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Lecture — 02
Coordinate Frames and Homogeneous Transformations — |

Hello viewers, welcome this lecture on Coordinate Frames. In this lecture, we shall see the
how the position and orientation of a coordinate frame with respect to another coordinate

frame can be expressed in the form of a matrix.

So, this concept is very important in robotics because it is very essential to know the
position and orientation of a robot with respect to its environment or with respect to various
object associated with it to perform a particular task. So, first before going into those
details about robotics we will concentrate on coordinate frames. So, first let us introduce

some hasic notations and definitions.
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Three Dimensional Space

Three dimensional space R*is defined as
RU={(eya)lnyzeR (1)
Any paint P in R* is denoted by (x, y, z) using three real numbers x, y, and z, where (x, y,z) are
called the co-ordinate of point P. The point (0, 0,0)is called the origin and denoted O, The
directed line segment OP is called a vector ' = OF. The directed line segments from the point O
to the points (1,0,0), (0,1,0) and (0,0,1) are denoted by i',;" and k respectively, which are
called standard basis vector. It can be easily seen that the vector 1 can be represented as (pa)

equation (2)
Fexi+y+ik (2)
+  The magnitude of " is length of the vector is given by equation
|—'|=\J'x‘+y‘+:¢-’ (3) :
r o ‘J’
. , ov = X "
[ = 1, then r"is called unit vector. "r':.'._'l’q. .
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S0, Three dimensional space R®is defined as

R®={(x,y,2)}|x,y,z€R (1)

And, we can interpret this as if you draw a perpendicular to the x, y plane it meets the x, y

plane at M and if you draw perpendicular to the x axis from M it let us say it meet at L and



if you draw perpendicular to y axis it meets at N. So, we can say that the OL is x, ON is y
and PM is z. So, any point P is represented by a coordinate X, y, z with respect to this

particular frame.

Any point P in R3 is denoted by (x,y,z) using three real numbers x, y, and z, where

(x, v, z) are called the co-ordinate of point P. The point (0, 0, 0)is called the origin and

denoted O. The directed line segment OP is called a vector = OP. The directed line

segments from the point O to the points (1,0,0), (0,1,0) and (0,0,1) are denoted by
’, fandf respectively, which are called standard basis vector. It can be easily seen

that the vector r can be represented as equation (2)
T =xl +y]+zk (2)

The magnitude of ris length of the vector is given by equation

|2 = VaZ ez 3

|r| = 1, then r is called unit vector.
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Dot and Cross Product

¢ If A (xy,1,2y) and B (x,,y,,2,) are two pointsand @’ = 0A and b=
OB are the position vectors then the dot product and the cross product of
the vectors is defined in equation (4) and (5) respectively.

© @b = IE'I|F| Cost = x; X, + Y1, + 242 4)

- [ 4k
© axbs= [l' . I'l= 022 =y, )i+ (42, = X2, )j + (1Y, =

n
x,y; )k = |@||b[Sind 7 Zx_ (5)

-

where fi is the unit vector L to the vectors @ and b .
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So, now let us see meaning of dot product and cross product.

If A (xy,v1,2,) and B (xy,y,,2,) are two points and @ = OA and b = OB are the
position vectors then the dot product and the cross product of the vectors is defined in

equation (4) and (5) respectively.

a-b = |E)||F| €080 = x1X, + V1Y, + 712, (4)
aXxXb=|xy ¥ 21]
X2 Y2 2y
= (122 = Y221 )i+ (0125 — %321 )] + (1Y, — %291 )k
= |a||p|sin6 7 (5)

where 7 is the unit vector L to the vectors @ and b .

So, here angle 6 represent the angle between the two vectors.

. So, it also says that if we take |a| then |a|. cos 8 is the projection of the vector on the

.b and |7| is the length of the vector. So, the product of the two is the dot product between

these two.



