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Lecture — 04
Integration of Complex Functions

Good morning, in the previous lecture, we discussed the differential calculus part of

complex analysis.
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ntegrals in the Complex Plane
Line Integral
Cauchy’s Integral Theorem

Cauchy's Integral Formula

Today in this lecture we go into the integral calculus part of it and we study integrals in
the complex plane. Our 2 main topics of discussion will be Cauchy’s integral theorem
and Cauchy’s integral formula before going into those 2 topics we spend a little time to

build the ground for it first we discuss the concept of line integral in the complex plane.
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Line Integral

For w = f(z) = u(x.y) + iv(x. y), over a smooth curve C,

/r’!:}dz = f{u--wlldt +idy) = f{udl vdv}-ij[\rdl ~udy).
C C C &

Extension to piecewise smooth curves is obvious

With parametrization, for z = z(t).a < t < b, with z(t) # 0

b
/7 f(z)dz :/ flz(r)]z(r)dr

Over a simple closed curve, contour integral fL. f(z)dz
Example: f- z"dz for integer n. around circle z = pe™
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The M-L inequality: If C is a curve of finite length L and
f(z) < M on C, then

fr’lz]dz; -_f f(z)| |dz M[ dz| = ML
C | C C

Now if fz is a function of z that is w is equal to fx which is expressed in this manner u
and v are the real and imaginary components respectively, then we can define its line
integrals over a smooth curve C in this manner that is we consider fz as u plus iv and dz
is as usual dx plus idy and then the product of this, these 2 will give us the real part as
udx and minus vdy which is here and the imaginary part will be vdx plus udy which is
here now this real integral plus i into this real integral will give us the line integral of {z.
So, this will be a complex function; obviously, because this is the real part and this is the

imaginary part.

Now, this we have defined for the time being over a smooth curve C, now extension of
this same definition over piecewise smooth curve is obvious because if the smoothness is
interrupted at say a finite number of points, then considering those finite number of
points as the endpoint of one segment of the curve at starting point of the next segment
of the curve, we can build the same line integral over several segments. So, now, if
particularly if we have a parameterization of the curve z in the form of z of t with respect
to a real parameter t which varies from a to b that is as this parameter t varies from real
number a to real number b over a an ordinary interval, then if the corresponding z of t
traces that curve with this derivative never vanishing, then this line integral can be
reduced to a simple definite integral because in that case we can put fz as F of z of t
which means this turns out to be in terms of t and then dz can be put in terms of z dot

into dt and in that case this entire thing F and z dot the product of F and z dot becomes



the integral and the integral is with respect to this real parameter t and then it is a definite

integral.

So, with the parameterization of the curve C available the line integral can be reduced to
a definite integral in real variable quite easily now if the closed curve if the simple if the
smooth curve C is taken as a closed curve simple closed curve without self intersections,
then you can talk of contour integrals which is integral over a closed curve and then the
symbol is used like this, let us take an example which will serve 2 purposes one to
demonstrate the evaluation of integrals using this kind of formulae and second to have a
little result in hand which we will be using later for a very important step in later
derivations, we try to find out this particular integral for integer n know that is z to the
power n simple function z to the power n we find try to find the integral of this around a
circle which is centred at 0 at origin and with radius rho, then here you see that the
variable theta is the parameter the it takes the place of t in this formulation in that case
this for evaluating this contour integral over the circular contour we consider z as this
and then this z will be i into this whole thing right because the derivative of this will be

rho into a to the power i theta into 1.

So, from this step to this step n powers of tho come from this and the last another
additional power comes from here from the dz. So, rho to the power n plus 1 and since
rho is constant it is a circular contour. So, that we can take outside the integral sign and
then similarly e to the power i theta n powers of that come from here and one power
comes from here. So, e to the power i theta also is raised to n plus 1 power and in the
derivative of this factor i comes which is here. So, this entire thing has been now reduced

to this and now since here the variable of integration is theta.

So, the integral is evaluated over theta with the limits 0 to 2 pi one circle will have 0 to 2
pi interval of the parameter angle theta now you see that the contour integral has been
reduced to a ordinary definite integral in this manner right now if we try to evaluate this
integral, we notice that if n is equal to minus 1, then this enter power vanishes and this
integral integrant becomes one and in that case it is a simple integral of a constant
function one and that will give us 2 pi and therefore, for n is equal to minus 1 you get 2

pi from here and you get 2 pi i the as the integral.



