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Welcome back. In this video, we are going to look at an introduction to linear regression. If you
have seen linear regression before, this will just be a repetition for you. But we are going to do this
in the context of inverse problems, as you know the theme of this week is linear models for inverse
methods in heat transfer. So, | am just going to repeat a brief context of this problem that I did in
the previous video also, just quickly, and then we will come back to how linear regression is

relevant to this.

And then we will look at some details of linear regression here. So, recall this problem that i had
shown before about the inverse problem in within a slab. So, for example, you could consider this
slab here and let us say it has a few thermocouples, here we have taken 6 uniformly placed
thermocouples within the slab. And let us say we know the length of the slab; we also know the
thermal conductivity and we have some measured temperatures here at these positions at these

specific positions.



And we want to find out what the temperatures on the left and right are? So, this is as | had labeled
last time too so we are going to call this To and T.. Suppose we do not know what these are this as
| said in the previous week is an example of an inverse problem. So, this is what we wish to figure
out and once of course you can figure out To and T, you can also figure out the heat transfer. So,
this 2 let us say we do not know given the thermal conductivity, so that you know from a simple
basic forward heat transfer.

Now what makes this problem relevant or slightly difficult as we had discussed earlier is the fact
that the solution is not unique. So, as we had discussed earlier this non-uniqueness is a feature of
inverse problems. Why is the solution non-unique this should be fairly clear when we look at the
actual plot.
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So, if we look at this plot the circles here are actual measured temperatures. So, these circles here
are measured temperatures. So, these points here, refer to measure temperatures and these x, of
course, are our locations. So, at these locations we have some specific measure temperatures, but
we want to figure out what the temperature at the left and what the temperature at the right would

be and depending on what fit we choose?

Suppose we choose this fit as linear then you get a different measure temperature and if you choose

this you get a different measure temperature. All of us can see that probably somewhere like this



is what we would call the visual best fit. So, this one looks like visual best fit. This is what looks
the best but is that all can we have a more mathematically nicer way of putting this. So, the question

really is what is a mathematically sound way to define the inverse problem?

Now | am going to just mildly set up the inverse problem in this video and in the next video, we
will actually discuss a formal way to set all inverse problems. But for this video the purpose is to
just motivate this inverse problem quickly look at linear regression and see how relevant it is and
then move on. So, the purpose here is to just set up the linear regression problem and give you a

quick solution which you would be familiar with from school days.

Now once we do that, the point here is that the forward model for this problem. So, the forward
model is going to look like this given left and right temperatures, find temperatures at the
thermocouples. So, as I discussed in the previous video too, suppose | give you T 0 and T L can
you find out Ty, T2, T3, T4, Ts, Te, which we can and we already saw that the forward model looks
like T equal to some function of x,

T =a+bx,

which is linear, the explanation was then the previous week.

So now we want to go and do the reverse model, which is given Te can you find out To and T and
as we just saw the solution is non-unique. Which one of these fits should I choose? If | choose this,
| get a different To and Ty, in this | get different To and Tv.
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But notice one fact we are using the physics. where do we use the physics? we use the physics for
the forward model which we will use in the rest of the video. So, this is a model and as follows the
physics says temperature, | am going to put a T, here the hat denotes a model. So, temperature is
something some parameter plus some other parameter times x, i.e.,

T = wy + wyx
This information comes from the physics of the problem. So, notice this since this problem is linear

or this equation is linear, we call this a linear model.

And we will deal with the fact that linear models themselves can be extremely powerful and we
will deal with those both this week as well as the next week and in the subsequent weeks we will
see how to move on to non-linear models. Now some of you might think, what happens in case |
have no direct information from the physics. suppose | have a turbulence problem we know that

no such formula is forthcoming what do we do in such cases?

