiffness matrix, which is given by
w,| L[4 -6L][R

M,

6, | 1281 -6L 12
¢ For purely electrical load, ,=0. As mentioned earlier, pure

electrical load canses a moment in the beam( )

2e, VT
Substituting this, we get the tip deflection as M T
w, =LI(—_\[,(|{, )= _,'u’:.L' = i ( l_]

YT E G 2B E

® This is the same as the exact solution. If we now ap]n]\' a ti|1 vertical

load . in addition to the moment 1/,, we can get the til) deflection

- _’L‘{ Ji ('I- 3
u.—L‘HJ.":", (»{.”‘]‘L_-| 41_-';'-nf__",_7 = £L|-“_|f|
gttt 2 (O N A Y\

® This result is xame as the exact solution et

So we take the inverse of it w2 theta 2 is the inverse of this matrix which is given here, and we
substitute M2=2 e31 V I/t square and from which we can compute the transverse displacement
which will be equal to this expression, and when we substitute for a moment we get this, which
is same as what we got from the exact solution. So because the stiffness matrix for beam is exact

we are able to get the exactly reproduced the sensor material solution here.

And now if you apply a vertical load P here at the transverse degrees of freedom, so we also get
that the total solutions can be so here this will not be 0 in the first case it is 0, but in this case we
have a P here, and when we get the total solution is given by this when we put this equation we

get this, and which is same as what we got with sensor material solution.

And again we can equate this to find out what is the total voltage required to make the total
reflection 0. So what we have seen here is what we derived from the exact solution we are able to
reproduce exactly with the finite element solution.
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2-D Plane Stress -4-noded isoparametric FE
Formulation

* This element will have 2 hl fhvy

mechanical degrees ol )4 0
freedom, namely the two x| | : |
(“.\"Il.ll‘t‘lllt‘llf components T'“- ’;fﬁ" [ ok
u(x,v,t) and wix, v t), L 2 |/ | s . pes
l'r'.-‘in‘rti\'rh and a single : '_: .
t'lt't'tt'i("ll i||'g_[|'w flt' Il'l'l'lll 1 :
E,(vy.t) inthe z divection. o flere, we will use isoparametric

* We have apriori assumed that formulation outlined in the
stresses to be in the earlier lecthire

horizontal x-direction

* Thug, this element will have a
total of 12 degrees of

freedom.

Next, let us see whether we can actually do a much sophisticated element formulation that is in
terms of the 2 dimensional 4 noded isoparametric finite element formulation. We discussed
isoparametric finite element formulation in lecture number 29, where we outlined the procedures
that are required that is to recap, we require both the variation of the dependent variable that is

deformation u and v and also the variation of the coordinates.

In addition now because we have a smart degrees of freedom, we are not assuming anything with
regard to the uncoupling of the sensing and actuation law, we take it as it is we introduce also a
smart degree of freedom in to the formulation, and this smart degree of freedom will be only in

the that direction so we use this.

So the general degree of freedom may shown here, so you have at each node it can take 3
degrees of freedom that is the axial deformation u, the transverse deformation v and the electrical
displacement E, and this is mapped onto the rectangular isoparametric co-ordinate system psi and
eta, and using a coordinate transformation, so the psi and eta which is mapped onto a square of
unit 2, so totally this element will have 12 degrees of freedom.
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* Since the proposed element iz four noded, we will use the bilinear shape
functions for the mechanical |Ii~'lm|.u‘c-tm'||l-' will be n-:luil'r-|. which can be

written as

4 4
u(x, y,8)= % N;j (&), wix,y,0)=3 N {(&.m)w; (1)
i1 i=1
* where [ and I are the is parame ty ic coordinates and and are the nodal
mechanical degrees of freedom. The four bilinea -a|u|u- fimctions are

given by

o i o .
A\] 4(1_‘;]“-' 7), -\3 I[1+j)(l_’7) [
V3 l(l+")(l+r;|r) N l(l—“)(l+!.‘f) l'
‘ 4 o v 4V 4 4 o
* The choice of electrical dof variation iz obvious. The elemer to

support four electrical dof and hence bilinea .~‘||.|lu' function he
minimum order revired, which can be written ag
4

E(xn)= X N(EmE ) g St
n_m
So now we need to assume the variation for the 2 mechanical degrees of freedom that is u and v
and u and w here and the electrical degrees of freedom, the mechanical degrees of freedom is
assume exactly the way we did for the conventional mechanical structure, so we take it in the
form of Ni ui, w=Ni wi where ui and wi are the nodal coordinates of the given element, and psi

and eta are the isoparametric co-ordinate system as I said.

