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Lecture — 08
Inside Sphere and Monte Carlo Method
Hello friends, welcome to this course on radiative heat transfer, in the previous lecture, I discussed
some of the methods to evaluate view factor between 2 surfaces bounded by vacuum, in this lecture
we will study few more methods to find out view factors between surfaces, the methods that we
are going to discuss in this class are for special configurations of plates.
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The Inside-Sphere Method

The view factor between two surfaces part of the same sphere depends only
on the size of the receiving surface, and not on the location of either one

We will discuss the inside sphere method, the unit sphere method and the Monte Carlo method, as
you see that the Monte Carlo method is generic and you can apply to any configuration while the
inside sphere method and the unit sphere method are specially designed and developed for special
class of problems. So, first we will discuss the inside sphere method now, in this configuration,

we have a special case when the 2 surfaces can be represented as part of the same sphere.

That means, we can fit these surfaces inside a sphere having some radius R, So for example what
you see on this slide is basically 2 surfaces 4; and 4>, okay and these two surfaces they are curved

surfaces and they are part of the same sphere, the radius of the sphere is R and we are interested in



finding the view factor between these 2 surfaces F72. What we will do is; we will start with small

element area dA4; on surface 4;.

And we will take small element surface area dA4: on surface 4>, the angle between the line joining
dA; and dA> and line joining them with the centre of the sphere gives you an angle of these two
surfaces, 0 is the angle of d4; and 0, is the angle of surface dA>.

(Refer Slide Time: 02:37)

The Inside-Sphere Method

Consider two surfaces A, and A, part of the same sphere
Here, f,=0,=0 andS§ = 2Rcost AR A A by
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Where A, = 4nR* is the surface area %t

Now, form just purely geometrical considerations, we can say that 8; and 8, are same and let us
say the value

6,=0,=80
And this angle is basically is given by; is decided by the radius R and the chord length, so we can
write down the distance between the elements dA; and dA; that is

S = 2Rcos6
from the triangle given on this slide. So, from this triangle, we can basically apply the

trigonometric theorem and calculate the distance between the elements d4;.

So, S is distance between dA; and dA>2, the small elements on 4; and 42, now, we defined the view
factor between these two infinitesimal elements dA4; and dA4>, okay, so we define F;;_, that is the

entire surface 2 which will be then integrated over the small element view factor Fy; to Fy;, so



F _J‘ cos6,cos0, A
di-2 = ., 752 2
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1s the small element view factor between dA4; and dA4>.

And when we integrate over the entire surface A», this will be the view factor F;;_, and we can
just substitute for 8; and 8, in the expression, so this becomes cos?8 and we substitute for S, so
S=2Rcos6

and this becomes now

P _f cos?6 QA = 1 J‘ aa. =22
ai-z = 4, T(2Rcos8)? 27 4mR? 4, 27 A
where R is independent of the integral, so it can be taken out ,and then integrated over the surface

area A>, dA> is simply the surface area A>.

So, we get basically the view factor between small element dA; to the entire surface A> = A2/ A,
okay, where A4, is the surface area of the sphere, so this will be equal to

As = 4mR?
so we put £ that is the total view factor from surface A; to 4> =; now, we have to integrate over
surface area 4;, so we write

Fio=1/4;

as per the definition of the finite areas view factor, integrate it over Fy;_, and dA;.

Now, we substitute the value of F;,_, = A, /A, in this expression and because A does not depend

on area A, this can be taken out, so what we are basically left with is

So this gives you an idea that when 2 surfaces are part of the same sphere, the view factor is
independent of the position of the 2 surfaces, so the 6 does not affect the view factor, the

orientation of the 2 services does not affect the view factor.



The view factor is just depends on the radius of the sphere in which we are fitting the surfaces A;
and A> and the surface on which the radiation is basically falling that is 4> and that is basically the
definition, so in this inside sphere method, the view factor between 2 surfaces does not depend on
the location of either surfaces, is independent of the location, so for this type of configuration it is
very handy to calculate view factors using this simple inside sphere method.

(Refer Slide Time: 06:29)

Problem

* Determine the view factor between two parallel circular discs
as shown using the inside sphere method

Let us see how this method can be applied to solve problems, so we will take a problem that we
have solved in the previous lecture also, we have 2 parallel circular discs, one disc has radius R;
and another disc has radius R», the distance the separation between these disc is 4, okay and we
will apply the inside sphere method to find out the view factor F;_,, so this view factor we have

to find out.

