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Lecture - 03
Coordinate Transformations

So, welcome to the session on Coordinate Transformations. In this session we will be
using the subscript notation which we have covered in the last 2 sessions, and we will
apply these coordinate transformations to define certain parameters that we will be using
in this course transport phenomena. And we will also be using these expressions to

derive some of the equation that we will need later on.

This coordinate transformation has 3 components, which is basically relocation of the
origin of the coordinate system, and the dilation of the unit cell, which is basically either
contraction or expansion, and then rotation of the coordinate axes. We will be taking up
only the rotation at this juncture; we will look at the other 2 aspects later on as we will

need.
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Orthogonal coordinate system

Right-handed system:
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So, we will be looking at what are called Cartesian coordinate system which means
basically we are looking at orthogonal coordinate system, and what we mean by

orthogonal coordinate system is indicated here. Let us look at for example, here x y z



axis defined as xi, X», X3 with hat symbol showing that they are the 3-unit vectors along

the 3 normal directions.

What we mean by the normal directions is that when we take a dot product of any unit
vector with itself, then we would see that it should be equal to 1, and then whenever we
take the dot product respect to something that is normal to it then we should get a 0. So,
this part is defining the orthogonality of the axis. We also have another aspect that is
embedded in this particular system namely the so called right handed system. So, we
could choose the coordinate system to be either right handed or left handed. So, what we
mean by right handed system is that if we take a cross product of x; and x,, and then dot
that with x;, we should get one if we get -1 then it would be a left-handed system and the

dimension what we get for the triple product x; x> X3.

This gives us whether the unit cell has been normalized with 3-unit vectors being of
magnitude 1 or not. So, we can choose these to be different in any other coordinate
system, but in Cartesian coordinate system particularly the orthonormal x y z axis that
we are very familiar with, then we are going to use the way we are defined here, with the

3-unit vectors normal to each other.
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Coordinate transformation

If a coordinate system is rotated, how are the unit vectors of the two
systems related?

So, by coordinate transformation as I mentioned earlier we are only going to look at the
rotation. So, assume that the origin of the coordinate system has not changed, and we

have only done the rotation. So, ensure that the way we have describe the 3-axis x; X, X3



ensure that the handedness has not changed. Namely the right-handed nature of the

coordinate system is preserved.

So, this is what we mean by the rotation of the coordinate system as I have shown in the
image the location of the 3-unit vectors has now changed. Now when that changes how
do we then represent the new coordinate system in terms of the old coordinate system
and vice versa? And then if there are quantity such as vectors then how do we represent
the components when the coordinate system has changed. So, this is the task that we

have ahead for this session.
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An example of coordinate transformation

Consider rotating the coordinate system about % by an arbitrary
angle 0.

So, the example transformation can be then taken up and we will do a 2D rotation so that
we can derive the expression easily. So, what we do is basically we will rotate the
coordinate system about the x ray axis, and we rotate by a certain amount which is
basically given by 0 angle, which I have given here. So, which means that basically the
new and the old x;-unit vector is coinciding, but the x; and x, are now rotated by certain
angle 0, that is given here. So, what we will do is we will derive how we can represent

the unit vectors with respect to the older ones and vice versa.
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So, what for that what we do is basically, we draw a line of unit length about the unit

vector which we want to express. And so, what we want to do first is, write the new unit

vectors in terms of the old ones. So, what we do is that let us first write x; in terms of the

older coordinate systems.

b .. .
So, X,is the new one. So, this is the new one. So, we take a unit vector here we have
1

shown it here. So, this length is 1. So, if this length is one and the angle it makes with

respect to the old x; axis is 0, then we can see that the components along the x; and x; are

then given by cos0sin 8 respectively which means that we can express Xiin terms of x;

and x; as given here. So, similarly we can also express the Xg, and for that what we do the

same way we take up a unit vector along the Xg.
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New unit vectors in terms of old ones

fils Ty = —sinf &y + cos 0 1y

and then take it is components along x; and x, the old coordinate system, and then we
see that when we express that in terms of the old coordinate system we get this
relationship xgz—sine)?l + cosBX,. We can see that the sine theta and cos theta have
change their position and then there is a minus sign coming, that is going to be of use
later on to see what will happen to the transpose of certain matrices that will be talking
about. So, at this junction we can just write this, and do we need to write Xgin terms of
anything else. So, we see that we do not need to worry, because we know that X;is a
same as X3, because the rotation is about the x5 axis. So, x; axis has not changed it is

orientation at all. So, we can just leave it like that.