On the other hand, if you have n as anything other than minus 1 say 0, 1, 2, 3 and so on,
then this turns out to be an integer which is going to give us give us e to the power i phi
where phi is n plus 1 theta. Now we know that e to the power i phi is cos phi plus i sin
phi and as we try to integrate that we will find that both cos phi and sin phi integrated
over 0 to 2 pi will produce 0. So, real part as well as the imaginary part will give us 0 and
therefore, for n not equal to minus 1, we get this integral as 0. So, this small result we
will keep in hand which will be useful later; now another small result which will be quite

useful in later discussion is conveniently named as the ml inequality.

Now here what do we say is that if ¢ is a curve of finite length 1 and fz is a function
which is bounded and the bound is m bounded means its absolute value is bounded. So,
now, here is the value of fz of absolute value of greater than m. So, if the value of {z its
absolute value is bounded by m over that curve, then we say that the actual value of this
integral will be always less than equal to what we would get if we replace this fz and dz
by their absolute values, right. So, then this is one less than equal to that is this is one
inequality and then rather than fz absolute value if we put its supremum m, then this side

will be further increased.

So, therefore, this will be less than equal to actually less then because of this strict
inequality this thing will be less than the integral that we would get if in place of this
absolute value of fz if we put the supremum value m and that value being constant can be
taken out of the integral and then the absolute value of dz integrated over ¢ actually gives
us the length of the curve and that is ml. So, what we get as a result the result is that if
the value of the function absolute value of the function is bounded by this m and the
curve of finite length 1, then this absolute value of the line integral is bounded by the

product of ml and 1. So, this is a convenient result which will be of use later also.
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» C is a simple closed curve in a simply connected domain D
» Function f(z) = u + iv is analytic in D

Contour integral }'(. f(z)dz =?
If /(z) is continuocus, then by Green's theorem in the plane,

ff{z}dz:ff(—ﬂ - 'E)d\d\f-—r//(i‘—ﬂédtd\r.
P R ilx |J_V o R ihx p!v} g

where R is the region enclosed by C
From C-R conditions, ‘ fcf(z)iz =0 |
Proof by Goursat: without the hypothesis of continuity of £(z)

Cauchy-Goursat theorem

If f(z) is analytic in a simply connected domain D, then
§c f(z)dz = O for every simple closed curve C in D

Importance of Goursat's contribution
» continuity of f(z) appears as consequence!

Now, we come to one of the important topics of our discussion and that is Cauchy’s
integral theorem that C is a simple closed curve closed curve and non intersecting in a
simple connected domain D, we have already discussed what is a simple connected
domain in the context of vector calculus here in the complex plane, it is the similar
domain in which there is no interior boundaries no interiors whole a single boundary
which is also non self intersecting that is simply closed curve simple closed curve, then if
we take this function which we consider as analytic in this domain now what do we have
we have a simply connected domain D in that we have an analytic function which is
every analytical everywhere in this domain and we have a simple closed curve C in that
domain and then we want to evaluate what is the contour integral of that function over

that particular closed curve.

So, if the derivative now one point is already clear that since the function is analytic. So,
it will possess derivatives. So, if that derivative is continuous then we can apply greens
theorem to develop this integral this is the integral, right. So, here we talk of this integral

and we remember; what is greens theorem in the plane.
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And that is the line integral of a function with components F 1 F 2 which is given like
this F 1 dx plus F 2 dy over a simple closed curve C is given by the double integral over
the region enclosed by ¢ of del x 2 by del x minus del x 1 by del y right simply stated
line integral of function F over the closed curve C turns out to be equal to the surface
integral of its curve over the surface bounded by ¢ now that is the Stokes’s theorem and
the special case is greens theorem in the plane. Now in this particular case with this stuff
udx minus vdy and vdx plus udy when we try to apply this greens theorem in the plane
on this say on this we try to apply first udx minus vdy. So, for that u takes the place of
this F 1 and minus v takes the place of this F 2, right.

So, F 1 isu and F 2 is minus v right for this line integral right; so, then if we insert that.
So, here we will get udx minus vdy the real part and then here we will have the right side
we will have as del F 2. So, minus del v by del x right minus del F 1 by del y del F 1. So,
F 1 is u. So, we will have minus del u by del y this will be the first term and then the
second term the imaginary term for that v will take the place of F 1; F 1 and u will take
the place of F 2. So, we will have here v is taking the place of a F 1 right. So, and v is
and u is taking the place of F 2. So, u here del u by del x minus del v by del y this will be
the imaginary part right and then you will find that since the function F is analytics; that
means, u and v its real and imaginary components will satisfy the Cauchy Riemann

conditions which means del u by del x is equal to del v by del y and del u by del y will be



equal to minus del v by del x; that means, both of these integrants will vanish and

therefore, the entire integral will vanish

So, by applying greens theorem in the plane in this case we get this as we have
developed here and then Cauchy Riemann conditions will imply that both of these
integrants will vanish and will get the integral as 0. Now one important premise that we
have used is that the derivative is continues now this makes the proof simple; however,
there is a more rigorous proof by goursat which does not use the hypothesis of continuity
of F from z that gives a little formal advantage to the proof by goursat in the sense that in
that case if the continuity of the derivative is not used even without using it if it is proved

then the continuity of F prime appears as a consequence.