So, we have several options one of those options is machine learning which we will be covering
towards the end of the course. So, the progression is as follows as far as the course is concerned
linear, then we use linear and non-linear and as you will see we will use these ideas that we have
developed in non-linear to build machine learning and neural network models. So, this is the
hierarchy of models as you can see even these are reasonably simple models. we will look at more
complex models within the final week of this course, I will just give you a brief introduction but

that will lead you to state of the art.
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So let us now come to this linear model. If You observe all we have done is as follows. We are
made a table. So, x here is the location so | have multiple locations x1, X2, | went till xs, but let us
say in general we go till xm; so, where m is the number of data points. Similarly, | have y, let us
call this the ground truth. Now this is not a language that is used as a standard language within the
inverse methods community, but this is a standard language which is used within the machine

learning computing.

| am going to stick with it because | expect that as you go further and further in your career and
you use these methods that you will encounter machine learning more and more, as you can see it
is getting more and more common within science and engineering to see this. So, | am going to
use this word ground truth, if you wish you can say this is the experimental measurement. So the
measured temperature which 1 am going to call y here, y would be any variable that we measure
but in this specific case, this is temperature that we are measuring.

So, we have let us say y1, Y2 so on and so forth up until ym so the m" location has a temperature
Ym. The third thing that we all carry is y. This is what comes from my model. Now suppose my
model is w, + w;x, for each value of w, and w;, that I guess I will get a different value, for let
us say if | take it 0.04, even though the truth is somewhere around 12 point something my model
depending on what values | choose for these parameters it might give something like 9 or it might

give something as high as 15.



So, this value here ¥ is the model value or the model prediction. We denote the fact that it is a
prediction by this hat on top. So similarly at each point once you know the model parameters, you
will get some predictions here so these predictions will look like y7, ¥,,s0 on and so forth up
until y,, , alright. So, you can see all that reflected in the picture here. So, for this model, this is ¥,

for this model this is y and this of course is y.

So, in this case this is ¥, for some model and this is y4 for hat for another model in general y and
v will not match. So that is the thing that we can notice. I will write that down in general y is not
equal to 9. But another thing is true in general we want a great model.
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So, the best model would be such that y = §, for all measurements. Now we will see later on in
this course that this need not actually be the best, but we have an intuitive sense. That in case you
are able to get your prediction to match the truth. So, remember y is the truth and ¥ is the prediction,
in case the 2 match for every single measurement that you make it looks like you have actually got

a great model.

So, what we want is as follows, we want a model that minimizes the gap between truth and model
prediction. So, we want some measurement of what the gap between the truth and the model
prediction is and the way we go ahead and do that is to define a new quantity. So, we define this

quantity called R prime square (R’?) I will tell you why it is called R prime square (R’?) shortly.



So, this is a summation of the gap between yi and y; square, sum of the square divided by

m N2
2 _ Z(Yi_Yi)
7 of

This goes from i = 1 to the number of measurements m. what does this mean? so if we go back

something | am going to call o; square.

here to this picture let us take the model below. So, this is let us say model one it looks like a bad
model, but let us take this model. So, if we take this model 1 and we look at this gap the prediction
is so much, the temperature so much here there is a gap between the 2 you find the gap square it
and then divide it by some o7, find this gap square it divided by &2 find this gap so on and so.
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’ % n
{Degim - z —%L
v (]"2' "2. Volavwe
P of AN Qonton
Not ol Apweors are ‘W‘AJ 1ol iable

We will astume wwq\la accwal  Abvese.

9 V=% .. = MzTCSQ‘(D

5 i Sum of
o e C%;-‘J,) * Squores of
=)

the €

2

2 (Rz:(l"l{k

Now what is a; and g, so what these are is they are measurements is the variance. | will mention
this more when we come to the statistics part of this course. So right now, let us just say accuracy
of the sensors. so going back to our example, if we come here, we made these 6 measurements at
these 6 points. Now it does not mean that each one of these sensors, some of these might be old,
some of these might be new, some of these might be more modern, sometimes some of these might

be more expensive so on and so forth.

So, each one of these would have a different accuracy so in general this one could have an accuracy

itis like g, o, or have an error within itas oy, g5, ... g4 . SO, what we are talking about is o; being



a measurement of what the error or that is what the variance within each sensor is. we will make

this a little bit more mathematically formal when we go to the statistics portions.

