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Lecture - 04
Differential Transformation

Hello viewers, in this lecture we will see the velocity of a point in a coordinate frame and
the velocity of a coordinate frame with respect to another coordinate frame using
Differential Transformation.
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Differential Transformation

+  Let T denote the position and orientation of a frame M with respect to fixed frame
F. Let T + AT denote the new position and orientation of M after undergoing a
rotation about a _ve/chk\by anangle A and a translation (Ax, Ay, Az) w.rt F. Then

T+ AT = Trans(Ax, Ay, Az) Rot(k,A6).T
From above we can get the following:
AT = (Trans(Ax, Ay, Az) Rot(k, 860) - 1).T

e
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Let T denote the position and orientation of a frame M with respect to fixed frame F. Let
T + AT denote the new position and orientation of M after undergoing a rotation about a
vector k by an angle A@ and a translation (Ax, Ay, Az) w.r.t F. Then

T + AT = Trans(Ax, Ay, Az) Rot(k,A6).T
From above we can get the following:
AT = (Trans(Ax,Ay,Az) Rot(k,A8) —I).T
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Differential Transformation

« Nowletthe T+AT be obtained by translation and a rotation aboutt" by an angle ¢
w.rt Mitself (i.e. current frame) Then

T+AT = 'l\'l‘rans!A;,Az’,A;) Rot!kj A()T )
AT =T.(Trans(Ax, Ay, Az) Rot(K,46) - 1)

TP
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Now, in the similar manner we can obtain the same position T + AT by making a

translation along the x y z direction of the M frame itself the current frame and rotation by

an angle AGT with respect to a unit vector k.

Now let the T + AT be obtained by translation and a rotation about by an angle AGT
w.r.t M itself (i.e. current frame) Then:

T + AT = T.Trans(AxT,AyT,AzT) Rot(kT,A8T)
AT =T.(Trans(AxT,AyT,AzT) Rot(kT,A0T) —1)
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Differential Transformation

The 4 x 4 matrix (Trans(dx, Ay, Az) Rot(k,A0) — 1) is called differential
transformation w.r.t. frame F denoted by
D = Trans(Ax, Ay, Az) Rot(k,A6) - | ol
And thus, change in position and orientation of T is given by
AT=DT
At Tl
Similarly

Ar=T7
Where "D is given by Trans(Ax”,Ay",A2") Rot(k,467) - |

-~

The 4 x 4 matrix (Trans(Ax,Ay,Az) Rot(k,AB8) —1) is called differential

transformation w.r.t. frame F denoted by
D = Trans(Ax, Ay, Az) Rot(k,AB) — 1
Thus, change in position and orientation of T is given by
AT =DT
Similarly
AT=TTD

Where "D is given by Trans(AxT, AyT,Az") Rot(kT,A8T) —1
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Differential Transformation  ~

Let

Trans(d) =

denotes small translationw.rt.Fand ~ ——
kykywlAd) +cosB0  kyk,v(A0) -k, sinA6  k,k,v(A0) - kysindf 0
kykyv(80) =k, sind0  kyk,v(80) + cosdl  k k,v(40) -k sind8 0
kokyv(B0) = kysind0  k k,v(40) - k,sind0  k,k,v(A0) +cosdf 0
0 0 0 1

Rot (k,40) =

denotes rotation about a vector k by an angle 40 where v(48 )=1-cos(AB)

So, the translation matrix is given by:

1 0 0 Ax

o 1 0 ay
Trans(d) = 0 0 1 Ax
0O 0 0 O

and the rotation matrix about a unit vector k by an angle delta theta is given by:

Rot(k,A8) =

[ kyk,v(AB) + cosAO  kyk,v(AB) — k,sinAb  k,k,v(AB) — k, sin AO 0]

| kyk,v(A60) — k,sinAf  kyk,v(AB) + cosAO  k,k,v(A6) — k,sinAf O]

{kzkxv(AH) —kysinA8  kyk,v(A0) — kysinA8  k,k,v(A6) + cos A 0J|
0 0 0 1

denotes rotation about a vector k by an angle A0 where v(A0 )=1-cos(A0 ), where k,, k,, k,

are component of the unit vector. So, the meaning is kz + k; + kZ = 1.