So, we now have basically the 3 new unit vectors in terms of the 3 old unit vectors. So,

we can then connect them and see how those expressions look like.
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New unit vectors in terms of old ones

" > Ty Tt thh

X = cosflR +sinfl+0%
% = —sinf %+ cosf% +0%
X =05+0%+5%

or

% | =| —sinf cosf 0
IS MRS
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So, that is then given in this form here. So, you could see that these 3 are the equations
that we have now come up with. So, XL1 in terms of x; X, X3 Xgin terms of x; X, X3 and then
xgin terms of x; X, X3. So, we can now represent these 3 equations linear equations in
matrix forms the reason why we are going to do it in matrix form is because we could
then give symbols to those matrices. And then use a subscript notation to make the same
expression in a very brief manner. So, what we do is that we write it in the form of

matrix multiplication.

So, let me highlight and show you how this looks like. So, if %, is then given by this
multiplied by this that is X;cosf+ %,sin6+ (0* X5 ). So, that is how we are doing. So, this
is the typical way matrix multiplication is done in the engineering mathematics courses.
So, this must be familiar to us. So, what we now want to do is that we want to then write
these expressions with some symbols. So, that using the subscript we know the positions.
So, that is what we are going to do now. So, we want to call each of those terms as the

elements of a matrix T. So, T T1,T3 are then nothing but cos sinB and 0 respectively.
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New unit vectors in terms of old ones

& Tu Te T | [ & Merf 7
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x5 Tn Tp T | | %

Where
cosf)  sind 0
T=| —sinf cosf 0
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Using subscript notation,

So, we could then write this expression. So, we are now using the short form T. So, that
we represent that as a matrix. So, this matrix is nothing but the transformation matrix. So
this, this has a specific name. So, that is basically coordinate transformation matrix. So,
this is unique to the kind of rotation that we have done. So, when the rotation angle
changes then the elements of this matrix also will change. And the matrix itself is

expanded here.

So, when we look at the expression here; so if you notice the expression; so here in this
expression if you notice here. So, let us just write x‘1 And we write this as
T,,x,+T,x,+T ;x;. So, you could see that there is a summation that is being taking
place, and that is about the second index here. So, we could then use the subscript
notation to indicate. So, when we have a dummy index in the second position of T, then
we can see that we get the summation implied by the subscript notation itself. So, that is

what we are going to do here.

So, here basically what we have written here is that we have use the second index as a
dummy index matching with that of x. So, that it is implying that it is summed up over
the i index from 1 - 3, and the first index corresponds to what is the new unit vector that
is being expanded. So, in a very brief manner we are able to write the transformation of

the unit vectors from old to new using this expression. So, we could also do the reverse.



So, when we do the reverse we have very interesting observation to make. So, let us go

through that exercise now.
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Old unit vectors in terms of new ones

e A A%
&y = cos0 &7 —sinf 5

So, the reverse is as follows we have to now write the old unit vectors in terms of the
new ones. So, what we do is same as what we have done earlier. So, here we have seen
that there is a unit vector which we want to expand in terms of the components along the
new axis. So, the unit vector is along the x; the old one and it is components are given by

cosB and sinB and we could also see that the expression comes like this. So, x; in terms of

xiand xgare written here. So, we could again expand the x, in terms of the 2 components.
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Old unit vectors in terms of new ones

Iy =sinfi + cosfi

n
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So, we do the same thing here. So, we take up the unit vector along x,, and then take it is
components along Xiand Xgand then we obtain this equation. And the equation for x; is of
course, known to us because we have not changed it is orientation at all. So, you would
write this way. So, we have now also the old unit vectors in terms of the new one. So, we
could again express these 3 relationships as set of 3 equations and with a matrix form.