But this account for the fact that not all sensors are equally reliable. Now why does this matter?
This matters because see | am saying that how a measure of how good or bad our model is
dependent on the gap. Now let us just say that one was a really good sensor a huge gap here should
actually be weighted hugely so you want to give a lot of emphasis to that. Whereas a small gap in
a good measurement device might mean that even that gap could be amplified by a lot or a big gap
in a measurement device, which is less accurate does not have to be that person is or this sensor
has always given a lot of error, so maybe the fact that the model and the truth are very different
need not be given so much emphasis.

So, what the o does is gives different emphasis to different sensors. But to start with, we will come
to what is known as weighted linear regression which gives this different type of emphasis later.

But for to start with we will assume equally accurate sensors.

So that means we are going to assume o; = 0, ... = 0, = 0. SO now we can define one new
quantity R?, | will again tell you what this means this is equal to ¢ times R'2. And that is just

going to look like
m
R = 0%R? = ) (v = 9
i

So, this is simply the sum of squares of the error. This R?, this R is called residual, R stands for
residual why have we put square just to emphasize that this is actually a positive quantity.
(Refer Slide Time: 17:50)
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Now there are 2 names, that | am going to use one or the other depending on the notation. So,
within the inverse Community this R square is typically called S. S stands for sum, as you can
guess, sum of residuals and this is equal to X7, (y; — %,)?. Now another name which is more
common within the machine learning community is J. So, J is called the cost function, I am not
sure why this letter J came | maybe starts with German or something or that sort or the loss
function.

All that means is what is the cost of the fact that your model and your reality are different? So, J

is mean. So, the mean measurement is

m
_ 1 z 2 S
]—m' G =3 = —
=1
So, this is basically called the mean squared error. All of you would have seen this at school or
even at college also sometimes called which as MSE starting standing for mean square error. So,

J is the cost function or the loss function what do we want?
(Refer Slide Time: 19:37)
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So, our model, so the best model to solve the inverse problem is the one that minimizes Jor S, S
is simply one factor the number of measurements multiplying J. So, the best model is the one that
minimizes J. Now what are the parameters that we have within J. so this means we need to find wo

and wi that minimize J. And remember J is simply the sum of the square of the error,

] = i(}’i - 9)?
i=1

Now if you look at it only in this form it might look odd, | mean you want to find out wo and w1

which minimize this but where are wo and w1, where exactly is wo, wi in this expression.

So, let us make that explicit. So, note that wo and wx is actually hidden within here. , our model
iswy + w; x;. what does that mean? Let us go back to our example once again which is why we
introduce this first we are saying that this here is y this is x this is for example X1, X2, X3 ... Y1, Y2,
y3 ... y remember is the truth or the experimental temperature corresponding to this. we should

have a y which we will see in the next video.

We will see the actual values here. But suppose | guess that, w, = 0,w; = 1. Then the model
would have said wy, = 0,w; = 1, then,
y = wy + wyx,
=0+ 1 x 0.01;
= 0.01,



So, this will be 0.01 so on and so forth. So, if we take this model, this will become 0.02, 0.03 etc.
As you can see the gap between y and ¥ is huge, this is not a great model. But that is just to tell

you how y is calculated and y itself depends fully on wo and wi.

So, ¥ is a function of wo and wi. so please remember this as we go forward. So, ¥ is a function of
wo and wi. So, we want to minimize J. I will put the mathematical language for this in the next
one, but for now let us use a sort of casual language.

(Refer Slide Time: 22:52)
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So J depends on wo and w1 and it is given as, | should have put,

1 m
Jwo,wn) = — > (v = 72
i=1

So, this is equation 1. Whereas,

¥, = wy + wix;
This is equation 2. Now when we have 2 variables like this wg and w1 and we want to minimize J,
so Min of J is achieved. When,

d d
Y oY,
aw, adw,



If you do not recall this from your multivariable class then I will be doing this sometime later
during the course maybe around the seventh or eighth week | will be again kind of deriving or

giving you some physical intuition.

