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Fully developed laminar internal flow and heat transfer
So good morning all of you so let us today to continue on the discussion with respect to the fully

developed both hydro dynamically and thermally.
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Fully developed region so I denote this as Region three and we solved for the velocity profile
in the hydro dynamically fully developed region we got a parabolic velocity profile and we
also started the solution to the heat transfer problem the first case that we to okay was a
constant w flux boundary condition so Q w double prime is constant and for this particular case
we have also shown that if your Q w is constant that means your DT w / DX should be = DT m

/ DX this comes because of the fact that this is equal to H into T w - TM.

Okay also we have expanded the fact for thermally fully developed flows you have a non

dimensional temperature gradient variation axially is 0, so from which we had obtained an



expression for DT / DX in terms of DT w/ DX and DTM / DX that was DTw/ DX-P- T w
/DM -T wintoDT w /DX+T-T w/TM-T wDTM DT mean /P X correct so you can
note the partial and the standard derivative that I am using here so this is a function of one DX
this is a function of only X whereas temperature is a function of both R and X therefore I use a

partial derivative for DT / DX okay.

So now if you substitute this result okay if you call this as number 2 and this is number 1
substituting the consequence 2 into 1 you cancel of this terms because they are identical and
therefore you come to the conclusion that my DT / DX should be = DT all / DX which in turn
is = VT m / DX and we have seen that this can be possible only if these are = a constant
because this is a function of both R and X but these are only a function of X so this can be

holding true the slopes can be the same if this is = a constant.

And therefore if you plot the variation of temperature axially so you can visualize for example
a temperature profile so where you have tea w X here you can calculate T mean X and of
course this is your T X, R so if you plot your temperature somewhere here local temperature
along the axial direction so you can say that this follows a profile linear profile like this maybe
somewhere at this radial location okay so this is the center and the mean profile will be slightly

lower than the temperature of the at this particular radial location.

So you can say that this is your so this is at some particular radial location we can say R =R 1
for example okay that is this particular location where I am plotting this R = and at the w of
course that will be the highest temperature amongst all the three and that will also vary linearly
like this okay so this is the characteristic of the temperature variation as far as the constant heat
flux boundary condition is concerned so all the three variations are identical they are just

parallel to each other.

But they keep vary with the axial position so that is the characteristic nature of the fully
thermally fully developed of course they have to be hydro dynamically fully developed also
now having seen this we wanted to calculate actually the temperature profile itself so if you
substitute the fact that your DT / DX is actually a constant that is = some DT w or 3 divided /
DX or ETM / DX into the energy equation okay so therefore it becomes much, much easier to

integrate the energy equation directly so you have.
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U/ anow the DT/ DX can be replaced as some DTM / D-X now which is a constant = T? /
DX+ okay so we have neglected the axial conduction in comparison to the magnitude of the
radial conduction so therefore we will retain only the radial conduction terms R DT /D R okay
so now since the left hand side is a constant we can just integrate it out the same way we
integrated the velocity profile where you are DP / DX is a constant so this is a much simpler

way of looking at the solution.

So if you integrate it twice I am not going to spend time integrating I will give you the final
expression 1 / o DT / DX which is actually a constant so I can either use DT / DX or DT m/
DX they just mean the same and they are they are just constants so you have you see R*/ 4 - R
power 4 /16 R 0 to the power 2 + ¢l learn of R + ¢2 so this is what I get somewhat similar to
the velocity profile where you had a pressure gradient in term in the place of this DT / DX you

had DP / DX there and you had a similar variation okay.

So now we have to find the constants C 1 and C 2 and in order to do that we have to apply
boundary conditions once again two boundary conditions are required okay so what are the two
boundary conditions okay so at R =R 0 let us say the temperature is = some tea w of course
which is a function of X okay so if you want to apply at a particular axial location so that that
is a particular w temperature which is a boundary condition and at R equal to 0 the temperature

has to be finite.



Now if you look at this directly similar to the velocity profile if for a finite temperature at the
center your C 1 should directly be 0 because this term otherwise goes to infinity okay so
therefore we directly eliminated C 1 so we can use the other boundary condition R=R 0 T is =
T w to calculate the second constant C 2 so if you substitute you can determine the constant it
will come out as so at R =0 or=R 0 T will become T w this will be T w of X - this entire
thing goes to the left hand side this is you see / a into so now this is evaluated at R 0 so this is

R 0?/4-R 0%/ 16 okay.