Again to apply the method what we have to do is; we have to fit these plates inside a sphere okay,
so let us first draw sphere of radius R and then we will apply; we will fit the plates, so this is going
to be first sphere, this is a sphere that we are going to fit our plates in, so we have this plate 4> and
we have this plate 4;, this is the centre of the plate okay, so we will just write, this is radius R of

the sphere, okay.

And we can just connect this also, okay so, we will write some geometric relations and find out

the view factor between these 2 surfaces, so one thing before we start, you should, this is the



surface 4; and this is surface 4,, which is not part of the sphere, we have just fitted this plates
inside the sphere, so let us write down or find out the areas, let us call this 4> and this surface is

basically 4;, these are spherical caps basically, okay.

So, these are part of the sphere on which we will apply the inside sphere method, we cannot apply
directly the inside sphere method to the circular plates but we can apply the inside sphere method
to the spherical caps, the areas 4;-and 4>, so one thing you should just observe is F; _, that is view
factor from plate 1 to 2 is basically same as F; _,,, all the radiation that basically emitted by surface
1 and falling on surface 2 will actually go to surface 2’ also.
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']
E e 1 A"' Fyi | ey j
- 1
" ==
i T || Geddd e
Js -
Inh%ad  Rd{
e‘-. T oen .'_'l.[c.n'- T
B, 1Rt L Lovdy
| ¢ it 1= Gegd) be Lol
P L I : = e
Ay Yt l
Bav s A fa . 37 O totdy) Lo Lon )

a _—

11

PRE——— 5 r———
Fiay » ,L. {g fee) (o= [reand)

And similarly, we can also write

Foy = Foq)
Just by similar arguments. Now, let us start this, so we have
Fio= F_y

okay as already said is equal to; now, we apply the reciprocity theorem, so we write, just by
applying the reciprocity theorem and this becomes equal to
A,, A,,

Fi_,=F_5 = A_F2/—1 = A_FZI—l
1 1

just look at this.



So, 2’ to 1 same as 2’ to 1°, okay, so we can also write here as
Fyroq = Fpreq
okay so we get this relation, now let us final out these areas, so area 1°, so we need areas to calculate

the view factors, so Ay, is basically given by

a

I = ZnRZJ sina da
0

let us see in the geometry what this basically represents, how are we calculating?

So, we have to find out this area, so let me just draw the spherical cap on of which we have to find
out the area, we have to find out the area of this spherical cap, so how do we calculate this; we
take a annulus, this annulus we take,

the surface area of this annulus =27R sin @ Rda

so this is going to be the area; surface area of this small annulus on the spherical cap.

And then we want to integrate over the entire surface, we have to just integrate a form; so we
have to integrate from 0 to a, okay so
! = 2mR? (1 — cos )
okay and we are using A7, so we will just use cosa; and similarly,
A} = 2mR?*(1 — cosa,)
5, = 2mR?*(1 — cosa,)

so this is how we can calculate the 2 surface areas; A7 and A5.

Now, we define the view factor

Ay 2mR*(1 — cosay)

Fypq, = —=
2= A 4TR?
so this basically becomes
(1 —cosay)
Pru =g

Now from this equation we have view factor

A, _ 2mR?*(1 — cosay) _ 2mR*(1 — cosay)
A, P7Y T Areaof disc “*Th T TR} 2t

F_,=



So, we have basically, we are talking about this area of this disc, so this disc has radius R;, so R;
and R; are the radius of the discs while R is the radius of the sphere, so 2R?(1 — cosa;)

okay and then we have to multiply by this F,,_;, prime, so

_ 2mR*(1 — cosa,)(1 — cosay)
=2 TR? X 2

so this is our area, so we have, we can substitute for cosa; and cosa, and relation becomes
F,_, = L R R2 — R? | R? R? — R?
1-2 — F - -y - —
1

So this is our expression for the view factor now, we have to find out just the value of R, okay,

so how do we find the value of R?

