MECHANICS
Prof. Anjani Kumar Tiwari
Department of Physics
Indian Institute of Technology, Roorkee
Lecture: 31

Coordinate systems: spherical coordinates

Hello everyone, welcome to the lecture again. In the last class, we discussed the velocity
and acceleration of a particle in Cartesian coordinate and planar polar coordinate system.
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Today, we are going to discuss the spherical coordinates. So, spherical coordinates, let us
say we have the x, y and z axis. Let us say there is a point P whose coordinate is let us say
r, 0 and ¢, where r is the distance of this point from the origin. 6 Is the angle that it makes
from the z-axis and ¢ is the angle that its projection on y-x plane makes with the x-axis.
So, this angle is ¢p. Now, let us write down the r, 8 and ¢. So, in terms of x, y and z and
these are called the transformation equation.

So, this is how we can transform from Cartesian coordinate to a spherical coordinate. So,
X is equal to, you can see the figure. So, x is the projection of r on the y-x plane. So, this is
rsin@ and then its projection along the x-axis. So, therefore, it will be cos¢.



Similarly, y will be rsin@sin¢g and z will be rcos 6. Now, vector r, | can write down as
xi + yj + zk and now since i know what is X, y and z, so therefore, r vector can be written
asr = sinfcos¢i + sinbsingj + cosOk. Now, let us calculated?/dr. This should be a
unit vector in the r direction because in Cartesian coordinate also, you note that dr/dx was
i, dr/dy was j and dr/dz was unit vector along z direction that is k.

So, d7/dr will be sinfcos¢i + sinfsingj + cos8k and d7/dr, its modulus should be 1.
Let us see that. It isy/sin26cos2¢ + sin2@sin2¢ + cos26. Now, from here, you can take
sin?6 common, then it will be cos?¢ + sin’¢, that will be 1, and then you will
get sin?0 + cos?6, that will be 1. Therefore, this is also 1, and therefore, this is our A,
and # is 1. This. It is sinfcos¢i + sinfsingj + cosok.
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Now, let us calculate 6r/86. That should give you a unit vector in 6 direction. So, our
vector r is this which is rsinfcos¢i + rsin@singj + rcos6k. So, we are interested in
finding out é6r/66 that should give you the unit vector in 6 direction. So, it
is rcos@cosi + rcosfsingj — rsinfk . | can take r as a common factor. So, it is
cosOcosi + cosOsingj — sinfk and you can see that 6r/86 its modulus comes out to
ber.

So, again you can do a square root this square plus that square plus that square and then
you have r? that comes out to be r. Let us call this as h,. Scale factor along 8 direction.
Therefore, our unit vector 8 should be this quantity which is cosfcos¢i + cosfsingj —



sinfk . Now, let us find out §7#/8¢. This would give you a unit vector along the ¢
direction. So, again let us use this and differentiate it with respect to ¢.

We have—rsinfsingi + rsinfcos¢j. | can take rsinf as a common vector, then we get
—sing1i + cos¢j and you can see that 6r/5¢ mode is rsin. So, therefore, this is our h
and whatever is left is the unit vector along the ¢ direction. So, ¢ is—singi + cos¢;.
Now, we can write down the infinitesimal displacement vector dr in terms of h, h,h; and
u; U, Uz because in spherical coordinate system, these are our u,u, and u;.

Therefore, the infinitesimal displacement dr is will be h,du,u; + hydu,u; + hydusis
and h, is 1 du, is dr and 7 plus h, is ru, is 6 so this is d68 plus h; is rsin6 and u; is
¢, so dp¢. Therefore, the infinitesimal displacement vector in spherical coordinate
becomes dr# + rd88 + rsinfdde. Now, let us look at the differential area element.

This is hydu, and h,du, and its direction is in the us direction. So, it becomes 1dr
and rd#. So, this becomes rdrdf. Now, let us look at differential volume.

So, we know that it is hq, h,, hs, duy, du,, dus and this becomes 1rrsinfdrdfddg. So, this
becomes r2sin8drdfd¢. Now, we are going to find out the expression for the velocity
and acceleration in a spherical coordinate system. But as you know that as the particle
moves, then the unit vector along the 6 and ¢ direction are going to change.
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Therefore, we have to find out how #8 and ¢ changes with time. So, let us calculate what
is d7/dt. This will be d/dt and . The expression for 7, we already know. It is this.



So, it is sinfcos¢i + sinfsingj + cosOk. Now, i, j and k, they do not change with time.
Therefore, we can take them outside. So, it will be (—sinfsing¢ + cospcos0)i +
(sinfcospd + singcosdf)j + (—sind)k and let us collect the term of 6.