So, that is what it done here.
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Old unit vectors in terms of new ones

51 =cos0 & +—sinf % +0%;

X =sinfX] +cosfl % + 0%

fo= 0% +0% +5

X1 cosf —sinfl 0 b
% | =|sinf cos 0| |%
% OO L

Using subscript notation,




So, they are expressed here as 3 equations, and then they are then converted into a matrix
form here and this is a transformation matrix here. So, this is a transformation from the
new one to the old one. And we can see that there is one difference with respect to the
previous matrix and that comes at these terms. So, you could see that the minus is now
appearing on the first row. Earlier when we are expressing the new unit vectors in terms
of the old ones the minus was appearing here. And in terms of the old unit vectors here
we have getting this. So, this is the only difference that we are getting otherwise the

elements are same. We also notice that it is a transpose of the other matrix.

And then we want to expand this in terms of the subscript notation, we write it here in
this manner. And you could see that we are able to use the same symbol T,; same as
earlier the reason being that the summation is now over the first index of T. Whereas, in
the earlier case it was over the second index of T. So, by changing the index we are then
able to retain the same transformation matrix T. So, I want to just alert you here about
this particular difference, because it is it is very important that we do not lose out on this

particular difference.
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Alternate definition of T,
Consider the transformation from new to old coordinate system:
| % = Tuif;
Expand for i = 1: =
1= Ta% = Tuky + Tu% + Taks

Write the elements of T, as

0% .
Tu=r ) %

% ) Tu= T
T = ()ﬁ = 0;(; = 0%,

0% (P

So, I want to highlight here you see that when we are expressing the new unit vectors in
terms of the old ones or old ones in terms of the new ones, the transformation matrix will
come as T only. And then the index p is meant for the new coordinate system, the index

I is meant for the old coordinate system. However, the way these 2 are different is



evident because the summation is over the second 2 indices here, but here it is over the

first and the index of x" .

So, you could see that the way we multiply the 2 matrices is different. The way we
multiply the first one is this way, and the second one is this way. So, you could see that
that is a difference why we are able to write the same expression, but just swap the
indices over which summation is happening and then retain the meaning. So, this is also
coming up because of one particular property of the transformation matrix. Namely for
the transformation matrix, we realize that its inverse is the same as the transpose. So, this

property is what allows us to write this.

And the reason why this property comes up is because the determinant of the
transformation matrix T is unity it is one because of that this particular property comes
up. And therefore, then we are able to write. So, what we now need to remember is only
one expression here. So, whether it is new in terms of the old or old in terms of the new,
we have to remember that x" is T times x and the indices should be such that you keep
one index. On the left side one index on the right side and then put them side by side
here below, and then the expression would work for you. And the rest of it basically is
subscript notation because you know how to expand this ones you know the subscript

notation the dummy index is i.

So, you sum up over the i index. So, that is how you can get the new unit vectors in
terms of the old ones or vice versa. So, there are other ways of defining the
transformation matrix T. And I would like to then cover them because different text
books may adopt different ways of defining them. So, the idea is how do we get the
elements of transformation matrix T for any given arbitrary rotation of the coordinate
system. So, the way to derive is being illustrated here. So, when it is only one 8 about x3

axis we already know how to do that, but any general case we can just do that here.

So, let us look at the transformation which is given in terms of the expression here. And
when we expand it we are getting this expression. So, we take p value to be 1. So, we are
looking at the first unit vector of the new coordinate system and expanding it in terms of
the 3-unit vectors of the old system. Now you see I want to get T1;, and that is what I
want to now check. So, I want to get this now we can see that if we were to pretend x; x,

x3, the old ones as well as the new ones were to be like variables. Then differentiating



this expression with respect to this variable will get me only this term out. So, that is
what is being done. Here a partial differentiation is going to get me that term. So, you
could then look at the entire expression, in this form which is very, very brief it just
shows you that by looking at the differentiation, you could get the elements of the

transformation matrix in this form.

