Radiative Heat Transfer
Prof. Ankit Bansal
Department of Mechanical and Industrial Engineering
Indian Institute of Technology - Roorkee

Lecture — 07
Hottel Crossed String Method
Hello friends, we are discussing the view factor within 2 finite area services, in the previous class
I discussed the definition of the view factors and applied the area integration technique to find out
view factors between two parallel plates. In this lecture, we will do couple of examples and I will
introduce you a new method; Hottel-Crossed string method for the evaluation of view factors.

(Refer Slide Time: 00:53)

Problem

+ Determine the view factor between two parallel circular discs
as shown (contour integration)

The first problem that we are going to solve in this lecture includes 2 flat circular plates, the plates
may have same area or they may have different area, so in this case, we will take that the radius of
the 2 plates is different, they are parallel, separated by some distance 4, we will apply the contour
integration technique to find out the view factor between these 2 plates.

(Refer Slide Time: 01:25)
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So, as we have already developed the expression for the view factor between surface 1 and 2 is

given by as per the Stroke’s theorem, we have already done that,

1
F1_2 = A_f ln(S)dsldSZ
1Jds, Yds,

so this is the expression for finding out the view factor between the two configurations. If you just

look at the problem, let us understand the coordinate system used.

So, we have x direction, y direction and z direction is pointing upwards, okay so,
m =kandm, = -k
now with this notation, because the 2 normal vectors are pointing in opposing direction, the
azimuthal angle, the way it is measured, the
P, will vary from 0 to 2w, while ¥, will vary from 0 to -2, it just the book keeping thing, the

angle 1, varies from 0 to 2 © and Y, will vary from 0 to -2m.

So, first of all we try to find out dS; and dS: in terms of the coordinate system, so we can easily
write

X, =1 cosy,
and because we are doing line integration, we take just

r=R;



where R; is the radius disc 1, okay, so x; anywhere on path or contour or periphery of the disc will
be simply
X1 = Ry cosyy
and similarly,
Y1 = Rysinyy
SO wWe can write
dS, = Ridy,(—siny; T + cosy))

this is all vector.

So, any point on the disc periphery of disc 1 can be represented in the vector along that path as
dS;, where 1 and J are unit vectors in x and y direction respectively, similarly we can write
dS, = R,dy,(—sinp, T + cosy,))
now the dot product between these 2; dS;. dS, , so dS; and dS, are also vector quantities, will
simply
dS,.dS, = R{R,dy,dy,(siny; sin, + cosyp,cosy,)

And this can be simplified as
dS;.dS; = RyR; cos(y — P2) dip,di,
this is the dot product of path vector dS; and dS>, now S, the distance between 2 points at
peripheries of disc 1 and disc 2 is simply written as
S= (= %)%+ (y1 = ¥2)* + (21 — 25)°
now z; —z, =h
so we can just write this as

S=0q—x)"+ 1 —y2)* + (W)?

and this can be simplified, if we put the value of x and y, this can be simplified as

S = \/(h)z + R% + R% - 2R1R2 COS(lpl - 1’02)



So, this is going to be and then we have to take under root, so this is going to be the distance
between 2 disc; points of two disc, so this is disc 1, any point on this disc and any point on this

disc separated by a distance S will have this value,

(Refer Slide Time: 06:43)
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Now, the view factor
2 1
Fi, = 5 }Elizz)z f nf In[(h* + R + R3 — 2R{R; cos(P; — )]z cos(yp; — ) dyp dip,

so this is going to be the expression of view factor, okay.

Now, it looks very terrific, the integration looks very terrific, okay those who are expert in
mathematics can solve this integration very easily, there are integration tables available, one thing
that one should observe is this integration can be simplified very easily because the only thing that
appears as a variable is basically, the difference; ¥; — 1,, okay, nowhere we have y¥;and 1,

appearing independently in this integrand, okay.

So, we can basically integrate this easily, so we write, just integrating and change of variables, so
we write Y=Y —1, just
a change of variables we have done, so we just reduce this integration from double integral to

single integral like this,



21
2

1
Fi_, = 7R, In[(h? + R? + RZ — 2R, R, cos(1)]2 cos  dy
0

So, by changing this substitution we have just reduce the level of order of integrating by 1 and this

will be solved using integration by parts, we will just the write down the steps here;
21

Fi_, = n_R: [siny In(h? + R? + R3 — 2R, R, cos ) */? |

RR j‘Z" sinyPdy
2 )s h2+R?+R2—2R,R,cosy

0

So we just apply the integration by parts;

e —R, ]2” sinyPdy
1727 2nR, o X—cosy
2 2 2
Here x = PARITRy
2R4R;

So, now again we have one more integration to solve but this integration is relatively easy to solve
and what we get as a final result for the view factor is

Fi, = %(x —Jxz-1)

1

where X is the having this value, so this is how you can apply the contour integration technique to
find out complicated view factors between the standard plate configurations, okay.

