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Euler’s equations of motion

Hello everyone, welcome to the lecture again. Today, we are going to discuss the Euler's
equation of motion. These equations are very important to study the dynamics of the rigid
bodies. Now, to understand the Euler's equation of motion, we need the concept of rotating
frame and to understand that, let us consider a plane motion of a particle relative to a

rotating frame.
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Let us say | have a particle and this particle is moving in a plane. So, we have let us say
this particle P and its position vector is let us say 7 and let us say this X and Y, these are
fixed frame. So, we have X and Y — coordinate and we have another coordinate, let us
say it is denoted by x and y . And this frame is rotating with an angular velocity Q .




So, we have xy ; these are rotating frames with angular velocity Q . And both these
reference frames, they are centered at the same point, let us say O. then the angular velocity
of the particle, so let me say it is v,; this will be the v, = (7*) yy, okay? And if | want to
write down the velocity of particle p in the xy frame, then (") xy = ()4, + Q x 7. Now,
this is basically the vector sum of the velocities.

The second term comes from v = @ x 7. And now, let us say we want to write down the
velocity in the frame for which this point O is also moving. So, if point O is moving with
velocity, let us say v,. In that case, so the situation is following: we have some coordinate
system, let us call it X', Y', and then we have the fixed frame X, Y, and we have a frame
which is rotating with angular velocity Q and the velocity of point O is v,. So, in that case,
the velocity of point P can be written as v, = v, + (), + Qx7

Now, this result we wrote for the velocity, but actually they can be generalized for any
vector. So, let us say we want to find out the rate of change of any vector, let us say some
Q with respect to a rotating frame in three dimensions. So, remember earlier, we have the
velocity v in XY frame.
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So, this was nothing but (7*)xy. This was (7),,, the frame which is rotating plus Qx7.
Here, in three dimensions, we have a fixed frame X, Y and Z . Then we have the rotating
frame x, y, z, and let us say | have some @, this is some Q, and this x, y, z frame they



are rotating with angular velocity Q . So, let us say this point is O and about 00’, it is
rotating with an angular velocity .

Let me again mention that there are two frames of references, and both of them are centered
at the same point O. XYZ is the fixed frame, and xyz is the frame which rotates about 00’
with angular velocity Q. So, | can write down from this equation the rate of change of 5
with respect to the fixed frame. So, a fixed frame means XYZ . So, we have Q. So,
remember this equation: X,Y,Z will be (Q)xyz +Qx 6 which is 6 here. Now, let us
look at it by an example.
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So, let us say Q here is the angular momentum. So, again the same situation. We have a
rigid body and let us say at its Center of mass G, | have the XYZ frame and then I have a
x, yand z — axis and this axis is rotating with an angular velocity Q So, let us say it is
rotating about this axis and the angular velocity is Q . Then the angular momentum, so we
are interested in angular momentum.

So, letus say Q is the angular momentum, okay, L of the rigid body. And point O, so earlier
we have this point O, this point O is here either any fixed point or the centre of mass point
G. O is either any fixed point or the mass centre. So, in that case, note that this equation
we had (Q),,, = (@), + (0 x Q . Here Q is the angular momentum, so therefore, we
have (L), = (L), + @ x L. Let me again emphasize that here (L), is the rate of
change of angular momentum with respect to the frame XYZ which has fixed orientation.



So, this XYZ is not rotating it is fixed. Similarly, (L)xyz is the rate of change of angular
momentum with respect to rotating frame of reference xyz and what is Q ? Q Is the
angular velocity of the rotating frame xyz . Now, this is very important if the rotating frame
is attached to the rigid body, its angular velocity Q will be equal to the angular velocity w
of the body. So, if this is xyz earlier it has an angular velocity of . Now, | attach this
xyz with the rigid body. So, that when the rigid body rotates xyz also rotate in that case
this angular velocity Q . It will be equal to the angular velocity of the rigid body which is
equalto w .
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Now, keeping these concepts in mind, let us look at the Euler's equation of motion and let
us consider the equation of motion of the rigid body in three dimensions. So, we know the
governing equation. The governing equation are £F = ma, where this equation tells you
the motion of the center of mass of the body. And we have M = L.

And this moment can be calculated either about the center of mass G or any fixed-point O.
So, this is any fixed point. Similarly, this L can be the rate of change of angular momentum
about the mass center G or any fixed-point O. Here, this L, so let me call this as equation
number (1). Here, this L; or L, this is the angular momentum about the fixed frame XYZ .