So, the convention is that first index goes to the numerator, and the second index goes to
the denominator, and p corresponds to that of the index of the new coordinate system, i
correspond to the systems of the old coordinate system. So, if you stick to this kind of a
connotation then we will not make a mistake. So, you could you could arrive at the
elements of the transformation matrix by looking at the differentiation and this is
particularly useful when the transformation is given as a functional form, then we could

use this kind of an expression.

We are now taking up the reverse transformation the old in terms of the new ones, and
here you can see from the previous slide we can see that here we have got star on the
left-hand side which means that the new ones, in terms of the old ones and here I am
writing the old ones in terms of the new ones. So, whichever way we write we are seeing
that we are getting the same expression. So, we can get the same expression, which is
very interesting. So, it just shows you that when you want to express the elements of
transformation matrix, you take partial differentiation of the old and the new, and the
order is not important the reason why it is happen is of the same principle basically the

inverse of T is same as the transpose.

So, here you can see that the index positions are changed and what it implies is that we
are taking the transpose, when we are doing the second way of differentiating and
therefore, the inverse transformation is giving you the same T,. So, it does not matter
now how to remember the expression of T. You just differentiate old in terms of the new
coordinate system or the vice versa and as long as you are able to remember the position

of the indices the first position T, we write.

So, we remember the first index corresponds to that of the new, second index
corresponds to that the old coordinate system, then the expression is going to be correct.

So, if we make a swap here then we will have a transpose of those matrices coming out.



So, we should watch out for that; so an alternate way of defining the elements of T when

the unit vectors are given in vectorial form is shown here.
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Yet another definition of T}y

Consider the transformation from old to new coordinate system:

s |
| Xp = Tp;X,'
Expand for p = 1:
= Tk =(Tubs + T + Tisks
This means one can also write the
elements of T}, as

G | r
| % % =Ty oo
‘ =, Ti=%"%

X %h=To

v
X k=T

So, here what we do is that instead of looking at partial differentiation, we basically look
at as a dot products. So, we do the same exercise. And we see that we want to get T; out.
So, what we do is basically we realize that from the orthogonality property of the
coordinate system. If we were to dot this with something that will leave behind only this
term and not have these 2 terms which means that if I were to dot that with x; then what
happens is the first term will remain the second because it is x, dot x; it will drop of third

one x3 dot x; it will drop of. So, I could then imagine that. Ty; is nothing but a dot

product of X‘iand x; similarly the other terms.

So, you could also imagine the elements of the transformation matrix as dot products of
the new and the old coordinate system. So, which means that in case the new coordinate
system axis are given as a vectorial form of the old coordinate system then we can just
do the dot product and we can get all the 9 elements of the transformation matrix directly
using this kind of relationship. So, either way we need to get the matrix T so that we can

define the transformation completely.
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Properties of T, using orthogonality

iy 5% =0 5% =0

H-4=1 I . . .

- . X =Tk X =Tk

X = Tl,'X,' i . ~ A

X = TQ,‘X,' X3 = T3;X,‘

TyTy=1=dy
,_ TiToi=0=dp TiTsi=0=d1
Generalizing,

T Toi = Omn

Similarly, using the orthogonality of the old coordinate system, we
can get

Tv'm Tin 5 6mn

So, there are certain properties of the transformation matrix which are derived from the
nature of the coordinate system that is being used here which is basically the orthogonal
coordinate system. So, these properties of transformation matrix are then used to reduce
some of the expressions as we derived various quantities later on. So, we know that both

the new and old coordinate systems are orthogonal.

(Refer Slide Time: 20:25)
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Properties of T, using orthogonality
=Tk

=
& =Tk e
55 = T X3 = Taifi
— ThiTyi =0=dp TiTsi=0=d1
Generalizing, i 1 =

ﬁﬁi:ij ijbli:izéz

Similarly, using the orthogonality of the old coordinate system, we i1

K
can get
E TT e g

T =lon s

And which means that when we dot the new unit vectors we should get one, and this is

true also for the old ones. So, each of these the way we proceed as follows. So, we know



this form the orthogonality. What we do is that we take up each of these vectors, and
express them in terms of the old vectors. And then when we express them in terms of old
and then do the dot, we see that we get an expression which involves transformation
matrix being multiplied twice. And then we will see whether the value is unity or 0. So,
using the first expression that is express X‘i in terms of x; x, x; and then dot it with itself
then we will see that this expression, which is basically if I want to expand a Ty; Ty; i=1-3

is equal to 1. So, this comes up because we are actually what we are doing is T, Ty + T2

T+ Tz Tis.