So, therefore, many authors many authors consider name this Cauchy’s theorem as
Cauchy’s Goursat theorem and what it means it means that if {z is analytic in a simply
connected domain D then a contour integral over a simple closed curve is 0 for every
simple closed curve in C in Dj; that means, that if in the domain the function is analytic
everywhere then whatever the closed curve simply closed simply a simple closed curve
we can frame in that. So, around every contour that analytic that integral contour integral
will vanish; that means, there is no information content of the function in a domain in

which it is analytic everywhere this integral will always vanish over every contour.
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Cauchy's Integral Theorem
Principle of path independence

Two points 2; and 2; on the close curve C
» two open paths (; and C; from 2 to 2>

Cauchy's theorem on C, comprising of C; in the forward direction
and G in the reverse direction

f f(z)dz f fz)dz = 0= f {[z]dz—/ f(z)dz _f f(z)dz
G G n G G

For an analytic function f(z) in a simply connected
domain D f::' f(z)dz is independent of the path and
depends only on the end-points, as long as the path is
completely contained in D

Consequence: Definition of the function

F(z) = f f(£)dE

FN

What does the formulation suggest?




Now, as you continue in that path. So, we find that on a simple closed curve we if we
take 2 points say this is simple closed curve. So, we take this as one point and this as
another point now around this contour if the contour integral turns out to be 0. So, then
this is one line integral from z 1 to z 2 through this path and z 1 to 2 3 though this part is
another contour integral. So, if we take a contour another line integral. So, now, this
contour integral from z 1 to z 2 and back to z 1 is actually the sum of 2 line integrals z 1
to z 2 along this curve and z 2 to z 1 along this curve which is the second one is
equivalent to the negative of the line integral from z 1 to z 2 along this curve. So, this
minus this; this line integral minus this line integral will mean this line integral plus this

line integral which is a contour integral which should vanish which is 0.

So; that means, if you take 2 points z 1 and z 2 on the closed curve C then these 2 points
will open the contour open the closed curve into 2 open curves open paths C 1 and C 2;
C 1 as this and C 2 as this both from z 1 to z 2 and then as we apply Cauchy’s theorem
on C with the 2 parts C 1 in the forward direction and C 2 in the reverse direction then
we will find that the contour integral turns out to be integral over line integral over C 1
minus line integral over C 2 which should vanish by Cauchy’s theorem, then that will
mean that this line integral and this line integral are equal and then we can say that this
line integral depends only on the endpoints and not on the curve along which we are
going because as long as we keep these 2 endpoints in hand for any other curve, we can

argue in the same manner.

So, this is the important result that we get that is for an analytic function in a simply
connected domain this line integral from one point to another is independent of the path
and depends only on the endpoints as long as the path is completely contained in d
because outside d there is no guarantee of analytical analyticity in d we have taken the
premise of analyticity. So, analyticity is the fundamental requirement here now as a
consequence we can talk of this that is keeping one fixed point z 0 as say z 1 in place of z
1 we keep one point fixed z 0 and the other point if we keep a variable point z, then we
can define a new function of z and call it a capital F. Now what does this formulation
suggest this formulation is looking similar to the definition of a definition of an
indefinite integral because we are keeping this z as the complex variable itself and as a
result we not getting a value of the integral, but we are getting a function of z right now

this will suggest.



(Refer Slide Time: 21:34)

Cauchy's Integral Theorem S Bt Tt

Indefinite integral
Question: Is F(z) analytic? Is F'(z) = f(z)?