We can also observe that if |Z7| is 1, then a dot b gives the projection of the vector a on the
unit vector b. The cross product a cross b is expressed or defined by the determinant as
given in this expression. So, when we ex when we expand this determinant we will get the

i componentisy 1z 2 minusy 2z 1 plus j component k component as given here.
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Dot and Cross Product

+ Two vectors are called orthonormal (perpendicular) if a’ - b =0

The standard basic vectors T.jﬂund k form the right handed system because if the fingers
of the right hand curl from first vector to second then the third vector points in the direction

of the thumb. Instead of l} and k we can consider any three mutually L unit vectors
2

fi\f, and f; toform a right handed system F, then # ‘Sﬁ Ak
fu.‘f;..=0ifa¢n d - ||‘l,v'> \ s &
=1,ifa=n l.'lw'S )

nz Caf
\

Two vectors are called orthonormal (perpendicular) ifa -b = 0.

The standard basic vectors ¢, fand? form the right handed system because if the

fingers of the right hand curl from first vector to second then the third vector points in
the direction of the thumb. Instead of ¢, 7 and k we can consider any three mutually L

unit vectors jTE and E to form a right handed system F, then

—_— —

fo "fn =0ifa#n

=1l ifa=n
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f‘\ﬂ Coordinate Transformations F— M~ i ey e -
- M
~i) VR,
o~ \'\ \f o
PN ',“K.") !
" '\"\' ) ‘{ g,,;\ }
(7 e
i \ﬁ f

¢ letF = (f],fz f3)andM (m,,m,,m,) be orthonormal coordinate
frames in R hawng the same originand let R be any 3x3 matrix defined

by ayj = fi.; for1 < k,j <3 Thenfor each point vector) rin R? :
Flr) = RM[r] Qi el Rdo .

. WML L

Now, we consider how to represent the position and orientation of one coordinate frame

with respect to another coordinate frame.

Let F = (f., fo, fs) and M = (7,7, 7;) be orthonormal coordinate frames in R®
having the same origin and let R be any 3x3 matrix defined by a,; = fk.ﬁij for 1 <

k,j < 3 Then for each point (vector) rin R3 :
F[r] = R M[r]

(Refer Slide Time: 12:13)
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Coordinate Transformations

* As the matrix R gives coordinates of a point r with respect to
if r is given with respect to M, we denote the matrix R by FRM

* The Equation can be written as: Wﬁh

r i
R”‘iM‘“"’{

=0 =5 =),

FIX myfyomg fyomg f[TX
e i tnd W
Tlm om o omy fy 2

— ., = =

%
mofy my f3 myfa
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As the matrix R gives coordinates of a point r with respect to F if r is given with respect to

M, we denote the matrix R by FR,,

The equation can be written as:

—.o S -, - M

Frx; my fr my fi mz fi Xy

I e e S e T

Y1] — | my 2 my fo m3z fo [yz

Z; -5 S —.o Zy
my fz my fz mz f3

So, ultimately we get the relation x;, y,, z, is the coordinate of the vector R with respect
to F frame and x,, y,, z, is the coordinate with respect to m frame then they are related by

this expression where R is this matrix given by this expression.

(Refer Slide Time: 13:11)

Proof o ox
by,
o ”
* Any point P(x, y, z) can be written in vector form as: a
rExfitnhtaf (1)

Where [:l,jz,f; denote orthonormal coordinate axes of the fixed frame F.
(x,y,2) are the coordinates of the point P w.rto F. Let M be the moving frame .
Letm,, M, ;5 be orthonormal vectors denoting the coordinates axis of
frame M. Then the vector 7 can be written as : L L
P iy by (2) YT
Where (x,,y,,2,) denotes the co-ordinate of point P in M. : oy

—
.m.m..r._ vmoue

So, how to prove this relation:

Any point P(X, y, z) can be written in vector form as:

T = X1fi +yifa t+21f3

Where fl fz f; denote orthonormal coordinate axes of the fixed frame F. (x,y,z) are the
coordinates of the point P w.r.to F. Let M be the moving frame . Let m,,m,, m; be
orthonormal vectors denoting the coordinates axis of frame M. Then the vector 7 can be

written as :



’F = xzml + yzmz + sz3

Where (x4, y1,2,) denotes the co-ordinate of point P in M.