So if you simplify it comes out as so you can take 1 R 0 square into DT M / DX okay I can
maintain this is DT M/ DX into 3 R 0%/ 16 I think and you just check if this is correct this is T
w - you see / a R 0% this R 0° cannot come here T think this are not square should not come
here right so it is just three are not square / 16 okay so this is your C 2 and therefore you can
substitute for C 1 and C 2 and write your final expression if C 1 is anyway 0 so therefore T of
R comma X so you can substitute for C 2 and you see, you see / a DT m / DX so this is a

common term here and here.

So that can be just taken out as a common term so of course you have your T w of X which
can be written as this - you see in - you can also pull out R 0* as common by o so you see you
can take out 1 R 0* so that everything can be expressed as non-dimensional form and R 07 also
is here into dt m / DX that is also common so this will be left with the 3 / 16 which is this +
you have 1/ 16 so you have already R 0* taken out so this will be 1 /16 R/ R 0 the whole
power 4 okay and this remaining term will be R/ R 0 1 /4 this will be-1/4 R /R 0 the whole
power 2 okay.

So this will be a final expression for temperature variation at this let us call this as equation
number three so therefore you can see at this state it appeared like T is a function of only arc
because your DT M / DX was constant but once you calculated this constant C 2 now it is a
function of X through t1 therefore the final expression for T is a function of both R and X all
right okay.

So once you got the expression for temperature we will go ahead and calculate the expression
for the mean temperature which we define or the bulk temperature or the mixing Cup

temperature so how is the mean temperature defined so we now know the variation of P with



respect to both X and R now we should get an expression for the mean temperature varying
with X okay and of course the w temperature R T - TM - T w okay the difference between

them.

So how do we define the mean temperature yeah so it is basically a mass weighted average of
temperature and how do you mass wait 0 to R 0 T into so what is the mass P into a into u okay
in the numerator and denominator the P can cancel off so you have you and of course U is a
function of only R okay and what is the differential area 2 1 RDR 2 & cancels in the numerator
and denominator you have RD R in the denominator it has to be divided / the mass flow rate
okay so 0 to R 0 you have U of R into our dear okay so therefore you have the velocity profile

I will just write down the velocity profile for you again.

So you are U of Ris 1 /nu okay - 1/4 nuin through DP/DX R 0 squareinto 1 -r/r 0 whole
square so this is your velocity profile and this is your temperature profile right here so you have
to plug both these inside and you know so this DTM / DX is a constant DP / DX is a constant
okay so therefore you will have to integrate this with respect to R you have to multiply all the

terms with respect to R and then you have to integrate it is a little bit lengthy integration .

Which I am not doing you can also if you find it too difficult you can also use Mathematic and
try to do the integral but finally if you do that the expression for PM comes outas T w of X -
11/ 48 into you see R 0%/ 2 o into DT m / DX okay so this let us call this as number 4 this is
the variation of mean temperature with respect to X okay so therefore you can see your t TM -

T wis going to be a constant because d TM / DX is a constant okay.

So the difference between the two TM - T bar has to be a constant all right so once you got your
TM now we can take calculate the non-dimensional temperature so your non dimensional

temperature is defines as.
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T-T wof X/ TmofX -T wof X okay so now you have of course T-T w an expression for
T -T w here from the temperature profile and also an expression for T M - T w here okay so
if you just substitute those expressions so T -T w will be so you have your you see R 0 square /
ainto DTm/DXinto3/16+ 1/16 R/R 0 to the power4 -1/4R /R 07 that is basically t -
TW there is a - sign but in the numerator and denominator the - sign cancels of similarly T M -
T w will be - of that I cancel the - sign this will be 11 / 48 into you see R 0 square / 2 a into

DT m/DX o dt m /DX cancels your you see R 0> cancels o cancels out okay.

So this will give you an expression as 96 / 11 because you have 48 into 2 so that goes up 96 /
11 into this entire factor here 3/16+1/16 R/R 0 to the power4-1/4R /R 07 so this is
your final expression for § now once you have calculated your non-dimensional profile now you
can see the non-dimensional profile is not a function of X now okay the way we defined your 6
in the thermally fully developed region 6 is supposed to be independent of X so and that is

what comes out correct okay.

So this proves the fact that the assumption what we did of course we use that assumption also
but that correlates with what we find finally for 6 so this is only a function of R now you can
use this definition of 0 and calculate your heat transfer coefficient we had shown that in the
case of thermally and hydroynamically fully developed flows the heat transfer coefficient has to

be a constant now we have to determine.