And we write the shape functions in the form of in the isoparametric co-ordinate system and
these functions which are given here are derived in the lecture number 29. So now the question is
how do we actually interpolate electrical field, which we have also introduced as additional

degrees of freedom.

The electrical degrees of freedom is exactly assumed as the variation is assumed exactly same as
that of the mechanical degrees of freedom, that is we take that Ez or the E as a function of psi
and eta Ni*Ei where Ni is again given by these 4 degrees of freedom, we have 4 E’s at the 4
nodes, so that means it will have 4 shape functions.
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* Here, the same .-'||‘||n-

uzed here, and E,
at the four nodes.

* In isoparametric forn

functions uged tor mechanical dol iz alzo

dare llk' lltlll.]l t‘lt'('lt'i('.ll lll'ul'l‘l'.“ ol |Ilt':'1|()lll

wilation, we map the actual geometry of the

element to a square of size 2 defined in the generalized

coordinate system through a Jacobian transformation

® This requires the variation ol the coordinate system in the

generalized coordinates in terms of the nodal coordinates of the

.|l'l|l.1| vlu-lm-ul geomelry, Hence, one can use 1[11' sl

tlis]ll.u'l'lm'lll .-ll.1|u- functions to describe this variation and can be

written as

4 4
x(x,y)= S .\‘jt:.q).\';. (x,y)= E Ni(&.mz;

- i=]—

. ].Il.‘cllll.lll 1% t'(.uupllt:'d
lecture 29,
* The strains are evalua

relationship. That is,

e =1

Here, the same shape functions is used for mechanical degree of freedom as well as the electrical
degree of freedom. The isoparametric formulation as I said we map the actual geometry to a
square of size 2 using the generalized co-ordinate system through a Jacobian transformation. So
for which we need to assume the variation of the coordinates and the coordinates are assumed

exactly as that of the mechanical degrees of freedom and the electrical degrees of freedom.

Because it is an isoparametric formulation where the same number of nodes that participates in
the deformation will also participate in the co-ordinate transformation.
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So the Jacobian is computed using a chain rule, I am not going into this, this was explained in
lecture number 29 because the Jacobian relate makes the coordinates the derivative with respect
to x is related to derivatives with respect to psi and eta. So once we have established this relation

then we are in a position to evaluate the strain displacement matrix.

And the strain displacement matrix in addition to the mechanical degrees of freedom we also
introduced the electrical degrees of freedom which has no strain except that it is directly related
to the electrical displacement, so this aspect becomes the strain displacement matrix, so now
using the assumed variation of field variables in the field variables here are the displacement u w

and the electrical field E.

We write the element vector displacement vector as ul wl u2 w2 u3 w3 u4 w4 that is the
mechanical vector and the electrical vector is E1 E2 E3 E4 are 4 nodes.
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® That is strain can be written as

“"lm.l\ B) 0
t6}] = |Bliuj Y
0 [Bleqxay
where [B] matrix, is given by
|
Al
_|)|_ .
av, av a, av,
0 0 0 o0 0 0 0
[t i i 3 fi %
av, an av, av, |
0 Lo == 0 =2 0 =210 0 0 0
18] & & & & \
av, av, av, av, av, av, av, av |\ . o o,
& & & & & & & k. ET
00 0 0 0 0 0 0NN, /04

So now the strain displacement matrix after it is computed will be of this form B*u and it has 2
explicit components one coming from the mechanical degrees of freedom that is u and w, and
one coming from the electrical degrees of freedom E, and the mechanical degree of freedom size
is 3x8 corresponding to 8 degrees of freedom and the 3 constitutive, and the electrical degrees of

freedom has only one constitutive law and it has 4 degrees of freedom.