(Refer Slide Time: 14:56)
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So, we know the separation distance the between the two spheres, let us say this was our original
configuration, these are the 2 parallel discs separated by a distance /4, the disc is having radius R;,

this disc has radius R», so we have to find out the value of # and we can write down

h= JRZ—Rf+ JRZ—Rg

so this is our value of 4.



Now, we have to square this equation twice and solve for the value of R, on solving this, we get

the value of R to be

R=(X2-1) (thRz)z
Where
_ h* +Rf + R}
2R{R,
so, this is how we can calculate the view factor using the inside sphere method, all we have done
is basically fitted these 2 flat plates inside a sphere, calculated the radius of the sphere and based
on the formula that the view factor = the area of the surface 2 divide by the area of the sphere.

(Refer Slide Time: 16:22)

The Unit Sphere Method

+ Powerful method to calculate view factor between one
infinitesimal and one finite area,

* Place a hemisphere of radius R over area dA, centered at dA,
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We have easily calculated the view factor between these 2 parallel disc, the next method is the unit
sphere method, again this is a special class of method that is for used to find out view factor
between two surfaces; the one surface out of the two is infinitesimal that is the small area d4; as 1
shown in this image and the other surface is a finite area, the surface is 4>, the area of the surface

2 is a finite while the area of the surface one is infinitesimal.

For this special category of problem, we can use this method of unit sphere, now this surface 4>,
we have to basically fit a hemisphere around the sphere; the surface A4, that is dA4;, okay this sphere

of radius R, we have to put and we have to put this hemisphere in such a way that the surface dA4,



is at the centre of this hemisphere, surface 4> maybe inside the sphere or it may be outside the

sphere and then this surface makes a solid angle, okay.

Now, what we have to do is; we have to project this surface 4> on to this sphere of radius R, so 4,/
is basically the projected area of 4> on hemisphere of radius R, so we have projected this surface
onto the hemisphere of radius R, now R can be arbitrary, okay, the choice of R is arbitrary, we will
see with the help of an example, there is no restriction on the choice of R, okay, so we have

projected surface 4> on this sphere and A, is the projected area.

Now, what we do in the second step is; we project this A,s onto the surface in the plane of the area
dA1, so this is the plane of the area, we have projected A,/ onto this plane and the area is4,, so
this is the projected area of A> prime on the plane containing d4;, so we have projected 4> twice,

in the first projection, we have projecting it onto the sphere of hemisphere of radius R.

And in the second step, we have projected the projected area A,/ onto the plane of the area d4,,
okay.
(Refer Slide Time: 19:25)

The Unit Sphere Method
Wit th, g,
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+ Projection of dA, on plane of A,
dA; = cosf,dA, ]
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+ View factor between infinitesimal area and finite area is fraction of disc (mR’)
occupied by the double projection of A"(may be measured experimentally)

So, let us see how the mathematics of this method comes up, so we are trying to find out the view
factor between a small area dA; and surface 4>, so Fy;_, is the view factor between dA; and dA;

and mathematically, we can define this view factor as integral over the entire surface



F _J‘ cos6,cos0, A
di-2 = ., 752 2
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where S is the distance between the small element area d4; and a small element area d4>, okay.

0 . . . . .
C‘;SZ 2 dA, is basically the solid angle, df2,, so we can also write this view factor as

So, now this

integral over the solid angles through which surface 4> is seen by surface of infinitesimal area d4;

and we have

cos6,
Fg1-5 = f s,
n

T
2

Now, df2, is solid angle and it can also be written in terms of area of the projected surface.

So, we can also write down dJ{2, in terms of the projected area
_dA;
=—7

Gives you the same solid angle which this formula gives okay, so in the other sense, cos8,dA, is

do,

the projected area; dA} and the distance of the original area was as S, while when we are projecting

it on to first hemisphere of radius R, the distance will become R.

!

dab . . .
so we replace df2, = —2 in the expression for the view factor, so

=—7
cos6; dA,

Fa1-2 :]

AI

T R?
now the second projection area dA> prime is related to the projected area on the hemisphere by this

angle cosf, so,

dA} = cos6;dA,
where theta 1 is the polar angle of surface A5. So, we substitute this again, so
F = f dds _ A7
ar-2 A;I 7'[R2 7'l.'R2

. . . . . AY . .
so this term when integrated over this area dA’, just simply becomes n—éz , so this we see the view

factor between these two surfaces, one finite and one infinite decimal is equal to the fraction of the

area of the disc.