(Refer Slide Time: 14:41)

* Now in F (Equation 1) (
- - rs ry - r 2 - 4 r4 l
P=GA+CARERE - )
And in M (Equation 2)

= (Fom)my + (F.mg)my + (Fomg)ms
Since iy, iy, i are vectors in F we can write (Equation 3):

= (7 fo) i+ (- R)fs + (M fo)fy 12123 7
-1/,

-~
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Now in F (Equation 1)
#= A+ F L)+ (7 f)fs
And in M (Equation 2)
7 = (F.mym, + (F.my)m, + (F.m3z)my
Since m,, m,, 5 are vectors in F we can write (Equation 3):
my = (W f)ft (W fo)fo + (e f3)fs 1= 1,23

(Refer Slide Time: 15:48)

¢
O
[} \ 5’/ &
/\' v w'}'
*  From Equation 2 and 3 we can get 'S N"ﬂ WY
NI T - \
f=)_‘,i’“(v’.rﬁ,)l('ﬁ,-fl)fl'("'rf.')fz+(’""/*)/_'] Y I \“ \ (;
Henceweget(Equanondr A‘TA 3 A
303
l’:Z[Z[(v’.ni‘)(yﬁ,'f,)]f,]
J=1 i=1
=9 == 5], -,"‘-)
Hence Fryy Imcf om o omy Mg
’ e T T T I W N (\'"“’/ ,/
Nl=m'f, m' m | |2 (v ma) ]
4] |22 29 S99 G vk
mof3 myfs myfy ¢ {5 " n¥
fr) =" Ryl R
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From Equation 2 and 3 we can get

Hence we get (Equation 4)

P = D (@) f)If)
j=1 i=1

Hence



— | my 2 my fo m3 fo

F[x1] m fi my fi ms fi [xz

. . Zy
my fz my fz mz f3

Flrl = FRy™[r]

So, if we observe the first column of this matrix ~ FR,, , the first column is nothing, but
the coordinate of the vector m, with respect to f;, f5, f5 coordinate frame. Similarly, the

second column represent the coordinate of the m, vector written with respect to the
fl) th f3 frame'

So, the three columns are simply the coordinate of the m, vector, m, vector, m5 vector
and we know that this three vectors are mutually perpendicular and the length is 1. So, the
matrix represented by this expression is a orthogonal matrix. What is an orthogonal
matrix? If A is an a is a matrix such that the columns let us say c;, c,, c3 the columns are
such that the length of each column is 1 and the dot product between any two column is 0,

then that matrix is called orthogonal matrix it is orthogonal matrix.

If we take for example, the AT A gives you the identity 1 0 0; 0 1 0; 0 0 1. So, it can be
easily seen if a transpose is the inverse of the matrix a then it is an orthogonal matrix. So,
the same thing happens here because the three columns are mutually perpendicular and
they are of length 1. So, the vector  FR,, between any two frame F frame and M frame

it is a orthogonal matrix. But the converse generally is not true.
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Example

* LetF be the coordinate frame with i, /,k ™ as the coordinate axes and M
be the coordinate frame with j,—1, k as its coordinate axes. Suppose the
coordinates of a point p withTespect to the frame M are measured and
found to be “[P]= [0.6,0.5,1.4]" . What are the coordinates of p with
respect to the fixed coordinates frame F.
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' 1T ROORKI CHTACATION COURSE

Every rotation matrix is a orthogonal matrix as given here, but every orthogonal matrix
need not be a rotational matrix. Here for example, if we take 100;001and 010t is
orthogonal by the definition AT A is identity. But, here we can see that this will not form
the first column represent the x axis for example, 1 0 0; the second column represent the z
0 0 1; third column is 0 1 O this one.