But at least from one variable calculus you know if there was only one variable then it should be
4 _
aw
said the geometric intuition for this I will talk about later once again towards the you know the

0, if there are 2 variables it turns out that both the partial derivatives have to be 0 like. |

third half of the course or the third part of the course. So, now let us see if we can differentiate this
equation and get these terms, what are the terms that correspond to =~ and or what are the

equations that correspond to this.

So, 667], you notice this is J written simply as a function of §. This is § written as a function of wo
0

and w1. So, we can differentiate this in 2 steps and that turns out to be the easiest way of doing this

SO 9 ou can write as
aWO y !
9 _ 9 9y
am% ay 6W0
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We want to set this to 0. but let us first start with this equation. Now a convenient thing that we

can do just to do this % is to put a factor 2 up front here, it is not very important but typically we



do that we put a half. So that when we take a derivative you know this 2 and 2 cancel out. So, it is
a little bit easy. so instead of taking mean square error, we take half of mean square error that is

just a convenience that we use.

9]

So if we do that what this comes to. So, if you do 75"

so | am going to take a simple example and

then extend it. So let us say instead of having this 3.7, , | have a simple equation. so instead of

this 1 am just going to do,
1 5) 2
J =3 -9
The Y | am going to erase out. And simply going to keep as if it was just (y — $)? and | will tell

you how to extend it to the general case shortly.

So now if | do that then % simply becomes this square comes down here,

o _ 1 X 2 (=1
So, | hope this is not too complicated for you, but you should be able to do it fairly
straightforwardly if you wish to do this course for credit. So, this is a simple derivative % is,
o
So, I will write that here, (% =jy-y.

Now what about %, remember ¥ = w, + wyx. | have dropped the i's as you can see, but it is just
0

: . . .9 "
a convenience so # is simply equal to 1. So, we now have this # = 9y - y. Now suppose |
0 0

bring this > back, which I dropped here. So, this would be for just one term so if I am just taking
the first term this would be y; — y;. Another way of looking at this is like this.
(Refer Slide Time: 27:43)



S0, suppose,

J = =2,

where J; = % (v; — #,)?, and | am going to keep a half. All | have done if you look compare the

expression here and here is | have just added a subscript, the summation is moving. Then I know
that,
o _ 19
dwy, m  Jdw,

And we now know based on our expression so far that,

aJ;
aw,

=y -V

Because all I have done is just replace this J with a J; and y with a ¥, right.

Once we do this, we basically get,

Y 1S

aWO m
i=1

So, this we will keep as equation 3.
(Refer Slide Time: 29:22)



Now suppose we do the same thing with 687], so | will do the same trick again 667], | am going to
1 1

call it % or let us drop the i for now, just to keep the whole thing a little bit manageable.
1

o] 9 99
ow, 9y ow,

a{ is simply ¥ - y. So, we are going to call this y - y

d :
and a—; we just calculated as you saw here, 79

and ¥ was our model which was w, + w;x. So, % is equal to this derivative the derivative of
1

this with respect to wi this is simply x. :Ty = X.
1

So, this is going to be x. So, we can now write this down as,

T _5-»
w, ~ I Yx
except, when we actually do this, just like the last time you will get a summation. And get a

summation. So,

J 1w

—_— — 7 — )X

ow. " m Z(yl Yi)Xi
=1

So, this calculation here was just for one sensor this is the full calculation so let us call this equation

9]

4. So, you can notice equation 3 here is for :7], equation 4 here is for ™
0 1
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So let us put these 2 equations in play. So, this first condition will say >, | am going to eliminate

the divided by m,
D G-y =0

Let us call this equation 5. And the next equation is going to be,

D Gi—yxi=0

This is equation 6. So, these are the 2 equations. Now by the time you come to these 2 equations
we might forget. What it is that we are looking for?
(Refer Slide Time: 32:29)



So, we should remember what it is that we are looking for in fact let us retain the m so that might
make things a little bit more convenient for us in a little bit of time. So, these are the 2 equations
and we want to solve these 2 equations for what were our unknowns. our unknowns are wo and

w1, that satisfy equations 5 and 6. That is really what we are looking for all right.

