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Lecture: 41

Direct central impact

Hello everyone, welcome to the lecture again.

# Tmpack 2 Collisien b/, H06 bodieg that occuns v a very Amadd mterveq -
we o
Ime &f Impad-+ X
— g . «u*’?’s\ﬂ o \"Nd\.& The Commen normsd +o +he AuM}‘u, O
mw ‘\ LN cu.m'nJ Haa mpqd- M called Ha ""V ,,,),“}.

op

mpact, Hhom e “"’k“* 8 dred mpad-
T3
/)
/
A 3
a7 Uy
= Oblgu centra) Tnpad™ I+ occuns Wheu Ha divechen o) mohen
&) one oy botta pathde g ak oM anie 4ot line o mpadk
AL - Tunedd wipad

= ) vy
i ,u:;xyﬂ'»w oniadnh

sujad

e WMA s e veloches of Hs koo panries ans clireded oy Haa i of
—_—
Va

Today, we are going to study impact, particularly the direct central impact. So, let me
define what is impact. Impact is basically the collision. So, it is the collision between two
bodies that occurs in a very small interval. And to study the impact, we have to define what
is the line of impact. So, let us say | have a body, let us say A which is moving in this
direction with a velocity v4, | have another body, let us say B, which is moving in this
direction with velocity vg, then the common normal to the surfaces in contact during the
impact is called the line of impact.

So, let us look at the common normal. So, here this is the common tangent and this one is
the common normal. So, therefore, this is the line of impact and this is the tangent to the



contacting surface. Let us look at what is direct central impact if the velocities of the two
particles are directed along the line of impact then the impact is direct impact. For instance,
let us say | have a particle A which is moving with velocity v,, and | have a particle B
which is moving with velocity vg, and they are moving along the line of the impact. So,
along this line and of course, for the impact v, has to be larger than vg, then this is the
direct central impact.

Over here also, it was the example of the direct central impact. Now, let us look at the
oblique central impact. So, here or it occurs when the direction of motion of one particle
or both particle is at an angle to the line of impact. For example, let us say | have a particle
A which is moving with velocity v, like that and | have a particle B which is moving with
velocity vg like this.

Then the common tangent will be this and the line of impact will be that. So, this is your
line of impact and this one is the tangent to the contacting surface. So, you can see here
that the direction of motion of the particles are at angle to the line of impact. Therefore,
this is oblique central impact.
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Now, let us analyze the direct central impact first. So, we are going to analyze the direct
central impact. So, let us say, again, as we are keep saying, we have a particle of mass m
A, Let us say this is A. It is moving with velocity v, along the line of impact. And we have
another particle B. Its mass is mg and it is moving with velocity vg.



And of course, for the impact, v, should be larger than vg. This is the case before the
impact. Okay. And after that, we have impact. So, this was particle A and that was particle
B. During the impact, both of them travel with some velocity.

Let us say that velocity is v,. And during this time, because this is the impact, there will
be impulse. So, first there is a deformation impulse and So, the body will deform and then
there will be restoration impulse. Let us say the overall time for the deformation impulse
and for the restoration impulse is t. So, from 0 to t, time, there is deformation, and then
from t, to t time, there is restoration. So, this is the case when the impact happens. So, this
is during impact and then after the impact, we have particle A and particle B. they travels
with a velocity v, prime and vg prime. This is the case after the impact.

And we want to find out what is the velocity after the impact. That means what is v, and
what is vg. So, since there are two unknown, we need two equations to solve this problem
completely. As | said, Let us say total time of contact or impact is t, and during this time,
the velocity of A and B is v,.

And the deformation time is t, and the restitution time is from ¢, to t. So, let us use the
impulse-momentum relation. So, this is something that we can use to find out what is the
momentum after the impact. So, impulse momentum relation, it tells that if the initial
momentum is P; and the impact is Fdt then the final moment will be P, or | can find out
what is the impact integral Fdt that is P, — P;. Now, let me define the coefficient of
restitution.