Here, we are dealing with a small translation and rotation so; that means, the values Ax,

Ay, Az and A0 are very small values.
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Differential Transformation

If A6 is very small
sin A6 - A6

——

cosdf = 1
Rl X

v
246/~ 0
Hence for small values of angle we get

1 -k,00 ka8 0
k08 1 ko6 0
-k kA9 10

Rot(k,A6) =

If AG is very small
sin A@ — A6
cosAf - 1
vAG - 0
Hence, for small values of angle we get

1 —k, 00 kyA8 O
k00 1 —k,A8 0

Rot(k,A6) = | "2 x
—k,A8 kA0 10

1

0 0 0
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Differential Transformation

100 &) 1 —kD0 kA6 01 110 0 0
p=[0 1 0 &y kao 1 ka8 o_lo 10 0‘
0 0 1 Azf|-ky80 ka6 1 0] [0 010
000 0 0 0 0 11001
So
0 k00 ky00
_| ka0 0 =kea0 qum)

~ky80 k00 0 Bz
0 0 0 0 T

1OOAx —k,A0  k,A0 O 1 0 0 0
D=o1o kAH 1 ~k,A8 0Of |0 1 0 O
0 0 1 —kAe kAe 1 0 0 010
0 00 0 0 1 0 0 0 1
So
0 —k,00  ky,AO  Ax
k,AB 0 —k,A8 Ay
D=|"z xBY BT A
—k,A0 kA0 0 Az (4)

0 0 0 0
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Differential Motion

+  The differential motions of a frame can be divided into the following: 1.Differential Translations
2.Differential Rotations 3.Differential Transformations

+ The Differential Operator is a way to account for “small Motions” (DT)
+ It can be used to study movement of the End Frame over a short time intervals (At)

K
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When it comes to the robotics, we can make use of this differential transformation because
in a robot manipulator, there will be a end effector coordinate frame and the base
coordinate frame it is a fixed frame and this will be like a moving frame. So, for a small
time interval when the end effector frame makes a small rotation and translation, we can
make use of the relation like this small translation rotation matrix with respect to M itself
end effector itself or with respect to the base. So, both the things can be calculated and the

relation can be found out using the following.
The differential motions of a frame can be divided into the following:

1. Differential Translations
2. Differential Rotations
3. Differential Transformations
The Differential Operator is a way to account for “small Motions” (D T).It can be used

to study movement of the End Frame over short time intervals (At)
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Fundamental Rotation Approximation

po*
— P
3
U Y oy
. Rot(x.a9,)=|0 cos(88) -sin(ad,) 0 ¢ -~
0 singa6,)  cos(aB) 0 PP
0 0 0 1 -
If AB is very small
10 0 o0 1048 0 1 -4, 0 0
0 1 -86, 0 B R T P & 1 00
m,,(x,ﬂa,)z-,u 0 1 D,R’"[V‘M"}“I—My 8 1 "l_nm(ﬂ,na,}z 0, 10‘
00 0 I 00 0 1 ¢ 0 01
[
—_—

Now, another way of calculating the rotation matrix is, using the fundamental rotation

matrices given by:

10 0 0
_ |10 cos(AB,) -—sin(AB,) O
ROt(XIAHX)_ 0 Sin(Aex) COS(Aex) 0
0 0 0 1
If AG is very small

1 0 0 0

_|o 1 -AG, O

ROt(X,AHx)"’ 0 Aex 1 0

0 0 0 1

1 0 A6, O

o 1 0 0

ROt(Y;Aey)~ -8, 0 1 0

o o0 o 1

1 =08, 0 0

a6, 1 0 0

ROt(Z, Aez) ~ 0 Aex 1 0

o 0 0 1
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Multiplying the Rotation Matrices, we get a general rotation matrix as

Rot(X,48,) Rot(Y, 46,) Rot(Z, A9,) [:
—
[

1 -88, A6, 0

Gen_Rot = 86, 1 48, 0

v

-89, 86, 1 0

0 0 01

[

]

c

Note: we have neglected higher order product terms o
=5

1 06, 08, A

M, 1 -8, byl .