So, the disc that contains this hemisphere that contains this one infinitesimal area dA4;, the disc area
is TR? where R is the radius of the hemisphere and A} is the projected area of 4> onto this plane,
so we can say that this is a faction of the disc occupied by the double projection of 4>, and this is
applicable to any arbitrary shape of 4>, it does not have to be just a plane surface, it can be an

arbitrary shape.

So, this method gives you a powerful way to calculate the view factor of any arbitrary shape, the
only condition is that the other surface should be infinitesimal, okay and we can measure this A5,
experimentally or for some simple configuration, it can be calculated using analytical formulas, so
we will see, let us see how this method can be applied to solve a simple problem.

(Refer Slide Time: 23:21)

Problem

* Determine the view factor for the configuration as shown

In this case, we are trying to find out the view factor between infinitesimal area dA4; located at this
centre of this hemisphere now, as we said that radius of the hemisphere is arbitrary, so let us see
how we have chosen this radius, the surface; the second surface 4: is basically a circular disc that
is having the radius a, so this circular disc has radius a and the separation distance is basically =

d, okay.

So, we have to find out the view factor between these 2 surfaces, and what we have done is; we

have chosen our hemisphere in such a way that the hemisphere basically, passes through the edges



of a disc, so as I said there is no condition the disc can be inside the hemisphere or the disc can be
the outside the hemisphere, the radius of the hemisphere can be arbitrary, so we have chosen to
make things simple analytically in such a way that the hemisphere passes through the edges of the
disc, okay.

So, as per this definition, the view factor Fy4, _ 4, 18 simply equal to the protected area, so we have

to project this area onto the plane, okay so the projected area will be = ma?, so it does not matter
whether you projected it first on hemisphere or you projected on the plane, so the projected area
of the disc will be simply equal to ma? divided by the area of the disc on which dA4; is lying and

that is basically = mR?, so this becomes.
ma’ a?

Faa-0, = 3 =12

Now, what is the value of R; so, R from this triangle

R =+ a?+d?
so our view factor
aZ
Faa,-a, = a2+d?
so this is the view factor you can calculate very easily using this method called unit sphere method,
okay.

(Refer Slide Time: 25:45)

Monte Carlo Method

v Astatistical method to solve mathematical and/or physical
problems.
- Involves random numbers and probability to solve problems,
+ Application:
» Nuclear engineering: Reactor shielding.
# Aerospace engineering: Rarefied gas dynamics.
» Chemistry: Gas kinetics.
# Health physics: Radiation protection,
» Mathematics: Evaluation of multidimensional integrals, differential equations




The last in the series of view factor calculation is the method called Monte Carlo method, now
Monte Carlo method is different from all other methods in the sense that it is basically based on
statistical methodology, it requires random numbers and the method is not just used in view factor
calculation, the method is basically used in large number of problems be it in nuclear engineering,

aerospace, chemical kinetics, health physics or mathematics.

So, there are large number of problems, so any complicated mathematical or physical problem can
be solved using the Monte Carlo method, all you have to do is basically defined the solution
domain then randomly generate the solution; possible solutions and then find out the exact solution
using the conditions applied on the solution domain, we will understand this method with the help
of a simple example.

(Refer Slide Time: 26:43)

Probability and Random Number
+ Measurement of the likelihood that an event will occur

. . AT Mg
* Rolling of Dice L ] s
* Uniformly distributed variable R
- Allintervals of same length are equally probable
fix =0

But before going to that example, let us look at the basic logic of probability and random number,
because the method of Monte Carlo is based on probability theory and random number, so
probability is basically a measure of likelihood that an event will occur, so for example if we have
a dice, so let us say we have a dice, okay numbered from 1 to 6, it has 6 faces and we throw this
dice, okay then the probability of getting 1 or any other number is uniform that means, the

probability of getting 1 = probability of getting 2 = probability of getting 3.



So, it is basically uniform and this probability is 1/6, okay so there are 6 possible outcome either
we can have 1, 2, 3, 4, 5, or 6, so the total number outcomes is 6 and the desired outcome either 1,
2 or 3 will be unique 1, so the probability of getting 1 or 2 = 1/ 6, so this is how we basically
define probability. In Monte Carlo methods, we use different type of probability distribution but

here I will talk about uniformly distributed random variable.