. 4

Flzt+iz) - F2) 0y _ 1z U F(€)ds - / r'(iidL‘ - f(2)
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I potée '
= ‘,f [f(£) - F(2)]de

f is continuous = ¢, 39 such that £ —z| < d = |f(£) —Ff(z)| < ¢
Choosing 42

F T - ¢ T+87
(z + iz) F:z]_,.m' [ =

If f(z) is analytic in a simply connected domain D, then
there exists an analytic function F(z) in D such that

F'(z) = f(z) and f f(z)dz = F(z;) — Flz1)

|

The idea of indefinite integral, but then the implication of a definite integral the direct
meaning of a definite integral is the sum of infinite number of small infinitesimal
contributions that we have already considered; however, that idea of indefinite integral is
that of a function capital F whose derivative turns out to be to be this integrant then
before formally accepting this function defined in this manner as the indefinite integral
of small F we should ask if we define a function like this and call it capital F, then is
capital F differentiable then because if capital F is differentiable and if its derivative
happens to be this integrand, then we will be able to accept this formulation as the
indefinite integral of small F because the idea of indefinite integral is comes through anti
differentiation that is the reverse process of differentiation. So, we ask this question is {z
differentiable or if fz analytic and is the derivative equal to small F to get an answer of
that we consider this from z we make a little variation delta z and then F of z plus delta z
minus fz by delta z we try to evaluate the difference of this quantity with the value of

small f.

Now, if Fz is actually differentiable and if its derivative happens to be F, then the limit of
this as delta z tends to 0 should be same as f; small f and in that case this difference
should tend to 0 as delta z tends to 0. So, we try to first evaluate this difference that is
simplify it and then see whether it has a limit and what is that limit that limit should be 0
for our purposes. Now for this one by delta z is common. So, we keep it common capital

F at this changed point and the original point unevaluated based on this formula. So, in



the one in one place in place of z we use z as it is in other place we use z plus delta z. So,
capital F of z plus delta z is this integral evaluated from z 0 to this point and capital F of
z is here that is the argument of the function appears only in the limit of the upper limit
of the definite integral and everything else is same now here since F is analytic. So, the
integral from z 0 to this minus z 0 to this will turn out to be the integral of F from z to z

plus delta z from the difference of the 2.

And if we say that this fz for the purposes of this integral business is constant because it
is outside the integral sign, but we can always say that this is fz into d psi integrated from
this to this now that is basically verified from the evaluation of this second integral. So,
consider this integral of {z this part integral of fz from here to here {z is independent of
psi. So, fz into psi and the difference of psi will come out to be delta z. So, integral of
this will turn out to be fz into delta z and delta z cancelled it if fz only so; that means,
this fz can be inserted into integral sing in this manner now as we get this then you say
that this difference is equal to this and then if the function is continuous which it must be
because the function is analytic. So, analytic function must be continuous. So, since F is
continuous then for whatever small epsilon neighbourhood you demand between the
function values that small epsilon neighbourhood you can achieve by taking a suitable

small delta neighbourhood or the variable itself that is the direct meaning of continuity.

So by taking a suitable delta neighbourhood you can achieve an epsilon neighbourhood
of the function value whatever small epsilon is demanded and in that case we choose
delta z to be smaller than this delta which will ensure that this is always less than epsilon
right. So, in that case the epsilon constant is taken out. So, you get epsilon by delta z and
in the integrand nothing remains just one so; that means, that the integral will then be
simply delta z and that delta z will cancel this delta z and will give you epsilon so; that
means, this whole thing is less than epsilon and what we have discussed already for
whatever small epsilon neighbourhood is demanded; that means, epsilon can be
indefinitely reduced in size and; that means, this will tend to 0 as delta z tends to 0 and;
that means, that indeed capital F is analytic and the limit of this as delta z tends to 0 turns

out to be equal to fz because the difference tends to 0.

So, therefore, we say that if fz is analytic then there exists another analytic function
capital F whose derivative happens to be f; that means, if the function f; small f is

analytic then we knew earlier that its derivative exists now we come to know that its



integral also exists which is capital F whose derivative happens to be this and the earlier
definite integral that we were talking about earlier definite integral which we define

based on path independence that turns out to be available from this formulation.

(Refer Slide Time: 28:02)

Cauchy's Integral Theorem

Principle of deformation of paths

f(z) analytic everywhere other
than isolated points s, 5. 53

/flzld::[ f{z)dz=] f(z)dz
G G G

Not so for path C*

Figure: Path deformation

The line integral remains unaltered through a continuous
deformation of the path of integration with fixed
end-points, as long as the sweep of the deformation
includes no point where the integrand is non-analytic

Now, this gives us the same path independence gives us another important tool and that
is for principle of deformation of paths say we take an analytic function fz which is
analytic everywhere other than for isolated points like this point s 1, this point s 2, this
point s 3 at which the function is not analytic everywhere else the function is analytic I
perform those few finite number of isolated points then what we can do if we construct a
domain as shown by this dashed line which does not enclose these isolated points where
the function is not analytic then we can say that any path connecting 2 points z 1 and z 2
in that can be continuously deformed to any other path without crossing as long as the
path remains within the domain D; D bar, then the path say C 1 can be continuously

deformed to C 2 or C 3 without sweeping over any of these non analytic points right.