So, this expression is going to be 1, because of the orthogonality of the new coordinate
system. And this one I want now imagine as if it were to be coming from 2 indices of a §
, and I want to take those 2 indices to be what are here. And we know the property of 6.

So, we just write it as one. So, the reason why we write this because we see a very
general form that is evolving here when we take the orthogonality, relationship were x1

and nge get a 0. So, here again we choose those 2 indices here, and realize that the

expression is actually valid.

So, we can then generalize saying that if the index is such that it is m and n then we can
write the expression using 6, whenever there is a summation of i the other 2 indices can
be used for the indices of §. And this is basically nothing but statement of orthogonality
of the coordinate systems both new and old. So, when we write the orthogonality of the
new coordinate system express in terms of the old coordinate system we get this
expression. Where the second index is being used as dummy index, but if we do the
reverse that is we express the old coordinate system orthogonality and express the old
coordinate system unit vectors in terms of the new ones and do the same analysis. Then

we see that the dummy x index is actually in the first position of T.

So, we can see that either way we are getting the §, on the right-hand side. So, is
essentially what it implies is that whenever there are 2 t’s coming up together then
inspect there are 2 indices. And let us say the first index is matching. Then put the other
2 indices here. So, that is how we can write the expression using the subscript notation.
And there is no deeper meaning in this expression, than the orthogonality of the 2

coordinate systems.
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Properties of transformation matrix

o T, is determined by the rotation of the coordinate system
o Determinant of T, is 1

o Inverse of T, is its transpose, namely T;,
o Orthogonality leads to Ty T = Oy and Tim Tip = Opnn

Now, there are some more properties of the transformation matrix that we can use we
can say that transformation matrix is completely determined by the rotation of the
coordinate systems. So, whenever we know the rotations by what axis by what amount
then we can then determine the elements of T completely. Determinant of T is 1. The
reason why this is so because, we are talking about a pure rotation, we do not want to
consider situations where the new unit vectors when you look at the triple product it is
not different from 1, the unit cell is not expanding or contracting the unit cell is of the

same volume we are only rotating the coordinate axis.

So, because of that the determinant of T will be 1, and inverse is the same as it is
transpose we have come across that already and orthogonality, leads to these 2
relationships. So, these are the 4 aspects of the transformation matrix to summarize, what

we have done till now. So now, we are going to use these to make some more analysis.



(Refer Slide Time: 24:26)

)
DdHG P LM Crmven v[[IE2-0-S% P -
ENEEEEEE EEEE 0 048

Components of a vector across coordinate rotation

ok \ i =uy &+ ug By
U =uj £ +up &y

Uy U

Uy

So, why do we do all this? The whole idea is as follows.

So, there are certain quantities which we want to represent irrespective of how the
coordinate system is raid out. In other words, if take the example of a #. So, the u, if

you look at it is components in the old coordinate system the components are u; and u,,

and in the new coordinate system the components are u;and u,.

Now if this # were to be for example, a velocity vector or a gradient etcetera, then we
know that it sense of the magnitude and direction does not change whichever way we
chose the coordinate axis to be, which means that. When we rotate the coordinate system
from x; x, to xiand Xé then the elements u; and u, should change over to Uiand u; and
maintain the direction and magnitude of the vector. So, the sense of the vector should be
preserved when we rotate the coordinate system, and only those quantities whose
elements are following this sense being preserved will be actually called as vectors,
otherwise it just becomes a bunch of numbers which change randomly when we change
the coordinate system. So, this is the principle behind writing this expression. And let us
just go through the small algebra that is behind; so identical to what we done with the

unit vector.