So, uniformly distributed random variables is basically a special kind of a probability distribution,
where we say that the probability of finding a number between any 2 intervals is same throughout
the distribution variation, so if our distribution varies from a to b, then the probability of finding a
number in this range is same as probability of finding the number in this range, okay, so that is

basically, we mean by uniformly distributed variable.

As opposed to other distributions like random number like a Gaussian distribution and gamma
distribution or Poisson distribution, uniform distribution means that the probability of finding a
number is uniform throughout the interval, so here the interval is a and b, so the minimum value
of the random number that you will get from this is a and the maximum value that you will get is

b. So, normally in this Monte Carlo calculation, we take a value of a to be 0, and b to be 1.

(Refer Slide Time: 29:39)
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+ Equation of circle is xhyf:ffz hat (1)
+ Number of particle satisfies x? + y* < r will be 13
considered as particle lie inside the circle
+ To calculate the area of circle =

Total number of particles




So we are more interested in finding the random number between 0 and 1, okay and it says that

the probability of getting any number between this interval is same that is the uniform distribution.

So, let us see how this Monte Carlo method, how powerful it is and how different type of problems
can be solved using this method, so in this slide I give you a special example which is nothing to
do with the radiative transfer or view factors, here we are trying to find out the area of quarter
circle, okay, so we have a circle defined in the first quadrant, the radius of the circle is 1 and we
all know that the equation of circle is given by

x? + y? = R?

here in this case, R = 1, so we have to find out the area.

Now, suppose we do not know the area, although we know it is going to be mR?/4. But suppose,
we do not know it and we want to find out this area using the Monte Carlo methods, so what we
will do is; we will first define a bounding box in this case, we have defined a bounding box as a
square passing through the edges of the quarter circle, so we have defined this square with side R
= 1, the square has side = the radius, so we have defined this. Why we have done it; because we

know that we are going to use uniform distribution, okay.

So, we want points to be generated using random numbers uniformly over this surface of the square
okay, so what we will do is; we generate let us say 100 or 1000 or maybe a million number of
points, the points will be x; and y;, okay. Now, x; and y; represents the coordinate of the points

okay, now this x; and this y; is basically is selected from a uniformly distributed random number.

So, x; is uniformly distributed random number, it should vary from 0 to 1 anywhere it can come,
y1 s uniformly distributed random variable, its value can be anywhere from 0 to 1 and x;, y; is the
point in side this square of radius of side R = 1, okay and when we generate sufficient number of
points, we will see that the points occupied the entire space of the square, okay, the inside of

square, entire space is occupied.



So, we have to make sure that the selection process of these points is purely random okay, so many
computer languages come up with the random number generator, so we use these random number
generator on a computer to generate random points x; and y;, now we apply this condition,

x? +y? < R?
that is all the points that lie inside the circle should be considered and we have pointed this using

red dots.

And all the points that do not satisfy this condition represented by blue dots or although inside the
square but they are not inside the circle and they do not contribute to the area of the circle, so the
area of the quarter circle is then given by a number of particles inside the circle that is the red dots
divided by total number of particles that we have generated multiplied by the area of the square

which is R square or 1, okay.

So, this method very easy to implement on different type of problems can solve complicated
problems, it can give you view factors also, we will use this formula to; this method to calculate
view factors for complicated geometries, okay.

(Refer Slide Time: 33:10)

View Factor With Monte Carlo Method

* Procedure: Emission and movement of photons statistically 4., s 4,
= Randomly decide point of emission on surface 1 /
- Decide direction of emission for the photon randomly oy
- Raytracing (move photon towards surface 2) | awauuqie h

- Determine if the photon hits surface 2 [ e

- View factor defined as ratio of emitted photons hitting surface 2 to total
numbers of emitted photons

= Accuracy is high; standard deviation decreases as number of photons increases
- May be applied to any complex geometry

So, how do we calculate view factors using the Monte Carlo method, so let us just understand the
basic suppose, we have 2 plates, let us call this 4; and plate 2, let us call this 4> and we want to

find out the view factors F;_,, okay now the plates may have arbitrary geometry, in this case, we



have taken flat but this can taken have arbitrary geometries, so how do we solve for the view

factor?