And in that case the integral of the function from z 1 to z 2 along all these path will turn
out to be same as long as you do not sweep over these non analytic points if you sweep
over the analytic points then this guarantee will not be there that is the path the line
integral along C 1 along C 2 along C 3 will be all same because they fall within the
domain that does not enclose the non analytic points on the other hand the same will not

be true for a path which is c star because from C 1 C 2 if you want to change to ¢ star



through continuous deformation then the deformation will sweep through this point. So,

this we can say.

So; that means, the line integral remains unaltered through a continuous deformation of
the path of integration with fixed end points because we have already seen the path
independence of definite integrals as long as the function remains analytic and as you
sweep across sweep through s 1 as the curve sweeps through s 1 or s 2 or s 3 that
analyticity is not guaranteed. So, you cannot claim the equality of the line integral over ¢
star. So, the line integral will remain unaltered through a continuous deformation of the
path of integration with fixed end points as long as the sweep of this deformation does
not enclose any of the non analytic points now we try to extend the theorem which is

integral theorem to multiply connected domain.
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Cauchy's Integral Theorem S Draic i
Cauchy’s theorem in multiply connected domain

-

I

gure. Contour for multiply connected domain

F
ff{z]d: f f(z)dz f f(z)dz f f(z)dz = 0.
C C G G

If £(z) is analytic in a region bounded by the contour C
as the outer boundary and non-overlapping contours C;
G, G, C,, as inner boundaries, then

f(z)dz = ff(.:ldz.
forae=3f

Now here consider this multiply connected domain the outer boundary is this and there
are inner boundaries; that means, the domain consists of this region and not the interior

of this not the interior of this and not the interior of this.

Now, to evaluate the integral over this we say that it is granted that the function F z is
analytic over this domain, but about the interior of these internal boundaries nothing has
been seen; that means, the function could have a singularity could be non analytic
somewhere inside these interior boundaries. So, what we do is that we consider a little

changed contour that is we take the contour as this curve series we start from here we



will come back to here at the end start from here from this arrow we go like this and here

we may a cut and come along this arrow

And then a clockwise turn along C 1 clockwise means actually negative and then along
this same cut line you go back here and then come here many another cut come here
another clockwise turn go back and then come here along the cut come along the arrow
another third clockwise turn and then here and come back. So, this is a closed contour
and this does not enclose any of the singularities this encloses the domain correctly as
long as we keep these forward movement and backward movement along these cut lines

very very close as close as we want.

Now, the domain which this contour has enclosed is a domain in which the function is
analytic everywhere and therefore, we say that over this contour the line integral
vanishes the contour integral vanishes and this contour has enclosed has traversed
through curve from here to here and then here to here, here to here which is the curve C
that is this and then it is enclosed this line segment | one forward and backward cancel
this line segment | 2 forward and backward cancelled this line segment 1 3 forward and
backward cancelled and the 3 interior curves C 1, C 2, C 3 in the negative manner

clockwise.

So, that is that is why minus the contour integrals over C 1, C 2 and C 3 this whole thing
is 0 because fz is analytic everywhere in the contour that has been actually traversed now
this gives us the result that if fz is analytic in a region bounded by the contour ¢ as the
outer boundary and non overlapping contour C 1, C 2, C 3 etcetera as inner boundaries in
this manner, then over that outer boundary turns out to be equal to the sum of this plus
this plus this that is this; that means, whatever are the inner boundaries around those
inner boundaries if we develop the contour integrals then the sum of these contour
integrals is going to be the contour integral over the outer boundary; that means, that
whatever contribution to the contour integral over this curve C is to be made that must be
made by the contours enclosing the non analytic regions inside the interior boundary

only.