And the expanded form of this B matrix is given by this equation here, where the B matrix will
contain only the shape function matrix corresponding to the electrical degrees of freedom, and
this part is very similar to that what we derived in the earlier lectures. So we just directly put it
here and these are filled with 0’s, and only this part corresponding to the electrical degrees of
freedom gets added to the strain displacement matrix.
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* The weak form of the governing equation for this Illl)llll'lll i given
by taking the variation of the total energy, which is given by
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where 8, and §, are the surfaces in the structure where the surface
forces, and residual tll.\'lll.lt'l'lllt'll'.‘-' act. Using the constitutive

model, we can re-write the wealk form of the g« verning equation
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The next part is because there are additional complexities that has arisen due to the coupling, we
need to rewrite the weak form of the governing equation and the weak form of the governing
equation can be got from the Hamilton’s principle, which we actually derived in the earlier
lectures. So here we take the weak form and minimize it to get the finite element matrix, just

similar to our principle of minimum potential energy.

So the first part is the inertial part due to mechanical degrees of freedom that is coming from the
kinetic energy of the system, this is the strain energy of the system, this is the energy due to, this
is additional energy that comes into picture because of the piezoelectric material, that is coming
because of the electrical displacement, and this is the force vector due to concentrated load, this

is due to the surface traction and this is the additional force that is coming here.

So here S1 and S2 are the 2 surfaces where the surface forces and the residual displacement act.

Now using the constitutive model we can rewrite the weak form of the equations in this form by



taking the minimum variation, and here this is coming because of the constitutive model, we are
not deriving it get here mainly because it is too complex, but assume that this can be done by

taking care of the embedded system as we do it for laminated composite.

So these are the total matrices that are going to come into play because of the constitutive matrix
the weak form of the governing equation.
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* Substitution of assumed variation and the strain displacement
matrix, we can re-write the weak form as
ko
1 guy T r f sy 18wy T Té fagd
1dui, [[|\| pIN ) ].lr,',;,.m,H [[|H"| [C1B,dr ],n,',_
I ] -
R S —— L‘ 1
/ }zut e
:ﬁu:,.r[llﬂ.,lrlviﬂ,; Jd1 ]f m‘r.g:..r[j[n,-\’l-*l‘"m,,ldl' ]m:..
V== I B
r r € r r T
{§E .}, [[usﬂ Jiss|Bg ldV ({E.}, - |6u},” {F,}-{&u},” [ [N]" {F,}dS,
L — gt 8 ———
{6E4,T | 1BpIT DSy =0
Sy sm—
* Since {Su), and (SE,},. are i bitra Y, the above expression can be

written in a concige matrix form as

» |:[-”m.*l [0] ‘ ful, }+ (Kl (\I"‘-rrl-.'_ { tul, ] {fl'"h}
01 o)) |t} Kl 1Kl UES] [,

Once we group these things together we can write we can now in this situation we can substitute
the variation u=Ni ui, then we have w=Ni wi and E=Ni*Ei, when we substitute this into this
equation and write it in matrix form, this is the mass matrix, this is the matrix corresponding to
mechanical degrees of freedom, which we call it as Kuu, this is due to coupling between

mechanical and electrical which you call it as KuE, this is due to again kuE transpose

And this is due to purely electrical field which we call it as KEE. And these are the force vector
due to concentrated load, surface load and also the body force due to electrical field. So we put
all these things into matrix form, we get here in this form, we know that there is no entry due to
the inertial component coming from electric field because we still take that it is not an
electrodynamics problem where there is a coupling between the dynamics, the inertial force also

getting coupled here.