-08, 86, 1 &
0 0 0 |
b Ju(“u | co b ~ Lﬂz
e n 0T

Gen_Movement =

Multiplying the Rotation Matrices, we get a general rotation matrix as:

Rot(X,A8,) Rot(Y,A8,) Rot(Z,AB,)

1 —-A6, A6, O
_ | A6, 1 —-Af, O
CenROL=1_np, a6, 1 0
0 0 0 1
1 —-A8, A6, Ax
Gen_Movement ~ A0, 1 —A6, Ay

—A6, A6, 1 Az
0 0 0o 1



(Refer Slide Time: 14:48)

Substituting the matrices, we get:

1 -86, 86, O
86, 1 =46, by
00, 86, 1 Az

0 0 0 1

T+AT = T

e

Solving for the differential motion (AT)

1 -06, 86, Ax

a8, 1 -8, ay|. .

Tx| R
OT>l s 8, 1 &
0 0 0 1
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Now, if we substitute for the T + AT this is the new position of the M frame. As we have
calculated in the beginning, T is a initial position and T + AT is the new position after a

small change. So, here also we do the same thing the small rotation is given by:

1 —A§, A6, Ax
A, 1 —n6, Ay| .
—A6, A6, 1 Az|
0 0 0o 1

1 —Ad, A6, Ax
A6, 1 —A6, Ay
T—T
—A6, A6, 1 Az
0 0 0o 1
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Further Simplifying:

We wil call this /'

matrix the del
operator;

Comparing D from equations (A) and (B), we get:

kA6 = 26, vk ¢
kyﬂuﬁ:ﬂf)),] =) L* i Q}w
‘o

k,08 = A6,

0 —A6, A, Ax
A8 0 —Af, Ay
AT ~ | V2 x T=DT.owun..(B
—AB, 06, O Az (B)
0 0 0 0

. So, if you compare equations A and B we get :

kA8 = A8,
k, A0 = A6,
k,A8 = A6,

So, the meaning is when we make a here when we make a rotation by an angle A6 about
the vector k unit vector k, the same thing same effect is obtained by rotating about the x y
z axis by this angles. So, the relation between A8 and A8, A8, A6, and the components of
K: ky, ky, k;. SO:

ki+ ky+ k=1

So, knowing these values, the rotation about x y z we can calculate the component of the

k vector as well as how much angle we have rotated about the k vector can be calculated.
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46, A0y Ax

e il 0 =& & 4,
Ad —= A8, by ¢
n ] =% ) 0 =4 d,
L': % = o 0 at o). T= ‘; 5 Uj l"‘
” a0y a0, Az =0y Oy a;
Al S~ 0 0.0 0
0 0 0 0

e ——

The above equation represents the velocity of frame T,

——————
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So, now we come to the main formula which represent the velocity of a frame.

AB, A6, Ax)
At At At [0 -6, 6,
. AT AB, 0 _ A6, Ay | &, 0 =6
(lim_(At - 0)) =1 At At AtlT= l—5, & 0
At At At
0 0 0 0

Here, linear velocity is we denote by d,, d,,, d,.

Similarly, rotational velocity angular velocity about X y z are denoted by &, §,, §,. So, the

velocity of a frame is given by the coordinate homogeneous transformation T and in the
left side we have to multiply by the velocity along the x y z direction and the rotation about

the x y z direction angular velocity and the linear velocity matrix. So, this is a very

important formula which represent the velocity of a coordinate frame T.
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Velocity of a Frame

*  LetF be afixed frame and M be a moving frame. Let *Ty,= T . If the frame M has
translational velocities d ,, d_,, d, and rotational velocities d,, 4y, 0, about x,y,2 axes of F,

then: = S —
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So, now so, this is the velocity of which have seen just now. If you are taking the

velocity d,, d,, d,. and &, 6,5, with respect to a frame F. Therefore, these velocities,

which we mentioned here, are the velocity with respect to the x y z axis of the fixed frame.