So, if we rotate from the first to the second column then the thumb should be pointing
towards the third one, but it is pointing in the opposite direction. It will not form a right
hand system, it is not a rotation matrix. So, is not a rotation matrix. So, for example, if F
is a coordinate frame with i, j, k as the coordinate axis and M is another coordinate frame

with the first axis as j, second is minus i and third is k. This will form a right hand system.

-

Let F be the coordinate frame with 7,7,k ~ as the coordinate axes and M be the coordinate

frame with J, —7, k as its coordinate axes. Suppose the coordinates of a point p with respect
to the frame M are measured and found to be M[P]=[0.6,0.5,1.4]7 . What are the

coordinates of p with respect to the fixed coordinates frame F.
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Solution

Il =" R[]

—

(@ f) @ .f) @ .f)]oq
=\ f) (b .f) o f)]os
(@ .§) @.f) @ f)L]
[0 -1 0706

{1 0 olfos

00 114

AN )

=(-0.5,06,1.4]°
A=
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(@ £) @, .f) (@ .f) 0_6]
=@ f) (@ f) @@ f)[o05]
(@ f) @ ) @ f)|14]
[0 -1 0][os6
=/1 o oflos

0 0o 114

=[-0.5,0.6,1.4]7
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A
Fundamental Rotation Matrices

# Rotationabout x-axis by anangle ¢/ v
I 0|

Ro(x.0) =10 €6 5S¢
[0 s6 co|

» Rotationabout y-axis by anangle ¢/

[co 050
Ro(y.he| 0 1 0

[-80 0 (8

# Rotation about z-axis by an angle ¢

e -56 0 / P“: - leﬂ“
Ro(z.0)=158 C6 0 o
P=0P,

Q=R'=FK
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Now, the fundamental rotation matrices. Fundamental rotation matrix is as follows. If we
rotate about the x axis by an angle 6 then we can see that the x axis will remain the same,
but y and z axis will be shifted to this position. So, we can see that the length 1 because
this length is 1 here we get the projection of this is cos 6. So, the x axis will not change,
the y value has become this expression the y coordinate has come to this expression. Here

it is cos 8, y value and z value is sin 6.

And, here we can see that it is x value is the same because it is in the y z coordinate, z axis
has shifted to this position w, it is in the y-z plane. So, the coordinate of this w point is x
is 0, y value is —sin 6 and z value is cos 8. So, if you write this in the columns the first
column is 1, 0, 0 only because the axis is the same for the first initial frame and after
rotation also the x coordinate is 1, 0, 0 and the y axis is given by 0, cos 6 and sin 8. So,
that is in the second column, the third column is 0, —sin 8 and cos 6 that is given here.

So, this represent the fundamental rotation about the x axis by an angle theta.

Similarly, if we rotate about the y axis by an angle 6 the y axis will not change. So, the
second columnisasitis 0, 1, 0, but the x and z axis will change it is position like this thing
cos 8, 0, —sin 8 will be the coordinate of the x axis after rotation and z axis after rotation
the coordinates are sin @, 0, cos @ the unit vector in the z direction. So, similarly the
rotation about z axis can be written in this expression. So, these three rotations are called
the fundamental rotations. Now, using this fundamental rotation we can obtain any general

rotation.
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Example

# Apoint «. =432 is attached to a rotating frame, which was
obtained by rotating 60 degree about the OZ axis of the
reference frame (x-y-z~frame). Find the coordinates of the point
relative to the reference frame. 1y

a,, =Roz,60)a,,,

05 -0866 0T4] [-0.59]
=[0866 05 0]3|=| 4964 |
0 0 102/ 2

=
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So, here we see another example a point alpha uvw is given. So, we have two coordinate

system xyz coordinate system, after rotating it has become uvw coordinate system. So,

here it was obtained by rotating 60 degrees about the OZ axis. So, we have X, y, z axis and

if you rotate 60 degrees about the z axis we get the new coordinate frame like this we call

it as uvw frame because we are rotating about z axis, w is same as z axis.