What is that constant value so for the constant heat flux case we have arrived at the particular
profile for non-dimensional temperature so I will probably give you about 5 minutes you can

from this step calculate what is the heat transfer coefficient.
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I suggest all of you to do it yourself and check okay so therefore finally you get your heat
transfer coefficient as a constant value for a given diameter K/ D into 48 / 11 therefore you can
define an nusselt number okay for internal flows based on the diameter of the duct so it is not a
local nusselt number anymore and if you define like that you get a constant value for point three
six so for internal laminar flows both hydroynamically and fully developed and for a constant

heat flux boundary condition this is your constant value of nusselt number 4.36 six okay.

So therefore you see that internal flows are quite different there is no local variation once you
reach a completely fully developed condition and after that the heat transfer coefficient is
becoming a constant value so even in your external flows one of the quiz problems had given
you the poorest flat plate where your suction is continuously happening on the surface and you

are asked to prove at large values of X your boundary layer thickness is becoming a constant.

And therefore as a consequence of this the heat transfer coefficient also becomes a constant so
even in external flows if you maintain a suction boundary condition you can show that your
heat transfer coefficient can become a constant somewhere down the length in the case of

internal flows that is true if you have a fully developed flow region okay and now so this is a



straightforward case as far as relatively straightforward when you look at in terms of the
simplification that we have done for the constant heat flux now let us look at the other boundary

condition.
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I .
which is your what constant w temperature so only these two boundary conditions are the

primary boundary condition that we will see one is additional boundary condition the other is
in hyper boundary condition okay now when you look at constant w temperature what this
means you are DT w /DX is 0 correct so now let us go back to our equation for DT / DX and
substitute this expression what do you get so if you substitute DT w / DX is 0 in that

expression yeah correct this will be partial derivative you are right.

So I want all of you to also participate you how to tell me if you apply this condition DT /DT
w / DX is 0 what will be the resulting expression for DT / DX yeaht-T w/TM -T w into
DT m / DX okay so the other first two terms get cancelled off you have only this last term so
now this is your approximation for DT / DX right so of course your mean temperature is only a

function of X but this T here this is the problem this is a function of both X and R .

So now if you substitute this into the energy equation now what happens so you in your energy
equation on the left hand side you have your DT / DX so if you substitute in place of that you

have now you/ a into DT/ DX I am going to substitute this particular expression heret-T w/



T -T winto DT m/ DX so this is = of course your 1 / RD /DR into R DT here so now this is

what you need to solve okay let me let me call this as another equation number one okay.

So this is the energy equation which you need to solve to find the temperature profile now the
problem with this now earlier when you had constant heat flux the left-hand side was
completely a constant okay you had only DT m / DX which again was a constant therefore you
could directly integrate it out now you havet-T w/TM - Twnow T is actually not a constant
now so this entire expression now has cannot be solved analytically the way that we did last

case.

So therefore we have to do it numerically and also iteratively so one way of doing it is you can
guess some value of temperature profile preferably from the earlier case the constant heat flux
case and substitute as a first guess and then you can integrate it along the radial direction okay
and again get a new temperature profile and again keep putting it on the left hand side and keep
doing it until you reach a convert solution okay so the other smarter way of doing it is again go

back to a shooting technique.

So we should try to reduce this equation to another simpler form where we can apply shooting
technique and solve that equation so that is what we are going to do now okay what I am going
to do now first let me before going into the shooting technique we have to prepare we have to

get appropriate expressions for DTM / DX so to do that we will do a small energy balance.
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So let us look at the profiles of temperature T as a function of X of course your w temperature
is now a constant okay now you want to know how the mean temperature is varying earlier w
temperature mean temperature and temperature at any location were just straight lines with
equal slopes so now it is not the case right so there from the Newton's law of cooling you

directly showed that the slopes have to be the same but here it is not true.

So therefore in this case the w temperature is of course a constant but how the local
temperature how the mean temperature vary is not clear so to determine the variation what we
will do is just take a simple energy balance so you take a duct so you take a control volume so
this is your heat transfer § Q differential amount of heat transfer for this differential control
volume and you have some enthalpy coming in and enthalpy which is leaving of course there is

a mass flow associated with this enthalpy.

So therefore you can apply energy balance and say my V Q dot is = m dot CP into DT M okay
so thatis VGV Qis= mdotinto d HD H and D H corresponds to CP into DT M because this
enthalpy is the mean enthalpy or bulk mean or mean enthalpy that I am talking about so for the
given heat transfer this is the corresponding change in the enthalpy of the fluid and I can relate
my differential amount of heat input to the change in the mean temperature corresponding to the

change in the enthalpy.