It is denoted by e, and this is the ratio of the restitution impulse divided by the deformation
impulse. So, we have a restitution impulse divided by the deformation impulse. Let us look
at the deformation impulse. So, the deformation is from 0 to t,. So, 0 to t,.

Let us say the deformation force is F,;. So, it is F;dt and the restitution is from ¢t to t.
E.dt. Here, F,; is the contact force during deformation and F, is the contact force during
restoration. Now, let us use the definition of e, let us call it equation number 1 for particle
A. So, for particle A, e will be, let us first look at this term 0 to t, . Fydt. F;dt Will
be P, — P;. So, P, will be the momentum after the deformation. So, P, will be m,v, minus
the P; which is the initial momentum. So m,v,. And the F.dt will be again P, — P,
wherein P, will be the momentum after the restoration has happened.

So, that is my v, minus the P;, which is the initial momentum before the restoration. So, it
is m,v,. From here, m, will get cancelled and we gete = v, — vy /(vy — v,4). Let us call



it equation number (a). Now, let us use the same definition for particle B. So, for particle
B, we have e equal to 0 to t,, F,dt.
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So, F,dt will be P, — P; and P, is the momentum after the deformation. So, that is mgv,
minus the initial momentum mg, it was travelling with velocity vz and here | have E.dt.
So, E.dt will be again P, — P,, and P, is the momentum. After the restoration has
happened, so that is mgvy — mgv,. S0, again, the mg will get cancelled, and we have e =

vg — Vo/ (Vo — VB).

Let us call it equation number (b). And remember our equation number (a) wase = (v, —
vo)/(vy — v,4). This was our equation number (a). Now, here, the unknown is v, because
that is something that we do not have access to. Therefore, we have to eliminate v,, and
we can eliminate v, from equation numbers A and B if we use the identity A. that if
suppose you have a quantity a which is b; /b, and the same quantity a is equal to let us
say c¢;/c,, then | can write down a as (b; + ¢;)/(b, + ¢3) or | can write down (b, —

1)/ (by — ¢3).

This we can prove very easy. So, let me just Prove this. So, from here, because a is equal

to b;/b, and the same a is equal to c;/c,. Therefore %z c1/cy, or | can write
2

down b;c, = c;b,.



Now, let us start with a. a Was ¢, /c,. We can multiply it by b, + c,. So, (¢1b, +
c,)/(cyb, + ¢;), and this | can write as (¢1b, + ¢1¢5)/(c2b, + 2) OF byc, + ¢4c,. Herein,
i have Used Cle = b1C2.

So, this divided by c,b, + c,. Now, c, will get cancelled, and you will have a equal
to (b + c¢1)/(b; + c3). So, therefore, let us use this identity. And therefore, e can be
written as, because e is this and e is that, therefore e will be (v, — vy — (vg — vo))/ (Vo —
v, — (vo — vg)). And this v, will get cancelled with that and this v, will get cancelled
with this.

So, we get rid of v,. We get e = (vy — v,)/(v4 — vg). And note that what was vy and v, ?
Well, the difference gives you the relative velocity of the separation. So, this is the relative
velocity of separation, and at the bottom, you have the relative velocity of the approach.

So, this is the velocity with which the particles are coming to each other. And vy — v, is
the velocity of the separation. Let us call it equation number 1. Now, we need one more
equation and for that we can use the fact that the contact forces are equal and opposite
during the impact. Therefore, the linear momentum of the system, so here system means
the system of two particles will be conserved. So, therefore, we have myv, + mpvg =
myv, + mgvg. Let us call it equation number 2. Now, we have two equations and two
unknown.

qLs A do My roibasad con moving at o spassd of OS5 h:/m o tha Ngt collides Gith 35 My
Con ab ekt Mte fho Coligen | A 35-My Can moved to tia Fight  at-a spesd of 03 We
Determnu  fha C,%‘M o) reshiuhon by, Ko oo cons -
e o e T