And XM is the resultant moment or the torque of the external force acting on the rigid body
and L ; ., o is the rate of change of angular momentum about the mass center G. or any
fixed-point O. Now, from here, | can write down what is (L), in terms of xyz or the



—

rate of change of angular momentum about the rotating frame. So, (L), , = (L), + QX
L , where this Q is the angular velocity of a xyz frame.

So, here in we say that this xyz coordinate has an angular velocity Q . Now, | can plug this
in equation number (1). So, then I have IM = (L)xyz +Q x L. Now, I can write down
this equation component by component. For that, let us say that i, j, k, these are the unit
vector along x, y, z — axis . So, in that case M , let us look at this term, it will be ZM =
(Lyi+L,j + L,k) +Q x L. Now, let us find out the value of @ x L .
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So, 1 x L, itis a vector product. So, itwill be i, f, k, Q, Q,, Qj, Ly, Ly, L,, and this will
bei[QyL, — L,Q,] — j[Q,L, — LeQ,] + k[Q, L, — L,Q,]. And we can put this over here.
So, we have a XM equal to let us collect the component of 7 or the coefficient of i. So, we
have M = [L, — L,Q, + Q, L, |1+ [L, — L,Qy + L, Q, |f + [L, — L,Q, + L, Q. ]k . Let
us say this is equation number (3), and this is the momentum equation about the fixed-
point O or about the mass center G. So, let me mention it that this is the momentum
equation about a fixed-point O or about the mass center G. Now, let me mention it again
that we have this rigid body, on this rigid body, we have the mass center G and XYZ are
the fixed axis, and we have x, y, and z , which are rotating with an angular velocity Q .

Then these are the momentum equation. Now, let us say we apply these equations to the
rigid body wherein this xyz —axis, they are fixed, or they are attached to the rigid body.
In that case, when the body rotates with an angular velocity w , then the xyz — axis also



rotates with the same angular velocity w . So, we have the case wherein this rigid body is
rotating with angular velocity w .

Therefore, the x, y, and z — axes will also rotate with the same angular velocity w
because now they are attached to the rigid body. So, now let us apply this equation to a
rigid body. Where the xyz —axis are attached to the body. So, in that case, what will
happen? In that case, this Q that we had earlier, this will become w .

So, we have Q = w . And now, since x, y, z— axes are attached to the rigid body,
therefore, the moment and product of inertia will not vary with time. So, therefore, let us
look at equation number (3). Under this condition, we have ZM,.

So, let us look at the x component. This will be M, = L, — L,w, + L,w,. And M, =
Ly, — L,wy + Lyw,. And EM, = L, — Lyw, + L,w,. Let us call it equation number (4).
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Now, to rewrite these equations in the desired form, we need the relation between the
angular momentum and moment of inertia, and this is something that we discussed last
time that L = Iw wherein this I is the moment of inertia tensor. Therefore, component by
component, we can write down Ly, L,, L, equal to the moment of inertia
tensorw,, wy, w,. And this moment of inertia tensor is L.y, Iy, I,;, then —1I,,,, —1I,,, —
Ly, — Iy, — 1y, — 1, Now, we also saw that if we choose the x, y, and z —axis to be
the principle of inertia axis, then in that case, the product of inertia is 0. So, in that

case. Ly, Ly, L,, they become Iy, Iy, I,, and w,, w,, w,, and all the product of inertia,



they are 0 or | can write down L, = Iywy, L, = I,,w, and L, = I,,w,. Let us put this in
equation number (4) . Equation number (4) was M, = L, — L,w, + L,w, . So, L,
because we have fixed our axis with the body. So, therefore, the product of inertia and the
moment of inertia, they will not vary with time. Therefore, L, will be

So, I, is independent of time. So, we have this, and then &, — Lyw,, L, = I,,w, into w,
plus L, = I, w, into w,, or | can write down EM,, = I,y — (I, — I,;)wyw,. Similarly,
My = 1,6y — (I — L) w,wy, and EM, = 1,6, — (L — yy)a)xwy . These are the
Euler equation of motion.

And when we are using these equations, we must remember two things. Number
one x, y, z — axis , they are attached to the body and they coincide with the principal axis
of inertia at the fixed point or at the mass center G. So, with this, let me stop here. See you

in the next class. Thank you.