So, the first point in the Monte Carlo method to calculate view factor using Monte Carlo method
is to find out a point of emission, so we randomly select a point on this surface A4;, okay so let us
call this point as location of emission or point of emission, okay now, this point of emission we
will basically emit a photon because radiative transfer is governed by the movement of photons,

so this point of emission basically gives you photons.

Now, photons may be emitted in the entire solid angle of 2x, so we have to select a arbitrary
direction; a random direction using the polar angle theta and azimuthal angle 1, okay so this
direction of motion; motion of this photon should be purely random, okay and we have choose the
polar angle and azimuthal angle randomly, then we have to move this photon until it hits the surface

A>, okay that is called ray tracing.

So, we moved the photon until it hits the surface 2 or it does not hit, some photons may hit, some
photons may not hit the surface 4>, so we count how many photos actually hits surface 4>, okay
and we also count how many photons, total number of photons we have emitted from A;, okay, the
view factor is basically defined as so,

F;_, =photons hitting 4> / total emitted photons.

So, in this way you can calculate the view factor very simple algebra using random numbers, the
method has very high accuracy although you have to simulate a large number of photons as with
any statistical method, the accuracy depends on the sample size, so the sample size should be large
enough if you want good accuracy, it can be applied to any complicated geometry, as you increase
the sample size, the standard deviation will also decrease, okay.

(Refer Slide Time: 35:53)



Location and Direction of Emission
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Now, how to calculate the location and direction of emission using random numbers, so let us say
we have taken 4 random numbers; Ry, R), Rg and Ry, so we have selected 4 random numbers, okay
this 4 random numbers are all uniformly distributed between 0 and 1, okay so, let us say we have
this flat surface okay, so point of emission will have 2 coordinates x and y, okay, this is the x

direction.

So, we write this formula
X =Xmin
which is in this case may be 0, if you have a coordinate system located at the end of the plate, if
Xmin = 0, our expression is simply x = Ry Xmax
if R, value is 0, so the value of R, will vary from 0 to 1, it is uniformly distributed, if value of R,
is 0, then we have x to be 0 that means the point of emission lies at the end of the plate, left end of

the plate.

And if R, happens to be 1, then our point of emission will be at the other end of the plate and this
value mostly will be between 0 and 1, so we get uniformly distribution of x coordinates and
similarly, we get uniformly distribution of y coordinate, okay and then we get 2 more random
numbers; Ry and Ry, now we have 6 as defined as azimuthal angle and azimuthal angle has we

know vary from 0 to 2.



So, any value between 0 to 2rt will give you a direction of emission in the azimuthal direction, so
we define a random number or random directions

Y = 21Ry,
if Ry, happens to be 0, then basically we are emitting the photon in x direction, if Ry, happens to
be 1, we are basically emitting the photon in; again in x direction because of the 2w angle, its

complete angles is2r. Now, 6 angle is little tricky because of the spherical coordinate system.

We basically are measuring 8 with respect to normal, so this direction has more capacity than this
capacity, so more number of photon should be emitted between normal and the direction at an
angle 6 and that is why we use basically a sinusoidal distribution, so the polar angle is basically
calculated, so it is not a uniform distribution, photons are not emitted uniformly over the polar

angle, this thing you should keep in mind.

Because if the effect of solid angle in spherical coordinates, so photons are not emitted uniformly
over the polar angle, they follow basically a sine distribution, so sin theta is basically under root

of Ry, okay, so based on this relation, we can calculate the polar angle and then we can define the

Ny cosysinf
n= [ny] = [sinl,bsin 9]
nZ

cos 6O

direction of motion and as

so this is going to be our direction of emission, Sj; okay.

And we can trace the photons using this vector addition, where R is the emission location and this
is basically, the direction of motion okay, so we can basically move the photons in this direction
and then we can see whether the photon is hitting the surface 2 or not and we can count how many
photos are basically hitting the surface, okay. Thank you very much, so here we end our study on

view factors, we have discussed many methods.

And some of the methods are applicable to general geometry, while some methods are developed
for very specific geometries like the inside sphere method and the unit sphere method, in the next
lecture we will study about radiative energy exchange between black surfaces using the view

factors that we have already derived, thank you.