So, it will be é(cosq’)cosﬁi + singcosOj — sinHlAc) + ¢(— sinBsingi + sinfcosepy) .
Now, this term in the bracket is nothing but 8 you can see here and we have ¢ . I can take
sin® as a common factor and then whatever is left is ¢. So, we have ¢.

Therefore, + becomes 68 + ¢sinf¢. Let us call it equation number A and let us now
calculate what is §8/5t. So, this will be % 6 and this is the 8. So, it becomes cos¢coshi +
singcosOj — sinfk and it will be (—cos@sinqqu — cosd)sin@é)i + (cosBcospd —
singsin8)j" — coshOk .

And now, | can collect the coefficient of 8 and ¢. So, the coefficient of 6 will
be(—sinfcos¢i — sinBsingj — cosdk) + ¢(—sinpcosdi + cosbjcospj)). Therefore, 9
becomes, so this quantity over here is nothing but—#. So, you can see this. So, therefore, |
can write it down as minus 87 and here | can take cos@ as a common factor and then
whatever is left is ¢.

So, it becomes ¢pcos8¢p. Let us call it equation number P. Now, let us calculate d¢ /dt and
it is d/dt. The value of ¢ was—singi + cospj. Therefore, this becomes—cos¢ppi —
sing¢j. And | can take ¢ or —¢ as a common factor.

So, this becomes cos¢i + singj. And | will show you in a second thatcos¢i + singj =
sin7 + cos88 . Therefore, this becomes —¢sind# + cosfd . Therefore, ¢
becomes—¢sindr# — pcos6o.

Let us call it equation number C. Now, let us come back to this identity. For that, let us
look at the right hand side. The right hand side, | can write down as sin6 and the value of
# 1 know # was sinfcos¢i + sinfsingj + cosok.

So, we are solving this side plus cos@ and 8 was cosfcos¢i + cosOsingj — sinfk. Now,
this sinf get cancel with that cos@ because there is this sinf and cos@ multiplication.
Therefore, we geti(sin?Ocos¢ + cos?Ocosd) + j(sin®Osing + cos?Osing). And this
becomes this because you can take cos¢ as a common factor. So, it is sin?6 + cos?8,
which is 1.

So, it becomes i cos¢ plus here also you can take sing as a common factor. So, it
becomes sin?8 + cos26, which is again 1. So, we get jsing.
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So, now we have find out the time derivative of the unit vectors along r direction,
6 direction and ¢ direction which we are going to use to find out the velocity and
acceleration in spherical polar coordinates. So, let us first look at the velocity.

V is d7/dt. This is d/dt, 7 is r, # and this | can differentiate. So, this becomes 7# +
rdr/dt. So, this | can write down as 7# + r. Now, d7/dt i have already calculated from
equation number a. So, let us use that.

So, we have 80 + ¢sinf¢. This is from equation number (a), okay? So, this becomes 7# +
68 + rsinf¢d¢. This is the velocity in spherical polar coordinates. So, as you can see,
this is the velocity along 7.

So, this is radial velocity. This is the velocity along 8 direction and this is the velocity
along the ¢ direction. Now, let us calculate the acceleration. So, the acceleration is #. # is
equal to, so let me take this equation. Let us call it equation number (A) and find out its
derivative. So, this is first function. This is second function. So, its derivative is first
function as it is derivative of the second one and then second function as it is the derivative
of the first one and similarly for the second and third term.

So, we have plus 788 + 8rd + 67 plus we have this term now. So, it is rsinf¢é + ¢ +
PPrcosdf + 7sinf. Now, let us put the value of #8 and ¢ from equation number a, b and
c. So, we have 7 = 7.



The value of #is 08 + ¢sinfG + 7# plus, now let us put the value of 8, so we have
00 is—07 + ¢cosOP plus we have 8rd + 67, plus we have rsind, so rsind, and we
have ¢, so let us put that ¢ also outside, ¢ and the value of ¢ isminus ¢sind# — ¢pcos6f
plus we have this term. So, it is rsinf¢a¢ plus the last term ¢pprcosdo + 7-siné.

Now, we can collect the coefficient of #8 and ¢. So, we have # = #. Its coefficient from
this equation is # —rf2% — rsin0¢? . Plus the coefficient of @ is 2r,d + 16 —
rsinfcos¢p@?. Plus the coefficient of ¢ is 27¢sind + 27phcosd + rsinf¢ and this is
our master equation to calculate the acceleration. So, here the first terms gives you the
acceleration along the 7 direction. This gives you the acceleration along the 8 direction and
this term will give you the acceleration along the ¢ direction. With this, let me stop here.

See you in the next class. Thank you.