Those places where the function is analytic will make no contribution to this contour
integral so; that means, that if we find that in the domain there are a few spots of non

analyticity then around that non analyticity non analyticity non analytic small integer



parts if we evaluate the small contour integrals and then sum of these then that will
account for the entire contour integral over the outer boundary and in the region in which
the function is analytic from that region no fresh contribution will be made next we

proceed to develop the Cauchy’s integral formula.
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Cauchy's Integral Formula
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f(z): analytic function in a simply connected domain D

For zy € D and simple closed curve C in D,

o

f(z X
[ (—i'dz = 2=if (zp).
cZI—2Z

Consider C as a circle with centre at z; and radius p,

with no loss of generality (why?)

f(z . f(z) - flz
/’ f }d-'=”_~'0][ dz _}' (z) (4_}0,2
JcEI—H cZi—a C Zi—-o

From continuity of f(z}, 34 such that for any «,

f(z) - f(z)

zZ— § = r'|z)—ﬂz.;] ¢ and
Z-=2y

with p < 4. From M-L inequality, the second integral vanishes

Suppose fz is a function which is analytic in a simple connected domain D and then at a
point z 0 in d and a simple close curve C enclosing that point that 0, we want to evaluate
this integral a contour integral of fz by z minus z 0 and Cauchy’s integral formula tells us
that this happens to be the expression for this integral that is integral around the curve C

closed curve C is given by 2 pi i times the function value at the integer point.

Now we see that this function fz is analytic, but fz bu z minus z 0 is certainly not analytic
at z 0 because at z 0 it is singular. So, which closed curve we consider as ¢ we can
consider any closed curve as long as it can be obtained through continuous deformation
or any other curve right. So, without loss of generating we consider c as a circle with
centre z 0 and radius rho because any other curve could any other such simple closed
curve enclosing z 0 could be reduced to this circle through continuous deformation over
the analytic domain right. So, if we consider this particular curve then this integral we
can evaluate as splitting it first in 2 parts that is we consider this fz as F of z 0 plus z
minus F of F 0 that F of z 0 first part we take here and that is that being independent of z

comes out and we get this and the rest of it is here now the this integral we have already



evaluated earlier whoever when we are considering the integral of z to the power n. So,
now, through a coordinate shift this will give you the same thing and this is the; for the

power n equal to minus 1 in which case this was giving us 2 pi i.

So, this part we know and from continuity of fz we can find out a suitable delta in order
to make this less than epsilon for any small epsilon and then z minus z 0 we can take less
that delta that is a small delta neighbourhood which we give this as within an epsilon
neighbourhood and then if we take the radius of the circle that rho radius of the circle as
even smaller than the corresponding delta then that will ensure that this whole thing this
is less than epsilon and whatever delta is necessary for this if we take even smaller rho as
the z minus z 0 as the radius of the circle then this thing will be less than epsilon by rho
the lower the denominator is taken as even smaller. So, this side becomes larger. So, with

rho less than delta.

So, then this fellow will be less than epsilon by rho and then as we consider the upper
bound of this then this will give us less than epsilon by rho into the size of the in into the
length of the path and the length of the path is 2 pi into radius 2 pi rho. So, the integrand
is bounded epsilon by rho and then the pass length is equal to 2 pi rho. So, this integral
will be limited the integral absolute value will be limited by the product of these 2 from
ml inequality; that means, epsilon by rho into 2 pi rho; that means, 2 pi epsilon. So, this
fellow will be bounded by 2 pi epsilon and that will happen for any epsilon whatever

small.

That means epsilon can be demanded smaller and smaller and smaller and accordingly
we will get delta and therefore, tho which is even smaller smaller smaller. So, as we
make it small enough we will be able to make this in the limit vanish and then integral
will be evaluated at this and the integral of this we already know. So, the integral of this
will give us 2 pii. So, 2 pi i F of z 0 that is the result. So, this establishes the Cauchy’s
integral formula and what are the applications of this formula there are 2 significant

applications?
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Cauchy's Integral Formula
Direct applications
» Evaluation of contour integral:
» If g(z) is analytic on the contour and in the enclosed region
the Cauchy’s theorem implies f_g(z)dz =0
» [f the contour encloses a singulanty at zy. then Cauchy's
formula supplies 3 non-zero contnbution to the integral, if
f(z) = glz)(z — z) is analytic
» Evaluation of function at a point: If finding the integral on
the left-hand-side is relatively simple, then we use it to
evaluate f(2p)

Significant in the solution of boundary value
problems!

Example: Poisson’s integral formula

1 / (R? — A)u(R.0)

do

v(r.f8) = —
Do
- 0

R? — 2Rrcos(f — o) + 2

for the Dirichlet problem over a circular disc

One is evaluation of contour integral as it is proposed that is if we want to evaluate a
contour integral like this then by evaluating the function at the integer point at z 0 around
witch the in contour integral is there. So, at that point z 0 if we evaluate the function F
then we get the integral of this function which happens to be singular note that F is
analytic, but fz by z minus z 0 is the integrand which is not analytic. So, when we want
to find out the contour integral of this around a contour inside which there is a point of

singularity then singularity of this integrand fz by z minus z 0 {z is still analytic.