Here, we say that the mass is only totally due to the mechanical degrees of freedom, so there is
no component of mass that will come into the due to electrical degrees of freedom, and we see
that the mechanical degrees of freedom or electrical degrees of freedom are coupled through this
matrices, this is the coupling that gives us the actuation or sensing element that we want for

various applications.
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¢ The above vllu.niinu i# the elemental 1-||1|i[l|r||u|u in the discritized
form, where M:ujlln the mass matrix, [M,,]is the stiffness matrix
COFres| mding to mechanical degrees of freedom, (Kol is the

stiffness matrix due to electro-mechanical coupling and £ is

x|
the stifluess matrix due to electrical degrees of freedom alone.
Naote that all these matrices require the volume integral to be
evaluated, Since the exact integration of these is most difficult to
achieve, we resort to numerical integration. Here{F}, is the
elemental nodal vector and {q}, 18 the elemental 1']].||'gv vector
These matrices are given by
T I dy 11 £k qx dy
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So the above equation is the elemental equilibrium equation as I said where the KuE where the
Muu I am sorry this is the Muu is the mass matrix and the Kuu is the corresponding to
mechanical degrees of freedom, Kuu is the stiffness matrix stiffness matrix, KuE is the stiffness
matrix stiffness matrix due to coupling. I have explained all these things previously, and each one

of them can be explicitly written now in the isoparametric form.

These are all in terms of over the volume which is dv, dv we can be written as T*da, da is d psi*d
eta multiplied by Jacobian this is basically =dx*dy. So similarly, we have for each one of these
which is equal to dx*dy multiplied by T becomes the volume. So once we get this we know the
shape functions, we know the density, we know the matrices here, by using all these things and

mu 33 is the permittivity.



Now we know the complete system of matrices and we are in a position to solve the same
problem using the 2 dimensional approach not the lumped approach which we talked a little bit
earlier.
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* The elemental load and charge vectors are given by
(Fl, =1F} + [INF (F1dSy, tq), = | IN) DS,
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* The matrices in FE Equations are assembled to obtain their global

counterparts and solved for obtaining solutions for displacements and
eleetric field.
* Note that it has a zero diagonal block in the mass matrix, which

requires special solution schemes

* The method ol =olution o .\l'l.].‘-il.]Ll‘.Hlll actuation l'll'(lllll'll.l. 1= (lll"t‘
different.

* For sensing problem, for a given mechanical loading, we need to

determine the voltage developed across the smart patch

¢ This ix done by first obtaining the mechanical Ill‘.hllldl'l‘llh‘llt due to the
given mechanical load, which is then used to obtain the electric field

and hence the \n|l.|gv <|1-\vlrl|:vt| in the sensor |l.||l'||

So here the elemental followed is due to the mechanical load, concentrated load and the surface
load, and ge is the charge vector due to electrical displacement. The matrices in the finite element
equations are assembled as in the case of the mechanical structure we did some examples in the
last lecture, and we find out the global stiffness matrix, then we enforce the boundary conditions,

and we solved for the displacement and the electric field.

Note that it has 0 diagonal in the block matrix which requires special solutions schemes, so we
cannot directly solve because it becomes a positive semidefinite system, so we need special
solution schemes. The method of solution sensing and actuation problem are quite different, now

we will see where how we can do a sensing problem or actuation problem.

For a sensing problem for a given mechanical loading we need to determine what is the voltage
and this voltage will exhibit certain features which we can extract to do the sensing using a smart
patch. So this is basically done by obtaining the mechanical displacement due to the given

mechanical load which is then used to obtain the electrical field and hence the voltage developed



across the sensor patch, as I said this will introduce certain features and these futures can be
extracted to actually do a sensing problem.
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* [n order to solve this, the Ql(ll!.ll natrix t'<|ll.|lil)ll can be I'\ll-!]llll'll

and written as
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e We can write the second of the above equation as
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* Using the above equation in the first equation and si||1|l|i|'_\i||5_r_. we
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¢ Note that ["llll.li‘lllll (b) is :-n]_\ in terms ol mechanical lli.\'ll[dl't‘llll'lll\'
which can be solved using conventional solution techniques. Using
this solution, electrical fields are obtained using I"llu.liinu (a), from

which voltages can be obtained

So in order to solve this the global matrix equation which is given in the previous case here, this
equation we can actually write it as 2 different equation, we can eliminate this portion for getting
the voltage, for example this can be rewritten in this form, the first equation can be expanded as
given here, and the second equation can be expanded like here. Now from the second equation

because this is a square matrix we can take an inverse.