So this is the starting point of the energy balance so I can just divide everywhere / DX so this
will be now d TM / DX will be = now this is your heat transfer rate okay so this can be

expressed in terms of heat flux you can write this as Q double prime which is in what per meter



square into if you assume that the control volume has a differential length DX into DX into
parameter right so this will be your surface area where you are adding Heat alright so this will

be divided/ m . CP.

And of course you are dividing / DX so DX cancels and now your Q double prime you can
apply Newton's law of cooling and write this as H into T w - T me okay therefore you have dt
m /DX is =P/ m dot CP p is your perimeter into H into T 1 - T means so this is this is like
expression coming out of the simple energy balance that you are doing so we can what we can
now do since yourt w is a constant we can write thisas d/ DX of T w-TM correct T wis a

constant so you can just introduce d / DX of T w - TF okay.

Now there will be a - sign so we can put a - sign on this side also P/ m dot CP into Hinto T w
- TM is already here okay so let us call T w - TM as some & T okay so with this you can
integrate this expression so this willbe d § T/ & T with this you can integrate this from & T
one to T two so what it means if you have a duct long duct at the inlet that will be your 6 T
one that that is the difference between your w temperature and the mean temperature and at

the exit somewhere that is your T two okay.

So once I have an equation for this temperature difference T w - T mean I can just simply
integrate it from the inlet to the outlet so that this should be =-P/m dot CP into h DX so this I
integrate from 0 to your entire length or wherever whichever location there you want to find the
appropriate temperature difference okay so this will give me Lonof § T2/ d T1 =-P/ m dot
CPH into X okay.

So our mighty w - T mean at some location 2/ T w - t mean 1 will be = exponential of - P H
X /mdot CP so this is my expression which tells me how the mean temperature varies because
my w temperature is constant if you know the mean temperature at some inlet from that you
can calculate what is the mean temperature at some location X using this expression so if you

plot this expression okay.

If you start with some mean temperature at the inlet you will find that the mean temperature
keeps varying in a logarithmic fashion like this and it asymptotically go and meet this T 1 when

your X goes to infinity so this becomes 0 and therefore your T mean will become T 1 where



your X goes to infinity okay so this is the variation of your TM okay the mean temperature of

the fluid okay.

Now having known this and we have this particular expression here let me let us call this as the
expression number 4 okay I started with 1 okay let me call this a stool so we will use this
expression now simplify for DT m / DX because why we are doing this is we have a DT m /
DX term in this equation so we have to simplify this a little bit so for that we are using the
energy balance now we will simplify it also we should know how the mean temperature profile

varies so for that we can use that equation and integrate it out.

So now from 2 so you can write your.
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DTM / DX as okay for the case of circular duct your perimeter is 2 I1 R so II D divided / your
mass flow rate will be P into IT /4 D* P AV so the velocity is mean velocity into CP into H TM
T w - T mean I can replace this / your heat flux Q double prime okay so this cancels II cancels
here V cancels so this will give me your Q double prime will be K DT /D R at R =R 0 this will
be divided / your P into u M into D will be R 0 /2 and I can write this as R 0/ 2 into CP so this

will be 2 R 0 yes so that is correct.

So now I can Club this as K/ P CP K /P CP is a so this can be written as DT M / DX is actually
a times DT /D R at R =R 0 divided / this will be 2 times so UM R 0 so this is my expression
for DT m / DX in terms of DT / D R at R = R 0 this a little bit of mathematical manipulation



nothing more so as far as circular duct is concerned you are just writing in terms of your
diameter and of course your mass flow rate little bit simplification and you get a relationship

between DT m /DX and DT /D R at R = this is a gradient of temperature at the w.

So this can be substituted into equation 1 for DTM / DX so substituting into one so of course
on the right hand side you have the same on the left hand side you have so I am going to write
my I am going to substitute my velocity profile fully developed velocity profile for you so that
will be twice UM into 1 - R /R 0%/ oo and DTM / DX is substituted from here so which will be
now thisist-T w/TM-T wDTm/DXwill be2a/UMRO0into DT/DR atR=R 0so
this is equal to the right hand side which is 1 / RD /DR of R ET / here okay.

So here UM you have cancels a cancels here okay so therefore your final expression which you
have to solve willbe 1 /RD /DR of R VT / DR that should be =4 /R 0 2 into 2 4 divided /R 0
intol -R/R0*1/R/R0*intoT-T w/T mean—T w into DT /DR at R = R0 okay so let us
call this as my equation number 3 so this is the equation finally which comes to the form which

I want to express as a OD in order to apply my shooting technique okay.

