Inverse Methods in Heat Transfer
Prof. Balaji Srinivasan
Department of Mechanical Engineering
Indian Institute of Technology, Madras

Lecture No # 07
Module No # 02
Example Application of Linear Regression for an Inverse Conduction Problem

(Refer Slide Time: 00:19)

Wz Xy -3y
[nverse problem in a slab 2 (%)
4
1. Consider onc- dimensional  steady-state  heat
conduction in the slab. Estimate heat flux (q Coager Ay
(W/m?)) and boundary temperature (7,(°C)) i~ =
s AL L i
using least squares regression (LSR). The wo“ * a - % a
experimental temperatures at various location are — D
shown in Table 1. The length (L) and the thermal P '(3'3
conductivity (k) of the slab are 70 mm and 144
WimK,  respectively t
Thow Woz Mn treor
(Moot A in Ak woious widoo
thermocoupks | x,m | Expenimental temperature, °C G i
| s (Ktye (-m» Wo CO{{ lz] a
0 1546
002 1459 W S‘U'\\

003 1266
4 004 12.8¢

008 s

Welcome back. In the previous video we derived some simple expressions for linear model,
recall that we were looking at the inverse problem in a slab. We have given thermocouple
measurements at a few locations and we are asked to find out the actual temperature. So, what
we are asked to estimate is that heat flux and the boundary temperature. So, we will try to

answer this question, using the expressions that we derived in the last time.

Please notice that there was an error in the previous video for wo. | had actually this is was off
by a negative sign. So, | think | have put a minus sign up here and a plus sign here it is the
other way around. So, what is written here is actually accurate the previous video was wrong.

So, these are the correct expression so you can note that down so these 2 are correct now.

So that is a small note | had also told you in the last video that there are slightly differing
expressions that you will see usually you would have already seen this in textbooks, like I said
many people in school do statistics and you might have an expression there and this is very

similar to that, except I am using averages here and the school expressions are you might see



in other places also beginning statistics textbooks tend to use some the summation instead of
the average and I will write those expressions.
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So, expressions using summation instead of average these are perfectly equivalent expressions.

So, | am going to write the same thing involving sums, rather than averages here. So let me
write the expression now so wi is the number of data points m, multiplying }: xy, summation
is all over the number of examples multiplied by Y x )y, the whole thing divided by
myx* - (Z0°.

_mYxy -XxQy)
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So, you will see that it is more or less identical to the expression here, wherever there was xy,
we have summation and basically you can actually quickly find out that at a few places we are
going to get m, which is the number of data points. So, we collect that now similarly we can
write an expression for wo also. wo is given by,
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So, the expressions that we have. now what we want to find out are the heat flux and the
boundary temperature. So, what we need to do with this is?
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So given the data calculate wo and w1 and from here, estimate all other quantities. Now what
are the quantities we want to estimate? We want to estimate the temperatures, let us say | have
only asked for T which is the right-hand side temperature. But let us say we want To, T. and
we actually want to estimates for this and we also wanted estimate of the heat flux.

Now how would we calculate these? Let us see that just shortly. but once we have the model

of T being,
T = Wy + WX
obviously we can find out T at x = 0, T at x equal to length, which is 0.07 as given in the

question. And then you can find out q as,
_ x dT
a4="- dx

we will do that within this video in the next slide.
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So now suppose we come here and we use the summation expression. So, we use expressions
for wo and w1, which involve either average of xy, x? average etc., we have all these within
here. So, if we involve all that we basically look at this table. So, | have made a table again you
would have been used to some such thing within your school. Please notice the parameters of
this table. Here is the serial number 1, 2, 3, 4, 5, 6. This is how we are going to simply write

down data.

Here is the single variable over which the data depends the location. Here is the T experimental
temperature or what we are calling y here. This is the noted down temperature here and then
the auxiliary quantities which we require for the expressions shown here, which is Y. xy, ¥ x?

etc. So, Y x and Y, y are already available we also want xy and Y, x2.

