Advanced Dynamics
Prof. Anirvan Dasgupta
Department of Mechanical Engineering
Indian Institute of Technology — Kharagpur

Lecture — 52
System with Constraints — |

(Refer Slide Time: 00:16)

Overview

* Problems with constraints
* Method of Lagrange multiplier

* Lagrange’s equation of motion

In this lecture, we are going to discuss systems with constraints. We are going to look at the

method of Lagrange multipliers and derive the equation of motion in that scenario.
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Example 1: y

Revisiting the simple pendulum: string tension g4
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We revisit the example of a pendulum and treat it as a constrained problem as defined in the

slide above.
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We obtain the variation of the action as presented above. However, the variation of the two
coordinates chosen are not independent due to the constraint, as noted in the slide below.
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Method of Lagrange multiplier:
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We introduce the variation of the constraint using the Lagrange multiplier as demonstrated in
the slide above.
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Using the Lagrange multiplier as an additional handle, we can now obtain the equations of
motion as discussed in the slide above. However, the equations involve the unknown

Lagrange multipliers.
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Determination and elimination of Lagrange multiplier: m

GeLy)

* Time differentiate constraint twice

* Eliminate accelerations using equations of motion

* Solve for Lagrange multiplier

* Eliminate Lagrange multiplier in equations of motion

Finally, the steps to eliminate the Lagrange multiplier is presented in the slide above.
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The Lagrange multiplier can be obtained as detailed above.

(Refer Slide Time: 13:14)

FPROYGHS IO BD

-Mmz+ A% =0 }):_%[_‘52?&1*59
—vn':,'--mg.-.-}\y =0

v
g2y g% = f* ﬁl
o
R T i t
Equotions of watzon : it X[-gy+a+52] =0 .
= 2 ‘2 . (e ,y)
g+ %3+ %[’x +32J=O

dritial tomdibions : At t =0 n0) = %o, YD =V, , i(a)-‘f,.” y(0) = Uy,

5.6 IXaL + ¥ = LY omad [neu\fx, + Yoy =D

(Oﬂtt\ 2 indejoendent inetiak mddauns)

Next, we eliminate the Lagrange multiplier as shown above. The initial conditions are also
discussed.
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Lagrange’s equation with constraints
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Now, we generalize this approach as discussed in the following 3 slides.
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Lagrange’s equation with constraints
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Lagrange’s equation with constraints
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Lagrange’s equation with constraints
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Lagrange’s equation with constraints

Determination and elimination of Lagrange multiplier:
* Time differentiate constraint twice

* Eliminate accelerations using equations of motion

* Solve for Lagrange multiplier

* Eliminate Lagrange multiplier in equations of motion

Finally, we follow the steps that we have discussed for determination and elimination of the
Lagrange multipliers, as presented above.
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Lagrange’s equation with constraints

Setting up initial conditions:
* Use the censtraint equations and its derivative
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The above slide discusses setting up of the initial conditions for the problem.
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Summary

* Problems with constraints
* Method of Lagrange multiplier

* Lagrange’s equation of motion