So we can take KEE inverse into q-KEE inverse into KuE transpose into u, so we substitute back
here and we totally eliminate the electrical degrees of freedom and entirely we leave it as the
mechanical degrees of freedom. So in the above equation is the only in terms of mechanical
displacement which can be solved using the conventional solution techniques, so using this
solution we can obtain the electrical field, once we know the mechanical through this equation.
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* For actuation |||u|||t'|u the voltages and hence the electric field
goes as input. That is, the second of the Equation (A) is not

l'l'llllil'l‘ll. Hence the m|||.|t'||m that |'t-||ui1'|'.~' wolution becomes

(M 05 + Ky [} = (F - M.ul‘.'lw.:: ={F }

* [fan '|I|}i1|.t|.\' value of {E.} s .\'lll‘l'i“l'll. the |:m|:|l-|n comes under
the category ol 0,!1.'ll~fmlp control. If the value of tE.} comes
from the sensor mput that is fed back to the controller, then the

control scheme is referred to as l'hl.\'t’d—hmp control,

So for actuation problem the voltages and hence the electric field goes as input for the actuator,
because we have to feed the electric field in order to actuate, so that is the second equation in A,
that is this equation is not required for the actuation problem. Hence, the equation becomes this
equation for actuation problem we have this one and this goes as an input here which is

equivalent load, and now we can actually perform the actuation.

If any arbitrary value of E is specified the problems comes under the category of open-loop
control, if the value of E comes from the sensor input and which is fed back into the controller,
then the control scheme is referred to as closed-loop, we can do both open-loop and closed-loop

from the finite element analysis, and this is how we do it for using the 2-dimensional problem.

So as we see here that this formulation are using the isoparametric is a level higher and more
sophisticated than the lumped approach we did. The lumped approach only gives as an
approximate value how this the piezoelectric material operates, because we make this

assumption that the sensor equation sensor law and the actuation constitutive law are uncoupled.

But in actual case what we have done in the second approach we do not use any such
assumptions, we take it as it is then we simplify the equation and then we can construct the plant
matrix or the output matrix which are used for control for especially for closed-loop control from

the finite element formulation.
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Numerical Examples
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Let us now do the numerical example, we will consider the same numerical example which we
solve using the exact equation and also using the lumped approach, and here we will see how
more information can be got especially for the actuation problem. So this is static problem where
the effect of mass is neglected, so we have to show this example we have model this structure
only along this plane exact plane using 300 2-D plane stress finite element, with a thickness t

here given here.

In the first problem, the voltage is increased from 50 volts to 200 volts, so when we actually do
that from 50 volts to 200 volts we that the deflection, we know that when we apply this load the
tip is going to reflect maximum in this direction, so there is no mechanical load here, so as we
increase the load we see that the deflection increases as we increase the voltage here. The other

one which we have said is for a given voltage how does this whole the theoretical tip deflection

vary.

So we have given in the form of the deflection shape of a beam and also the graph relating to the
voltage versus the tip deflection, so as the voltage increases we see that the tip deflection
increases.
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Some case studies- Sensing of cracks
INn a@a composite
Delamination in composites iz one of the crucial mode of damage
Delamination L"\i.\lt'llﬂ'd“}‘ behaves as a stable erack and can be
|'|1.|l acter i'/l'l] I:\ Strain Ener gy Rt'tt'.i.«: R.lll‘l \IRRI
The main n]:jm'li\'t- here is to understand the diztributed sensing
behavior of the piezoelectric sensor patches embedded in compozites

with growing delamination and subjected to static and dynamic loading

*Methods of computation of Strain Energy Release Rate (G)

* Drect Method ( Watwood, 1969)
Crack Closure Integral -~ Irwin)
Modified Crack Closure Integral (Rybacki, 1977 R
J-mtegral ( Contour mregration ) ( Rice, 1965)

Equivalent Domam Integral (EDE) ( Avea mtegration)

So now let us actually do some case studies using the formulated element, so here what we have
done here is to show how the piezoelectric material can be used as a sensor now, what we did is
the actuation problem we actually used to actually see how we can make the deflection 0, but
here how we can actually sense the presence of the crack, what happens when the piezoelectric

material is put on a cracked beam.

So here we have taken a composite beam where the crack is in the form of delamination,
composite is constructed as a laminate construction and due to excessive loading the laminate
can peel of causing delamination, so is it possible to actually determine the predict this
delamination well in advance that is the goal and for which can we used to this piezoelectric

material.