(Refer Slide Time: 11:25)



Problem

+ Use view factor algebra to determine the view factor (F, ). )
Assume all view factors for configurations of adj‘% cent plates
are known ¢ha " )

Now, we will do one more problem, okay, this problem basically involves simple algebra; view

factor algebra, we already discussed this algebra that means, summation of

N
j=1

and Ai Fyj=A4; Fy
so these are the rules for view factor that we have studied, we apply this rules to find out the view

factors between this configuration 3 and 4, okay, so we have to find out the view factors 4.

Now, when we solve this problem, we assume that the view factors adjacent plates are known that
means, we know F;2, this is known, we know that F; + 332 is known, okay, so these are adjacent
plates, they may have same area or they may not have same area, so by assuming that the view
factors for the adjacent plates are known, we can find out the view factors between known adjacent

plates 3 and 4 using this view factor algebra.

So, we write F34 =F3004—F3
this is simply the summation rule,

1 AyF3
F3, = A_3(A2+4F2+4—>3) - A

So, we have used both the summation rule and the reciprocity theorem to find out F5_,4, now,

F,5. 4,3 1s also not known, so let us again look at these quantities.
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So, all these quantities as we started with are known okay, these values are available at the back
of the book, you can easily read this values, okay and based on this view factor algebra, we can;
we could find the view factor F5_,, for the plates which are not adjacent to each other, okay.

(Refer Slide Time: 15:33)

Hottel's Crossed-string method
* Restricted to 20 long enclosures (infinite in third direction)

* May be applied to flat as well as irregular surfaces c

* Employs view factor algebra
= String tied through four pins on the two surfaces

- Strings assumed to be imaginary surfaces
f"'.w- Aar- and AI:(

* Applying Summation rule for A abc:
AavFap-ac + AupFan-nc = Agp ;“'E‘.:“!‘."‘"“

Ath’@{:ﬁlﬂ t Aut Fm-hv. = A:u § wrleapan
Am hu‘-m + AEIL"!‘M “gh = AJ‘JL' Degankim

Fat-ab = Fac—ae = Fye-pe = U [convexsurface)

Now, we will discuss the other method; the Hottel-Crossed string method, this method is very

powerful and very simple in calculating the view factors, the only condition is that it is restricted



to 2 dimensional enclosures that means the surface is for which the view factor is being calculated
have to be infinitely long in the third dimensions, okay, for this type of surfaces, we can calculate

the view factor using Hottel Crossed-string method, okay.

Now, the surfaces may be flat or they may have an irregular, geometry, for example we want to
calculate the view factor as shown in this figure, the surface A; is also irregular, and surface 4> is
also irregular. So, how do we find, what we do in this method is; we put 4 pins, now this pins are

called ABCD, oaky, so these pins; 2 pins on the surface 42 and 2 pins on the surface A4;, okay.

And we put wire or a thread, okay, now we call it string, because the method is called crossed
string method, so we have this one string AC, okay, another string is tied between 4 and D,
similarly 4 and B, C and D and C and B, okay, so we have put 6 strings, okay, total 6 strings are
put, okay and these strings are assume to be tied to each other; tied to the pins, they are tight and

they are convex in shape, okay.

So, once we have this, we assume that the strings are representing basically an imaginary surface,
so for example, string AC, you can think of it as in the surface that is extending in the third
direction, so you just the assume it to be a surface, so just by measuring the length of this strings,
the method can calculate the view factors okay, so the method does not involve any complex

mathematics.

It basically need some measurements of the string lengths which for standard configuration is
pretty easy and it needs some view factor algebra, so what we do is; we have the summation rule;
the summation rule is applied to the various view factors, so for example the triangle abc; triangle
a, b and ¢, we have this surface ab, so

Fab>ac + Fap->be Fap->be; be 1s this length and Fup->ac = 1 or ab, we have multiplied by area ab

throughout.

Fap->ar=0
because the surfaces are convex , so

Fap->ap =10



so we have applied the summation rule here, similarly we apply this summation rule to surface ac
and surface bc, okay, so we get 3 equations by applying the summation rule to the 3 sides of the
triangle abc.

(Refer Slide Time: 18:48)

Hottel’s Crossed-string method
% Three equations in 6 unknown view factors
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Similarly, what we do is; we apply the method to the triangle abd, okay, we apply the method;
similar method to the triangle abd, okay, now we; so, in this 3 equations, we have 6 unknowns and
we have only 3 equations, okay, so we need some more relations and these relations are basically
found using the reciprocity theorem okay, so reciprocity theorem basically, we replace these view

factors in red, okay.

So, for example in the equation, we have Fyc>a, S0 we have replace it with Fap->qc, okay, similarly
we have replaced these 3 view factors using the reciprocity theorem, now these 3 equations, we
have 3 unknowns and 3 equations, we use a simple algebra to solve this and what we get is the
view factor

_ Agp + Age — Apc
Fab—ac - 24 B
a

and same thing we do in the triangle abd.