So, that means, d, for example, means the frame M moves d,, distance in unit time along

the x direction of the F frame.

So, like that d,,d,,d,. represent the movement along the x y z direction of the F frame

only and similarly the rotation with respect to the F frame. So, we have to multiply in the

left side by this matrix to get the velocity of the frame.



(Refer Slide Time: 21:24)

Velocity of a Point

—e,

* LetF be a coordinate frame and P, a point in F. If P has translational velocities d,, d, d,
along x, y and z directions and rotational velocities d,d,, 8, about the x, y and z axes of F,
then the velocity of P in F is given by:

X
y‘
V4
1

ey [0 =6, 8, d,

vl |8, 0o -8 d,

i|-8, & 0 d,
0 0

1 0 0
p ~a

F
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Now, velocity of a point. If you have a point in a fixed frame and it is moving with linear
velocity d,,d,,d,. and angular velocity &,,6,,5,. we just multiply the point x y z by
the matrix here that gives x,y, z. denotes velocity of the point instantaneous velocity of

the point given by:

X [ 0 _62 6y dx] X
y :| 62 0 _6x dyl y
2|75, 5 o 4| |z
il Ly o o ollt
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¢

Differential Transformation %
b

*  Previous equation gives the derivative of T w.r.t time t when the entriesin the
matrix representing small translation and rotation are replaced by translational
and rotational velocities w.rt the frame F.

+ LetfX and X denote a point X in F and M frames respectively. Then we know that
fX = TMX where T is the homogeneous transformation matrix relating M w.rt. F.

Then
0 -6, & d,
afx . d" dr. " lg 0 S5 4w,
— =T — =My =T— 4| ] L
dt dt_ dt e 1-9, 6, d,
fo.5, UxlorW)lo 0 o0 o
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Now, if you combine both if you have a coordinate frame fixed frame and another frame
is the moving frame and there is a point p in the moving frame. So, if the point p is moving
with respect to the moving th M frame itself let us say it is moving in this frame and the
M frame itself is moving with respect to the F frame then how to find the velocity of the

point p with respect to the F frame.
Let "X and MX denote a point X in F and M frames respectively. Then we know that

FX =T MX where T is the homogeneous transformation matrix relating M w.r.t. F.

Then
0 -5, & dy
dfx dMx dT dMx —
=T +—MX=T—+I 0z 0 Ox dyl.TMX
dt dt ' dt at " |-s, & 0 d,
0 0 0 OJ

So, this a very useful relation to find the velocity of a point with respect to the fixed frame.
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Example

Let the coordinate of 0, w.rt F be (2, 1, 3) and x, axis is parallel to y-axis, y, is parallel to
negative x-axis and z, is parallel to z- axis of F. Let the M-frame moves with a rotational
velocity 0.004 rad/sec about y-axis of F and a translational velocity 0.1 cm/sec along the 2-
axis of F. Let P be a point in M with coordinates (1, 2, 1) w.r.t M. Let P moves with a
translation velocity of 0.2 cm/sec along z,-direction of M and a rotational velocity of 0.05
rad/sec about x;-axis of M. Then find the velocity of P as viewed from F, e

f—’_"-’- »l

A
74

| A

7.0 €,
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So, in this example it is given that:

Let the coordinate of 0, w.r.t F be (2, 1, 3) and x, axis is parallel to y-axis, y; is parallel
to negative x-axis and z; is parallel to z- axis of F. Let the M-frame moves with a rotational
velocity 0.004 rad/sec about y-axis of F and a translational velocity 0.1 cm/sec along the
z-axis of F. Let P be a point in M with coordinates (1, 2, 1) w.r.t M. Let P moves with a
translation velocity of 0.2 cm/sec along z,-direction of M and a rotational velocity of 0.05

rad/sec about x,-axis of M. Then find the velocity of P as viewed from F.