So, let us look at the elements. So, these are the 2 expressions we have taken we have

taken a 2D situation, and we have taken this angle 6 exactly like what we did in the

previous exercise. So, to know how the elements u; u,are written in terms of u;and u;.



(Refer Slide Time: 25:59)

et Vot T Hep
ABHGL4 10" Crome V[ 7 -0-S4 P -
B/AEREEEEN EERE AL JEVELY

Components of a vector across coordinate rotation

0= wx + thx + 3%
=y (cosfR{ +sinf% +0%5)+
+ip (—sinB %] +cosf % +05%5) +

+u3 (0% +0% +%)

= (uycost + upsin) 35 + (—uy sinf + uy cos ) % + 1%

] * K * ¥
=Xy Xy + U3

Watch out for typo !!
This term should be
ok
!

What we do is as follows.

(Refer Slide Time: 26:01)

e 4t Voo cins Toos e
DOHG LA DO Crome [[FHL-@- 4P -
B/ AEEEEEEN FoRE 9088

Components of a vector across coordinate rotation

G

U= ux + thx + X
=ty (cosf & +sinf% +05%) + 31
+ip (—sinO %] +cosf % +0%;) +
(RO 105+%) L
—i

= (uy costl + tpsin ) & + (—uysin6 + uy cosf) & + usy

— e .

= upx] + UpX; + U3Xg

We first write the u in terms of it is components. And then what we do is that each of
these unit vectors, which are old unit vectors, which we write in terms of the new ones.
And we already have those new ones. So, this is the first one, and this is the first one, and
this is the second one, this is the second one, and the third one of course, is unchanged

because we are rotating about the x ray axis.



So, we have those expressions coming in. So, once we write the old coordinate system
unit vectors in terms of the new one, then we collate all the terms for Xi’and Xgand X;, and
then when we collate we get those things here. Then once we write then we now have
expression here u is equal to this way. Now you can see that ui{is now expressed in terms
of u; and w, ,ug is expressed in terms of u; and u» ,u; also expressed in terms of uz which

we can then write in the form of a matrix.
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Components of a vector across coordinate rotation

i wsd sing 07 T
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*
U, = Tp,-u;

This equation preserves the nature of & across coordinate transforms
and is thus a way to define a vector.

So, that is what we do here and the way we are multiplying is the same as what we have
done here. So, this is the way. So, ui’is u; cosB + u, sinf + (0 * u3 ), ugis - u; sinf + u,

C059+(0*u3),u;is(O*u1)+(O*u2)+(1*u3).

So, we have got this expression. And it is actually not surprising that the matrix that is
coming in here is nothing but the transformation matrix T. Reason is that we have
actually use the unit vectors to arrive at this particular expression. So, the way unit
vectors are transforming is given by the transformation matrix. So, we should get the
same matrix here. So, we now have that expression here. And so, the way the elements

of a vector transform when the coordinate system is rotated is given by the same
expression as we have done earlier namely u, =T, U,. So, let us look at this expression

carefully. So, where the new coordinate system indicated by the star the index chosen is

p, and then for the old coordinate system you do not have a star and the index chosen is i.



And the sequence of writing the indices for T is the first on the left second one on the
right. So, we should always remember that this is how it is written. And the i is for the
old which is coming on the right hand side. And this way if you write then when you
swap the quantities then this sense does not change. so in fact, later on we will see that it
is this expression that will be used to define what can be called as a vector at all. So,
vector is one which transforms in such a way that the elements the components of the
vector will change in this manner whenever the coordinate system changes. So, we use

that as a definition of vector.

(Refer Slide Time: 28:54)
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Definition of a vector

A bunch of three numbers u; that follow the following relation across
a coordinate transformation are components of a vector i

Definition
U; = T,,,'Ll,‘

A vector field is a vector that is a function of a location.

Velocity field u (x, y, ), Gradient of thermal field ﬁT(r, 0,2),
Gradient of composition V C4 (x,y, z), Electric field £ (x,y, z,) etc.,

So, this is how we are defining here.