So, if we look at these expressions, we see sigma notice this, this term then becomes )’ x, this
term here Yy, this term here is Y xy and this term here is Y x2. Now using these expressions,
I will not actually put these in here you can calculate what wo and wy are. If you calculate these
quantities, they come out to >, so wo comes to 15.9787, if you calculate it and w1 you can
calculate this to -83.9143.

Now you can use an excel sheet as | have shown here or you can use a MATLAB program,
which I will show you in a next week. How to write a simple MATLAB program to calculate
this but we will use this technique as well as couple of other techniques to in order to come to
the same conclusion. So, | want to use MATLAB during that time, but for now let us assume

you are going these calculations either by hand or by using an excel sheet.



If you are doing the assignments and taking this course for credit, you can do the assignments
using any technique that you want. So, | do not really care. In the final exam if you take this
course this for credit, then we will figure out how to give you calculator to in order to compute
these reasonably fast. So, once you come here, we get these values as | write down in the
previous slide wo is 15.9787 and wx is -83.9143. Now once you have these values we can now
determine as | said the temperatures
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So, suppose | ask the question what is To that is the temperature on the left boundary? So,
temperature at the right boundary now notice as far as the measurements are concerned. We do
not have that value we only have thermocouple values in the middle of the slab 0.01 up to 0.06.

we do not have a value at the left or the value at the right.

So, this however is at the location x = 0, this is at the location x = 0.07. so, if we plug in these
values, we now notice To is so remember the temperature, this is our model, the temperature is
Wo + w1 X. So TO will be,

To = wg + w;.0
so this is simply wo and that gives us the temperature, which is 15 point, approximately
15.98°C. The temperature at the right-hand T can be calculated similarly, this is simply the

temperature predicted temperature at x = L which is T at x = 0.07.

Since the length of the slab is 70 mm. so this then becomes,
T, =T(x=1L1)=T(0.07)

= Wy + Wy x 0.07



= 10.10 °C
If you calculate this comes to 10.10 degree Celsius approximately. You can see both these
reflected in the graph, that | have shown here. you see around 15.97. So, this happens to be the
best fit which I have drawn. So, this happens to be the best fit, I had written this was the visual
best fit.

But actually, speaking | calculated this explicitly with the coefficients here with wo = 15.97
and wy = - 83.91. So how these lines were drawn. you can notice that the temperature at the
right end is 10 point something, on the left temperature is some 15 point something. That’s
what we have now found out. Now finally the all-important question really speaking for heat
transfer in JRS.
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what is the estimated heat flux? So, the estimated heat flux q is,
q =~k —

Now T is wy, + wyx. This tells us that this 3—i = wj. So, thisis -k X wy, the value of k is
given within the question to be 14.4. So, if you actually plug this in -14.4 x -83.91 which is

. . w
the value of w1, you will get approximately 1208.4—.

So, this is the estimated heat flux. So, this is really a very simple of how an inverse problem is
solved. So just to recapitulate, you are given a series of locations and series of thermocouples.

you basically built a model inside it was linear, based on that linear model we found out the



best possible coefficients wo and w1 by solving a linear regression problem. And we actually

derive the analytical expressions in the last video.

Once we derive that we can now find out these wo and w1 the numerical values. once the
numerical values were found we can now derive the quantities which correspond to the left
temperature right temperature and the estimated heat flux. This is in a nutshell very similar to
how the inverse process will take place at least for the sequence of problems we will be doing,
like I said within the last week, we will also deal with slightly more sophisticated inverse

problems.

But the preliminary aim of this course is to introduce you to this wide variety of technique
which already exist and though this problem is simple, it is a problem we will return to multiple
times. Because it is very simplified thing that we can use and solve things by hand to understand
various techniques. Now as | said in the previous video, this does not tell us how to go ahead

and do quadratic models, how to do cubic model or other polynomial models.

And another question that | have not yet addressed is well we can see that this line somehow
fits the data. But how good is this line? So, these questions will be handled in the coming few

videos within this week thank you.