Solution:
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Solution
0 -10 2 . »
- 10 01 afp_dMp dr
F =F M(p] = M : §F @y
[P) =" TyM[P] 00 13 |P] therefore = T T +dt p
00 01 e
0 0 0 01 Mm[x
P o o -005 of |y
de [0 005 0 02 |z
0 0 0 0 1

0 -1 0 2 . .
1 0 0 1 dMp dT
FIP] =F TyM[P] = 0 0 1 3 MIP] therefore 7 =T - EMP
0 0 0 1
y 0 0 01Mx
d"P _lo 0 —005 0 y
dt [0 005 o0 02| |z
0 0 0 0 1

0 0 0004 O
dl 0 0 0 0
dr | —0.004 0 0 0.1
0 0 0 0
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Solution

) iy
Therefore, the velocity of the point P at (1,2,1) :T is:

¢ x] [0 -1 0 ZJ[0 0 0 0] M1 0 0 0004 0]f[0 -1 0 2] M
i Y|l 010 0o =005 0 2z + 0 ] ofjr o 01 |2
dejzl (00 1 30 005 0 02 If [=0004 0 0 01ff0 0 1 3 [

1 0 0 0 10 0 0 1 0 0o ol o 01 1




F
Therefore, the velocity of the point P at (1,2,1) dd—tP Is:

x7 [0 =1 0 2][0 0 0 0 1
ilylzll 0 0 1“0 0 —005 0 2|,
aclz[ "o 0o 1 3|lo0 005 0o 02 |1
t lo o o 1llo o 0 0 1
0 0 0004 O][0 -1 0 2] [1
o o0 o0 of|t o o 1| |2
—0004 0 0 o01|fo o 1 3] |1
o o o ollo o o 1l I1
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Example

The three vertices of a triangle ABC rotated about the y-axis with angular velocity 0.03rad/sec.
Find the coordinates of the vertices as functions of T, Assume that x at time t=0 the vertices are
A210),8(130)andC(1,20).

NPIEL ONUINE
' 1 R0ORKIE CUTACATION COURSE

So, similarly we can also see this example:

The three vertices of a triangle ABC rotated about the y-axis with angular velocity 0.03rad/sec.
Find the coordinates of the vertices as functions of t. Assume that x at time t=0 the vertices are

A(2,1,0), B(1.1.0) and C(1,2,0).

So, we are asked to find the position assuming that this thing, we want to find the position

of the vertices at a given time t any another time t.
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Solution Y
y) )
74 k- 0 Iy
z u}?
'?‘ ¢ ODXL]
K170 0003 0] i \,.\
: — (\,l S
; — R EURCNOR | ”® X
ny point (x, y, 1 2
or any point (x, y, 2) ) 0030 0 0f:
(oJj Lo 0 o ojt]
212003, {=0 !=-003x. Applying it for the vertex A, X, =003, 1 =0, % =~003y
with initial condition 1,(0) = 2,1,(0) = 1,5(0) =0
2320035 2003 x ¢ ,(0)=2 %,00)=0 = x,(r) = 2c080.03). Simiarly others are
1 = 1
formed. P
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Solution:

i 0 0 003 0| x
F int EF y 0 00Oy
or any point (x, y, z) =T o003 0 oll - |
0 0 0 01
=>1 =003z, =0, z=-0.03x. Applying it for the vertex A, xX; =003, ¥y =0, Z; =-003xy

with initial condition 5 (0) =2, 13(0) =1 7(0) =0

=i, =0.035 =—(U.03}1.x1 (=2 %(0=0 = x()=2cos(0.03). similarly others are

formed.

So, in this lecture we have seen the formula for the velocity of a point in a coordinate frame
and the velocity of a coordinate frame with respect to another coordinate frame and how
to utilize the formulas the standard formula for computing the position and orientation of
a point at each instant of time as it is moving using this formulas. So, in the next lecture

we will see further related results about the differential transformation.

Thank you.