So, at that point if we evaluate fz that is F of z 0 multiply that with 2 pi 1 then we get the
integral of this singular function singular at z 0 analytic everywhere else because one by
z minus z 0 has a single singularity at z 0 and fz itself has no singularity anywhere. So,
this rest of the function fz by z minus z 0 has a single singularity at z 0 around which we
have the contour. So, evaluating the function at z 0 function F at z 0 will give us the
integral of this that is a direct application that is if a function gz is analytic on the contour
and in the enclosed region then Cauchy’ theorem implies its integral to be 0 on the hand
if the contour encloses its singularity then Cauchy’s theorem does not give us a result,
but then if gz is has a singularity at z 0, but it is removed by multiplying with z minus z 0
that is if fz like this is analytic then this formula Cauchy’s formula supplies a a non 0

contribution to that integral around that particular point.



So, this is the purpose of evaluating the contour integral now if it happens that we do not
know the function value at the interior points, but we know the function value the
boundary points if that is the situation, then the same formula can be used for the reverse
purpose and that is the solution of boundary value problems that is evaluation of function
at an interior point if finding the interior if finding the integral on the left hand side is
relatively simple then we can use the same formula to evaluate fz; fz 0O that is if the
function is easy to integrate over a contour and because its value over the boundary
points is known and in the integer point we want to evaluate the function then this same
integral formula can be used to develop this integral divided by 2 pi i and that gives the
function value at the integer point z 0 this is the application of this integral formula for
solving boundary value problems. So, this is for example, in the previous lecture we
discussed this integral formula Poisson’s integral formula which is this now we can
develop this formula; now say we take the boundary point as capital R phi in this manner

z and the integer point z 0 as this small r theta.
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Cauchy's Integral Formula
Poisson’s integral formula
Taking z; = re” and z = Re’” (with r < R) in Cauchy's formula
f(Re') ;
Re ;E:‘;l:rRe Jdo.

How to get rid of imaginary quantities from the expression?
Develop a complement. With ﬁf‘fér! place of r

C ot o Imtoge al Formis

2=if(re’™) =
[}

= S IReT) i ¥ f(Re?)
0 f) ~ ‘_‘:;e."[ﬁRe Jdo —[) — R (ire

Subtracting
e h Rei reif
£XE (e ) rl F(Re ][Re’ re® | Re—i re—" 2
/3' (R? = 2)f(Re®)
; o L e i
s [(Re'® — re®)(Re"¢ — re=")

0
= f(re™) ‘,Lf- R? (R — ) (Re) ~do.
27 Jo

—2Rrcos(f — o) + 2

We want the values at z 0 integer point and we can easily find the value of the function
on the boundary points. So, capital R is larger than small r small r is integer point. So, if
we put it in the Cauchy’s formula then we get 2 pi if z 0 is equal to integral over the
circle and; that means, 0 to 2 pi off pi that is the boundary; boundary integral and this if
fz by z minus z 0 and this whole thing is actually dz, right. So, if z is this then we will get
dz as this and through this substitution through this change of variable this phi 1 will vary



from 0 to 2 pi and now this if we try to substitute everything directly and simplify a lot of

imaginary terms will remain.

So, to get rid of that what we can do is that we can consider a complimentary term; so, in
place of small r if we put capital R square by r then you see here and here we put that
small r in case of small r we put capital R square by r and in that case if small r is inside
smaller than capital R then this will be larger than capital R right and that will mean that
the corresponding point this will be outside this contour where the function is anyway

analytic and therefore, the line integral will be the contour integral will be 0.

So, for that 0 is equal to 0 to 2 pi the same thing in place of small r if we write capital R
square by r, then we will be talking about the contour integral around the point which is
actually outside. So, that integral is 0 and now throughout the simplification what has
been done in this simplification small r has been multiplied. So, this small r has gone it
has appeared here and this small r will be appearing here this capital R has been
cancelled with this r here. So, 1 r will vanish from here the other one r will go from here
the capital R will remain e to the power 1 phi and e to the power i theta with these 2
factors we are dividing it. So, e to the power i phi will go up e to the power minus i theta
will remain. So, in the denominator in the numerator that will happen in the denominator
e to the power i phi will vanish here e to the power minus i theta will come and the

reverse will happen here right. So, we get this.