So, at this point you might think what is the meaning of these 2 equations? So, what is the meaning
of equations 5 and 6 and how do we proceed in solving for wo and w1? So, let us look at that in a
short way. what does this mean? so what this first thing means? This simply means that the average
error of the best model is 0. This is what this equation means. you notice this is the error and that

is why | retain the m, what this says is the average error of this model is 0.

This one says that the weighted average by x is also 0. This one is a harder meaning, but at least
let us look at the physical meaning of the first term here if you notice is look is looking like this.
So, suppose this middle red line is our model, you will see that somewhere the error is positive
and at the other places the error is negative, whereas the bad models are all on one side. So at least
we have a physical intuition that a good model should go on both sides of the truth and that is the

intuition, that this equation here is re-emphasizing.

This on the other hand is a little bit harder to interpret and we will see that in the next video so let

us see how to solve these 2 equations. Remember we are looking for wo and wi.



(Refer Slide Time: 35:04)
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So, equation 1 is,

é Z(Wo + wixi-y;) =0
Remember yi is the truth, X; or the actual temperature, this is the location of the sensor and these 2
are the parameters we are trying to solve for. it is useful to just remember what we are solving for
throughout. So, this is 0 this is equation 5 let us just continue with simplifying this Y2, , wo is a

constant with m or constant with i, the only thing that depends on i here is x; as well as yi.

So, now if we look at the first term the first term simply is ), w,, which is a constant which you
can take out. So, this is wo times i, , | am just doing it term by term this just becomes 1, the
whole thing divided by m. | am going to take each term then w; terms times ».{2, x;, the whole
thing divided by m and the final term is minus ;{2 y;. Let us just assume that 1 to m is 0.

W"Zl+w1 ! =0
m . . Xi'm' yi =

Now let us look at these terms one by one, again, in the first term is simply >, wy, is simply
m. so, m by m, so that is 1. This is wo + ws, let us use some terminology. This is the average value
so if you see, Y.i1, x;, this is the average value of x;. So, the average location across the domain.

So, we are going to denote this average by a bar, so x denotes average value of x over the domain.



So wi times this term becomes x minus this term, now you can see is the average value of y, so

we will denote this by y.

So now you have an equation | am going to write this compactly,

wy+wx—y=0

Wo +wiXx =Yy

So, notice this this is one equation notice how nice it looks also. Because it tells you at the average
location, I should accurately predict the average output or in this case the average temperature so
this equation actually has a physical meaning so this let us call this equation 7. Now let us simplify
the next equation which was equation 6 so equation 6 is here this equation so | am going to write
that down.
(Refer Slide Time: 38:12)

L 7.(/\" L 50
L L

L2 (vprwmddwe =0
™M

A
3 \*ﬁ)i'xc W Y =0
m ™ m

1
o Z(YI —y)xi =0

So, you can see it is exactly the same as the previous equation but like | said it has a weighted

weighting here x;, so we will open this up,

1
Vi = — Z(Wo + WiX; - Yi)X;
| am going to drop the i just for keeping our notation a little bit compact. So same thing the first

term is wg Y. 1 the whole divided by m it is, | made a mistake here )’ x;, SO Wo times X;, SO Wo can

be taken out. So % Y X;.



The next term is % ¥ xZ and the final term isi Y. x;y; this whole thing equal to 0.
W Wy , 1
m T T LT

So now let us do the same interpretation that we did the last time and write this down. So, the first
term becomes wpo times this combination of terms, so that is simply X, you can say}; x; divided by

the average value of x, + wi times now this is the average value of x square.

So, the square of the location is what we are averaging at this point so this is x2. Now it is important
to note something here this is a mistake that students often make or people often make. x2. is not
the same as ¥? what is the difference? x2 is the average of the squares and x? is the square of the

average. So, for example if you have the numbers 3 and 5 then x2 would be 3% + 52 by 2 so that is
9+25hy 2,34 by 2,s017.