So here that delamination essentially behaves as a stable crack and can be characterized what is
known as in fracture mechanics called the strain energy release rate. The main objective here is
to understand the distributed sensing behaviour of the piezoelectric sensor patches embedded in
composites with growing delamination.

(Refer Slide Time: 44:16)
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So in the composites there are 3 modes of failures, whether it is in composite or metal, one is the
opening mode where the crack opens this is called the mode one crack. When the other one is
when mode shears due to shear loading which is put in other terms it shears, so that is called the
mode 2. One is the outer plane loading that is the tearing out one against the other which is called
the mode 3. And the crack is characterized by the basically the stress intensity factor.
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DCB model with embedded self-sensing PZT lavers
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+ All the fibers are wudwectional ( O degrees fiber onentation)
+ Delammation occurs along the mud-depth of the section
* Graplute-Epoxy and PZT-Plezoelectric sensors are used
* FE modelng : 340 nodes and 440 elements
+ Static © Mode-1 and Mode-I1
Drynanmie - Mode-1

Objective
+ To study the generated voltage on the sensor pateh to the approaclung crack tip stress fields
* The sensitivity m this case, can be defined as the ratio of EDI(J) and Equivalent
Voltage (Va) from a particular sensor patcle The generated sensitivity data can be nsed as
a calibrating parameter m SHM to detect the growimng damage just by measurmng the

voltage from the sensor group

So here what we have done is we have taken a cantilever beam with the central delamination
through with and we want to see what is the piezoelectric sensor response, that is what is the

voltage that is developed as the crack starts propagating and goes inwards. What would be the



sensor voltage that will be predicted in these 3 cracks, which is very useful to actually see

whether there is something going on?

So hence the object is used to study the generated voltage in the sensors to the approaching
cracked tip stress fields. And to study the sensitivity of this defined by the J integral, which is a
measure of the crack sensitivity or the stress intensity factor with the voltage generated by the
sensor patch. So this is basically used in structural health monitoring study, so here we have not
defined what it is, it is just a case study to make us understand how this can be used in the
sensing application.
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Sensing under mode-I static loading
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The distribution of - o slivad and belind the crack tip m
So if you before doing it if we model this with our formulated element and predict this stresses,
this is the basically the axial stress and we see that there is a very high stress is found in this
region which is basically a singular region where the stresses will be very high because the crack
is emanating from here.
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So we can actually predict the sigma x, sigma z which is the other stress that is there which is
also pretty high here, and the tau xy basically.
(Refer Slide Time: 46:41)
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So when we actually study the voltage here under the static load, so this is the length of the
delamination which is increased from 20 to 50, the 20 is very small is approaches 50 which is
very near to the top and the bottom sensor and also the sensor right across the crack tip. So we
see that the voltage increases as the delamination increases as the location from the surface node

okay.



And this is basically the voltages that is found and we will see that this is on the first sensor this
is the tip sensor, so we have 3 sensors here. So basically this is the crack here, the sensor here,
sensor here and sensor here. So this is on the top node there is a front sensor response, this is the
bottom sensor response and this is the response at the approach, you see there is a sudden peak of

the sensors.

So based on the increase in voltage the state of stress changing and based on this concert we can
basically say that the crack is there, which it is approaching fast, and that is possible that was
made possible only because we had the piezoelectric patch here. So this is very tremendous for
us for in terms of using this for the sensing application, this is one of the sensing application

there are many applications that we can actually construct using the piezoelectric material.

So here we clearly see there is an increased peak in the response in the sensor 3 and based on that
we can basically say that there is something happening, even here in the front sensor we see that
as the load is increased as the delamination is nears 50, there is a huge increasing the load, so this

is the sensitivity of the J integral.

So basically what we are saying is if you just measure the voltage and if we have this curve, we
can say how severe the crack is and what are is there any necessary repairs that we need to do to
avoid catastrophic failure, which is very very important from the structural health monitoring. So
this was done by using a load, which was in this direction.