So, we get view factor

_Agp + Apg — Aga
Fab—bd - 2A b
a




so just by applying the summation rule and reciprocity theorem, the 2 triangles, we have calculated
the view factor; ab-ac and ab-bd, okay, now again we applied the summation rule to the triangle,
okay, so we have abcd quadrilateral, we apply the summation rule.

(Refer Slide Time: 20:25)

Hottel’s Crussed -string method
% Summation rule:
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And we get another relation;

Fap-a + Fap-p + Fap-ca =0
so we again apply the summation rule okay, now this time not to the triangle but to the quadrilateral
and the expression for
Fap-pa 1s already found, Fup-qc 1s already found, so these 2 expression we have already found okay,
now we basically find; solve for abcd, okay, this is the unknown here and when we put the values

of Fap-ac and Fap-pa 1n this relation, we can simplify this, Fap-ca.

So, all the view factors are now known okay, so between F»-cq, okay what is; let us look at it what
is ab-cd, so, ab is this surface and cd is this surface, okay, so this does not represent the actual
surface, this represent the string surface over this real surface, okay so we have found the view
factor Fup-ca represented by imaginary stringed surface okay over the real surface okay, now we

have convert this view factor to the real surface.

Now, the argument here is that whatever radiation leaving ab, all the radiation leaving ab that falls

on surface cd will actually go to surface A;, right, so we have radiation emitted from surface ab



falling on surface cd, the string surface and the string surface is tied in such a way that all the

radiation that falls on cd will actually fall on 4;, okay, so based on this argument,

Fap—ca = Fap-1

And then applying the reciprocity theorem, we write
Ay

Fap—ca = 2 Fi_ap
ab

now similar arguments hold true for these surface, all the radiation leaving surface 4; and travelling
to surface ab will actually fall on 4>, so we can also write
Figp =F1
So by using this reciprocity theorem, we have related Fys-cs to F;2 and the relation is basically

Fap—ca = Fi_,
ab

So, finally we get F;_, =; substituting the value of this expression in this relation, so we put the
value of F;,_.4 in this expression, we get F;_,, the view factor as

Eo (Apc + Aga) — (Aac + Apg) _ (diagonals) — (sides)
1-2 — -

2A, 2 x originating area
which are the basically, diagonals, so some of diagonal lengths, so you have to measure or you
should know the length of the string in the diagonal direction — A4 + Aps Which is the sides of the

quadrilateral, okay.

So, you should know the sides, okay either by measurement or by standard configuration and then
2 divided by A;; A; is the originating area, so this is the hottel’s crossed string method as you see
that this is a very simple method just by using the view factor algebra, summation rule and the
reciprocity theorem, we have calculated the view factor between 2 surfaces which are not

represented by any mathematical religion, which are complex in geometry, okay.

Now, to demonstrate the power of this method people, we will solve the same problem that we
solved using the area integration method and we found that area integration method involves
complicated integration and algebra okay, so we will solve this problem using this method.

(Refer Slide Time: 24:15)



Problem

Quesl: Calculate F, _, for the configuration shown

Solution: :
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So, we have again as shown 2 plates, the width of each plate is w and the separation distance is
basically the 4, this is the simple configuration for this method but complicated problems can be
solved easily. So, what we do is; we put 4 pins; pin a, pin b, pin ¢ and pin d, okay, so we have put
4 pins, then we tied 6 strings, one string, another string, okay let me just put it using different

colour.

So, this is one string, this is another string, this is one string, this is another string and 2 string will
be just parallel to the plates, so this six 6 we have put, so the diagonals have ad and bc have same

length, okay and the length is basically given by root, this distance is 4 and width w,
Diagonal = Vh? 4+ w? | this is the length of the diagonals and the sides ac = bd is simply = A, okay.

Now, as per the formula F», this is surface 1, this is surface 2,

diagonal — sides

Fi, =
where A4; is simply = w, assuming the depth of the plates in the plane of the board is 1, so
2Vh? + w? — 2h
1-2 —
2w

so 2 will cancel out from the numerator and denominator, so we get

VIZ T wE— h

F ., =
152
- w



And this becomes

Fyp =1+ (h/w)2 — hjw

F1_>2 :\/1+(H)2_H

so we have already found this expression using the area integration method that involves
complicated double integration and the expression that we found for the view factor, if you can

recall was similar,
1+ (H)? — H where H is the ratio of the separation distance divided by width of the plates and

this method can very easily give you the view factor for complicated geometries as well.

So, the method is very powerful with the only limitation that the plates have to be infinite in depth,
if you have finite length plates, the method may not be applied. So, thank you very much, this
basically, concludes one important topic on view factor evaluation, we still have a number of
methods for the evaluation of view factor namely the inside sphere method and the Monte Carlo

method that we will take in the subsequent chapters, thank you.