So you please stop and ask me if you have any questions any doubts anywhere so these are all

just mathematical manipulations I am going a little bit fast here so now.
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[ am going to introduce a non-dimensional temperature 6 or fee I am using the fee here to

represent the non-dimensional temperature I can write itast-T w/Tmean-T w and a non-



dimensional radial coordinate R star which is nothing but R / R 0 so this I am going to
substitute into my equation number 3 and rewrite the entire equation in terms of non-

dimensional variables V and R star okay .

So if I do that so from this expression I get that my DT /DR is=PM-T winto D5/DR so i
can substitute for D/ DR as TM - T winto D [I/DR TM - T w cancels here okay and I can
also define — nusselt number as DT/ D R at R =R 0 divided / T w - PM into diameter the
diameter is nothing but twice R 0 so if I use these expressions and substitute into this
governing equation three I request all of you to do that and tell me what will be the final non-

dimensional equation for fee.

In terms of V and R star so with that we will stop for today so what do I get so I have now |
can write this one so 1 /R star D/ D R star R star now for DT/ DR i can substitute as team TM
-T wTM -T wis a function of only X so that can be taken outside the derivative right so
have TM - PR into D IT / D R star this should be =4 /r 0 into I - this is R/ R 0 is our star so
this I can write as R star’ T-T w/TM -T w this is fee so this will be x fee and DT /D R is
nothing but again TM-T winto DII/DR..

So this I can writeas TM - TR T w into DII/D R at R=R 0 so now so I have RR this cancels
here so Thave R 0 into R 0 R 0° so I have divided / R 0 here and here I can have again RO and I
can write this as R star so R 0> R 0> will cancel TM - TR TM - TR cancels so therefore I am left
with the final non-dimensional form V /V R star into R star D IT / D R star which is equal to

now.

I have got the expression for nusselt number as -2 R 0 into D IT/ so I can replace d I1/ DR /
r not as nusselt number / 2 r 0 so this will be a - 4 into 1 - our star square into fee into this can
be written as nusselt number / two are not so there is a factor of our knot which is somewhere I
have to cancel so this is this is are not are not here cancels this is are not square and on this side
okay I think yeah so this is anyway I can write this as the D5 / DR star you are right so this is
already 5/ DR star .

So therefore this will be in terms of nusselt number okay so this is my final expression you see
this has reduced to an OD no I will call this as number 4 so this entire expression is now

function of fee now remember fee is a function of only R so earlier I had a partial differential



equation now I had reduced that somehow / any means of manipulation and non
dimensionalization to an OD which is a function of R and this is of course a higher order OD I
can break it up into two first order OD and you shooting method so we will see that in the next
class okay I will just give a summary of the shooting method which you are already used to

solve this equation okay.
Fully developed laminar internal flow and heat transfer
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Next: Shooting method for fully developed heat transfer
and thermal entry length problem
Online Video Editing / Post Production

M. Karthikeyan
M.V. Ramachandran

P.Baskar

Camera
G.Ramesh
K. Athaullah

K.R. Mahendrababu
K. Vidhya
S. Pradeepa
Soju Francis
S.Subash
Selvam
Sridharan

Studio Assistants
Linuselvan
Krishnakumar
A.Saravanan

Additional Post —Production
Kannan Krishnamurty & Team

Animations
Dvijavanthi

NPTEL Web & Faculty Assistance Team

Allen Jacob Dinesh
Ashok Kumar



Banu. P
Deepa Venkatraman
Dinesh Babu. K .M

Karthikeyan .A

Lavanya . K
Manikandan. A
Manikandasivam. G
Nandakumar. L
Prasanna Kumar.G
Pradeep Valan. G
Rekha. C
Salomi. J
Santosh Kumar Singh.P
Saravanakumar .P
Saravanakumar. R
Satishkumar.S
Senthilmurugan. K
Shobana. S
Sivakumar. S
Soundhar Raja Pandain.R
Suman Dominic.J
Udayakumar. C
Vijaya. K.R
Vijayalakshmi
Vinolin Antony Joans
Adiministrative Assistant
K.S Janakiraman
Prinicipal Project Officer
Usha Nagarajan
Video Producers
K.R.Ravindranath
Kannan Krishnamurty

IIT MADRAS PRODUCTION
Funded by
Department of Higher Education
Ministry of Human Resource Development
Government of India

Www. Nptel,iitm.ac.in
Copyrights Reserved