Now x2 is, what is x? x is 4, the average of this is 4. So, this is 42, so this is 16. So, you can notice
x2 is not the same as x2. So, what do we have in this term? This is x? average so that is x2 . so
please do notice that it is easy to get confused by this term quite easily. So, you see this term here
this is average of X; yi so this is xy,

WoX + wlx_2 -xy=0

WoX + wix? =Xy

(Refer Slide Time: 41:39)
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So again, the same thing holds true here too also note that xyis not the same as xy, this is the
average of the product and this is the product of the average. These 2 are not the same and we will
see this in greater detail when we come to the probability portions of this course. So we can put
this together and write an equation wox + w;x2 = xy. So this will call equation 8 just for your

recollection equation 7 was w, + wy X = ¥, this was equation 7.

| am just rewriting here so that it sits on the same page for you for easy reference. Now notice this
again, this is a useful thing to remember. this is called taking moments unfortunately. we would
not have the time to discuss this in great details in the course. This basic equation if you remember
you can generate this equation fairly easily so this equation is just w, + w;x = y. All | am saying

is, this is coming from the model remember.

So, this comes from the model. So, what it is saying is y at an average location should be equal to
the ground truth averaged. So, from there if you just multiply each term notionally by x or you
first multiply each term by x and take an average, you get this equation. So, you can see y
becomes Xy, ¥ becomes x2 and 1 becomes %. Now we have 2 equations and two unknowns and
we can solve this to obtain wo and wa, it is a fairly easy to do that so the way to solve this is. Let
us say we multiply we eliminate wo by multiplying equation 7 by x and subtracting out equation

8. So, x multiplied by equation 7 - equation 8.
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So, what that gives you is,

This is the right-hand side and now you subtract out this equation terms, which are wyx + w, x2.
So, this is where the distinction between %2 and x2 becomes important. On the right-hand side,
you subtract out xy. So, these 2 terms cancel out. So, you get,

wy[x?-x2] = Xy -Xy

(Refer Slide Time: 45:29)




So, you can now write wi equal to, | am going to reverse the signs, because that is the usual way
in which it is written,
Xy — %y

"
So, this is the analytical solution for wi. of course, we need wo also and we know that wo + w1 X =
y. so, this gives us,

Wy =y — WX
and you can write this in a convenient way, wo becomes ¥ ¥y — ¥ x2, | will leave the derivation
up to you so fairly straightforward derivation, divided by x2 — 2.

XXy — y x2
Wo = —= 5
X=X

So, this is the analytical expression for wo. so put together, these are the coefficients of the linear
fit of a linear model in one variable.

(Refer Slide Time: 47:25)

Wo, W, ane Be Confficimts o @ linen wudd v
hon\inm?

Voriale Aphadnatic?
l
Mllich Variablpe?

Wht 15 4w ac,avnca of brom&cz

So, this very specification here tells you a few things. we have automatic questions that will come
from here. What happens if my model is non-linear or let us say it is quadratic? So, when would it
be quadratic for example in case, | have something with heat addition. So, you could have instead
of a linear model, you could have a quadratic model there what happens in that case? What

happens if it is cubic, quartet etc.?



What happens in general if it is non-linear. we were able to find out this formula in case of w0 and
w1 what if it is non-linear and it is very messy then what do we do? The next question is instead
of one variable because | was doing in only one dimension what happens if there are multiple
variables? so what we do for such cases? Final question that we have is what is the accuracy of

this model or of this process?

How do we know is this the best that we can do? can we do something else maybe we fit a line
here, just because physics said it was a line what if we fit a slightly different model maybe physics
is something else. So, all these questions we will answer in the future videos within this week. So,
in this video all we saw was 2 simple expressions for w0 and w1 usually these equations are written

a slightly different form which 1 will discuss in the next video.

But more importantly in the next video we will also start with the quadratic model. we will also
look at how you can generalize the same process, if you have multiple variables so thank you that

is it for this video.