(Refer Slide Time: 48:55)
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So now we do the same thing when the load is in this direction where we apply here, so this is
going to cause a shearing, so the shearing is basically the mode 2 load, so in the shearing load
here is the sensitivity of a response you see there is a tremendous increase in the voltage when
this is approaching very near the crack tip, so this is on this sensor here. So basically by

measuring this we will know that whether the approaching is it going to be catastrophic or not.

So we can actually generate a lot of this curve and correlate the fracture parameters with the
sensor voltage, this is basically the voltage distribution across the sensor surface for a vary
delamination length. So we see that it increases tremendously as the length of the delamination is
increased, so become basically we have shown that we can basically use this concert of sensing
using piezoelectric for structural health monitoring applications. We can again do this for variety
of other applications.

(Refer Slide Time: 50:04)
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So this is another way where the sensitivity is done for the patch when the upper portion of this
sensor here, and same thing is the voltage distribution this is the sensitivity, so we see how the
voltage, in most cases there is a linear variation in some cases where the level of stresses are very
high especially in this sensor we see a significant nonlinear variation. So basically what we are
trying to see here is how we can use piezoelectric material for the sensing application.

(Refer Slide Time: 50:40)
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This is another aspect of in the lower sensor, so we have done for this sensor, this sensor, this
sensor. You see there is a complete non-linearity especially for the mode 2 loading, how can the

voltage varies, so basically this change in voltage variation is a measure of the state of stress in



the happening in the laminate which can basically be used to actually make an opinion about
how severe the crack is, and that is basically a sensing problem.

(Refer Slide Time: 51:13)

Summary

* [n this lecture we covered the following:

I We introduced the piez electric material constitutive model and
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So let us summarize what we studied here, so in this lecture we covered the following, we
introduced the piezoelectric material constitutive model and discussed its effect on the FE
modeling. So basically the effect is coming in terms of additional coupling matrices because
additional energy that goes into the weak form of equation due to piezoelectric material coming

from the electrical field.

We developed 2 different finite element model. One based on beam modeling where the explicit
coupling between electrical and mechanical degree of freedom was ignored, so we basically
reduce the problem into a statically equivalent load lumped onto the beam model, and we studied

that as the actuation problem.

So in the second model we developed at 2-D 4 noded isoparametric plane stress model with
additional degree of freedom in the form of electrical field, and we also again studied the same
actuation problem that is giving a voltage and reducing the total deflection in the beam structure.

Then we introduced another case study of how this can be used as a sensing.



Where we actually related showed how this can be embedded into a composite and measure the
voltage because of the ensuing mechanical load and tell about the state of the structure especially
with regard to the presence of crack. So basically we can use the piezoelectric material as the

crack sensor for sensing application.

So essentially what we have covered in the entire finite element method is we basically said we
started basically on how the finite element modeling can be helped in the microsystem design,
then we covered the theoretical basics for finite elements and we basically said how a second
order system can be characterized, how many numerical methods can be characterized using

weighted residual method.

And how we can derive finite element method from the weighted residual method. Then we
actually established the theoretical basis of the entire finite element modeling for say using the
mechanical system as the example, this method is not related to mechanical alone it depends
upon the governing differential equation and the physics based on the governing equation and the

degree of freedom is physically based on what the physics modeling.

Suppose you are modelling a Maxwell’s equation instead of the displacement you would have
electric field and the magnetic field as basic unknowns, otherwise if you have the corresponding
forces would be the electrical displacement and the magnetic flux if you are modeling a thermal
problem then the temperature and the temperature flux will be the dependent and the first

variable.

So like that any physics of the problem we can actually use it, if we are solving a fluid problem
we need to idealize the whole Navier-Stokes equation in to finite element modelling, where
instead of displacement we will have velocities as the basic degree of freedom. So it depends

upon the physics what you are modeling.

So in microsystem we need the modelling of electromagnetics, electrical field, electrostatics
where Maxwell’s equation need to be modelled, wave equation for mechanical system, Navier-

Stokes equation for the basically the fluid system and the Fourier law for the thermal systems.



So it does not matter what the governing equation, the approach what we are derived is exactly
same only the dependent variable meaning is changing, so in short the finite element modeling
what we have developed can be exploited for all other domains which are prevalent in the smart

and microsystems, thank you.