> — > O 03

= -5 M. o — =
[35 w] [ | z.mz 35 M
A B A g

_—
Comarvahim o Momatum
/ ’
Mpop + Mg U= MaYal £ MYy
HQexoy + © = KQOX Uy 435X 03

R ) e

e = vebhve vloddy offer wmpad  _ Uplup/
Tlhve velock) oo mpod Uy Ug

= 03 —(--023)
'S to = e é °




Therefore, the problem can be solved mathematically. Let us look at some of the examples
based on this concept. So, this is the first problem statement. A 20 million gram railroad
car moving at a speed of 0.5 m/s to the right collides with 35 million gram car at rest.
After the collision, the 35 million gram car moves to the right at a speed of 0.3 m/s
determine the coefficient of restitution between the two cars. Now, in this question, it is
given that the railroad car has a mass of 20 million gram. Let us call it A and it is moving
with 0.5 m/s to the right. Car B, its weight is 35 million gram.

It is at rest and after the collision, Let us say car A moves to the right with a velocity of v,
and it is given that car B moves to the right with a velocity of 0.3 m/s. Let us take this as
positive x direction. To find out v,, we can use the conservation of momentum of the
whole system. So, we have m,v, + mgvg, this is the momentum before the collision equal
to myv, + mgvg. So, my and v, is given 20 X 0.5 + vy is 0 equal to myv, + mgvg, and
this gives you v, = —0.025 m/s.

Therefore, we have to change the direction of the v;. Now, we can find out the coefficient
of restitution e which is equal to the relative velocity after impact divide by the relative
velocity before impact or we can write down (v — v,)/(v, — vg). So, this comes to be
(0.3 — 0.025)/(0.5 + 0) which comes out to be 0.65.
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Now, let us look at another problem statement. Question number two. Two cylinders move
along a road in a frictionless manner. Cylinder A has a mass of 10 kg and moves to the



right at a speed of 3 m/s has a mass of 5 kg and moves to the left at a speed of 2.5 m/s.
What is the speed of cylinder B after impact for a coefficient of restitution e equal to 0.8,
and it is also asked to find out what is the loss in kinetic energy.

So, here it is given that you have a cylinder of mass 10 kg, let us call it A, it is moving
with 3 m/s to the right, collides with 5 kg cylinder, let us call it B, which is moving at a
velocity of 2.5 m/s to the left. And after the collision, let us say cylinder A moves in this
direction and B moves also in the positive direction. And in the question statement, we
have been asked to find out. What is the speed of B and the energy loss, the kinetic energy
loss?

So, we can use the conservation of momentum for the whole system. (m v, + mpvg) =
myv, + mgvg. SO, my is 10 X 3 — 5 x 2.5 = 10v, + 5vg. We can rewrite thisas 17.5 =
10v, + 5vp.

Let us call it equation number 1 and now use the definition of the coefficient of
restitution e, which is the relative velocity after impact divided by the relative velocity
before impact. So, this is (v — v4)/(3 — 2.5). So, e isgiven, itis 0.8. So, therefore, 0.8 x
5.5 = vy — v, or we can write down 44 = —10v, + 10vy.

| just multiplied both side by 10. Now, we can Add 1 and 2, so we get 61.5 = 15vg. This
gives vy = 4.1m/s. And if we put this in equation number 2, then we get v, which
is0.3m/s.

Let us now look at the change in kinetic energy. So, Kinetic energy is %mvz. Therefore, the
change will be%mlvl2 +%m2v§ —%mlviz —%mzvgz. Let us put the values. So, we
have gx 10 x 32 +%>< 5 x 2.52 —%x 10 x 0.32 —%x 5x4.12 . And this gives
you 18.15 N.m. So, this is the change in Kinetic energy. With this let me stop here. See
you in the next class.

Thank you.