So, we say that any bunch of 3 numbers cannot be a vector. Only those bunches of 3
numbers which follow this relationship can be called as components of a vector. And
which can be proven you know there are some quantities which are known to be vector.
So, we can go ahead and proof whether they are vectors or not, according to this
relationship we will be doing that in a later session. And are there any quantities that we
already know are to be vectors we have for example, velocity. So, velocity vector is here
and we can look at gradient of temperature gradient of composition, electric of field and

so on polarization and so on.

So, these are all various quantities that we know which are part of describing a physical

process, where the vectors are involved. Now there is a small terminology I am



introducing at this juncture, which is basically field. So, the idea of field is basically the
quantity the parameter we are talking about is having a particular value at a particular
location, but if you change the location the value could change. So, think of temperature
field where the temperature at any given value given location is fixed, but as you change
the location the temperature could change. So, such a such a quantity which changes as a

function of the location is called a field.

So, what we mean by a vector field is nothing but a vector that is a function of the
location. So, velocity field when we use the word velocity field, what we mean is this? A
velocity which has 3 components, but those 3 components are functions of the location.
And the location is specified in various means sometimes, we specify the location using
X y z sometimes we specify the location using r 6 z. Sometimes we may specifying r 6 ¢
in spherical coordinate system. So, the choice of the coordinate system is up to us, but
once a location is specified, and if the value of any vector is at that location specified

then it can be called as a field.

And examples for vector examples of velocity fields vector fields are such that you know
you can see velocity field gradient of a thermal field gradient of composition field
electrical field. So, these are all things that will come across in this subject again and
again. So, the word field should immediately indicate to us that there is a location
dependency that is coming up. So now, we have defined how the elements of vector
should change such that you can call it as a vector. So, we have given this. So, what

would be then a scalar should be?
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Definition of a scalar

Scalar is a quantity which is invariant (does not change) across a
coordinate transformation.

Examples
Temperature Energ @ densnty()etc A 4 T\n

A scala is a scalar that is a function of location. &

Thermal field T (x,y, z), Density field p(r,, z), Phase field
dlxy.z)ec sl )

Value of a scalar field at a location should not change if the
coordinates chosen to represent the location change.

Defined by a fact that the numbers do not change when the coordinate system is
changed. So, basically, we use the word invariant. So, a scalar is one which is invariant
across a coordinate transformation. So, it does not change when the coordinate system
has changed examples are of course, temperature. So, we know that whichever way the x
y z coordinate system is oriented, once we specify a location the temperature of that
location is fixed it does not matter which way the x and y directions are pointing at. So,

such quantities are called scalars and very important note that energies are all scalars.

So, because later on when we define energies in terms of various quantities we realize
that because energy is a scalar then whatever quantities we are using should be such that
they must be having a functional form which does not change when the coordinate axis
are rotated density is also one more example where which is a scalar field. So now,
scalar field is something that we are introducing now it is a same sense what we have
said for vector field a scalar field is basically a scalar which changes it is value as a
function of the location, but not when the coordinate system is rotated. So, we have
temperature field we have density field we have phase field and so on. So, these are all

various quantities that will be coming up as a part of this course later on.

So, we will be using the word scalar field and in multiple ways and whenever we
indicate that what we mean is that whenever the coordinate system changes, then the

value does not change and the value is a function of the location. Now the invariance is



something that one can be proven. So, that is if there is a quantity which when we rotate
the coordinate system has not changed at all for any for any transformation matrix T.
Then for any T,; ¢‘and ¢ are the same which means that a ¢ is scalar. So, this is the idea
that we are going to use later on to define what is this scalar and what is not. So, it is not
as if any quantity which has just one number at a particular location can be called as a
scalar is very important that, that particular number should not change when the

coordinate system is rotated by any arbitrary transformation matrix T.

So, this is the essence of it. So, we will practice these with some assignments. So, we can
go back to the course website and look at some practice assignments to practice with the
coordinate rotations, and arriving at various values of the elements of T, and then using
orthogonality arriving at various kinds of derivations that we will be practicing, and look

up the course principle for the details.