So, now, the point in the uvw frame is given as 4, 3, 2 and what will be the point with

respect to the original xyz frame. So, we can make use of the rotation matrix because it is

rotation with respect to z the fundamental rotation matrix can be obtained.
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Composite Rotation Matrix

Example « Find the rotation matrix for the following operations:
|, Rotation ¢ about OY axis 2. Rotation # about OW axis 3. Rotation &z about OU axis

“ ey R=Rofy, @)l Rofw,0)Rofu,a)

i

/ £ & b Cg 0 Sg[co -so o1 0 o0
R a =0 1 0|s0 Co 0[]0 Ca ~Sa
§ Sp0Cglo 0 1[0 Sa Ca

™ v Ry :

5 0 SPa-Cla Chtba+SCa

i oy 4 S0 (&a (Ba

all

SHO SEWa+(fa CHa-Sgsba

Post-multiply if rotation is with respect to current frame "T

Pre-multiply if rotation is with respect to base frame I
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Now, the composite rotation matrix. So, here we note that if you are performing
successively various rotation operations. So, if you have initially a fixed frame here, frame
with coordinate frame f;, f5, f5 then we make some kind of rotation and then we obtain a
new coordinate frame. So, let us say m;, m,, m; frame. So, we call it as M frame and then
we again make a rotation with respect to M frame and we obtain a new frame. So, let us

say M frame and it is another frame M, frame with three coordinate says coordinate axis.

So, first we had a frame F that is fixed after that we made a rotation we got M again we
made a rotation with respect to M frame then we obtained a new frame M;. So, what will
be the relation between the F frame and then M, frame? So, the orientation of M, frame
with respect to F frame is called FRM1 . So, that is obtained by just multiplying

FRy andthen MR, .The orientation of M, with respect to M frame and then we

pre multiply the orientation of M with respect to F frame. So, that will give the

representation of M, with respect to F frame.

But, the other scenario is if first we have the fixed frame F and then we make a rotation
with respect to the F frame and we got a new frame M. Now, we make again a rotation
with respect to F frame itself with respect to F frame and we obtain the M; frame. So, this
is different from the previous step. We are making in the previous we are doing the rotation

with respect to the current frame whatever is the present frame we are making rotation



with respect to that frame itself. So, then we have to multiply in the right hand side that is

post multiply.

But, if we make rotation with respect to the base frame every time and obtaining a new
frame then the relation between the first F frame and the last frame is given by the. So, if
we make for example, the rotation 1 sum operation with respect to F frame and obtain the
M frame. And, then if you make another rotation with respect to the base frame and obtain
a new frame M, then the relation between M, frame and F frame is obtained by pre
multiplying the operation successively. So, in this result we have shown that we have R

with respect to F frame it is given by ~ FR,, and R with respect to M frame.

Now, if we make a rotation with respect to M frame and obtain a M; frame, then the
relation between M frame and M, frame is obtained and the coordinate of a point in M,
frame is related by the coordinate of the point in M frame is given by this expression by
the same theorem replacing F and M by M and M,. Now, if you substitute this R, from
the second equation we get. So, the coordinate of the vector r with respect to F frame is

FR,, . So, this implies that r with respect to F and R with respect to M 1 they are related
by "Ry, .So, PRy, isnothing, but R, multipliedby MRy,

So, similarly if we make a rotation with respect to M, then we have to multiply in the right
hand side. So, in general we have if we get from F if we take M and from M we get M,
and then M, etcetera M,, after k steps we come to a coordinate frame M, then what is the

relation between F and M, that is given by  FRy, , Ry and MRy

etcetera Mk-1R, . So, by successively multiplying in the right hand side we get the

relation. This is for the rotation with respect to the current frame.

Similarly, we can show if we do the rotation every time with respect to the base frame,
then we can obtain we have to pre-multiply the rotation at every step. So, this concept will
be very useful in understanding various coordinate frame related concepts in robotics. So,

that we will see in the coming lectures.

Thank you.