Now, as we subtract this from here in a left side O is subtracted. So, the same thing
remains on this side; however, a lot of things happen first of all this is common. So, this
remains and this 1 is common here as well as here. So, this i goes outside that will also
remains and other than that what will remain this r e to the power i phi by this and this
small r e to the power minus 1 theta divided by this. So, this is positive powers this is
negative powers everywhere now as we simplify this then we will find that those terms
which would give imaginary parts they will cancel out and we get this result through
simplification and in the denominator as we multiply out we get this and this is exactly

what we studied in the what we saw in the Poisson’s integral formula earlier.

So, this is F of z that is u plus iv is equal to this; this same u plus iv over the boundary
points are here. So, at the integer point the function gets its value through the integral

over boundary points integrated from 0 to 2 pi this gives us the poissions integral



formula for a disc and if we take the real and imaginary parts separately say writing only
for real part then we will get the corresponding u is equal to 1 by 2 pi this integral
everywhere the same thing here that function u will come over the boundary points. So,
this establishes the Poission’s integral formula this is just an example for the unit disc for
the disc as the domain, but for other such domains also this kind of formulas for solution

of boundary problems can be established.
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Cauchy's Integral Formula
Cauchy's integral formula evaluates contour integral of g{z),
if the contour encloses a point 2y where g(2) is

non-analytic but g{z)(z — zp) is analytic

If g(z)(z — 25) is also non-analytic, but g(z)(z 2)? is analytic?

. 1 f(z
flzg) = ,’,_f_ (_:_dz.

cZ
f(z
f 2) ~dz,
2 (-[2—2‘01‘

. 2! f(z)
f (zo) = _1.: C{Z -Zgll Z.

f(z) =

1
=i

n! f(z2)
'l z) = — ———e (7
0 2zi Je (2 — 20)™!
The formal expressions can be established through differentiation
under the integral sign

Now, another important aspect in the evaluation of integrals is this, you know we have
already discussed that Cauchy’s integral formula evaluates contour integral of gz if the
contour encloses a point z 0 where the function gz is non analytic, but gz into z minus z 0
is analytic that is one multiplication with z minus z 0 makes it analytic in that case we
get the integral evaluation through Cauchy’s integral formula that is if gz into z minus z

0 is analytic then gz.
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Turns out to be an analytic function divided by z minus z 0 an integral of such a function
is given by the Cauchy’s integral formula, but then if it happens that even this is analytic,
but to make it analytic another multiplication of z minus z 0 is required then what to do
through further processing over Cauchy’s integral formula we can find a way for that
also. So, this is the Cauchy’s integral formula that we have discussed earlier now if we
try to differentiate this expression with respect to z 0, then we get F prime z 0 and the
these for these formal expression can be found by differentiating under the integral sign
noting that z 0 and z are 2 different variables z is a boundary variable and z 0 is an

integer variable.

So, if we differentiate with respect to z 0 and that is independent of z then differentiation
under the integral sign will proceed directly and that differentiation and integration order
can be change. So, the derivative of this will be the integral of the derivative of the
integrand with respect to z 0 and with respect to z 0 differentiating this is easy because
we get fz into 1 by z minus z 0 square negative and another negative sign will come
because of this and. So, 2 negatives will cancel and we will get this the further derivative
also appear as minus 2 fz by z minus z 0 to the power 3 into minus 1. So, minus minus
again will cancel that 2 will appear and this power will get raised to 3 and so on; we can
go on differentiating this the expressions of these derivatives can be established simply

by differentiation under the integral sign now the actual rigorous establishment that this



really happens will require a an exercise similar what we earlier conducted to establish

the analyticity of the integral of {z.
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Cauchy's Integral Formula

flzg + 82) - f(z) 1 p
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If |F(z)| < M on C, Lis path length and do = min |z — 2/,

! f f(z)dz ML|éz
5z —| « - -0 as 4z —
clz—z2-dz)(z - )| dj(dy—62])

An analytic function possesses derivatives of all orders at
every point in its domain

Analyticity implies much more than mere differentiability!

In a similar manner we could consider this to establish the this derivative to establish this
derivative we need to consider an expression like this and through several simplifying
steps in which we will try to separate out this part and whatever is the difference we will
try to expand that and then use appropriate considerations to show that this tends to 0 as
we do that finally, through the application of ml inequality we will be able to show that
this part vanishes in the limit and that will show that this really tends to this and this is
this is this tends to this value as delta z tends to 0 and that will mean that this turns out to
be the derivative of fz 0 that is F prime z 0 and if this we can do the detailed derivation

you can consult from the textbook.

Then if this part is established then by a similar exercise over this function we will be
always able to evaluate this, this, this and so and this shows that and analytic function
processes derivatives of all orders at every point it is domain and this is the great
property of analyticity that we discussed in the previous example the analyticity is
implies much more than mere differentiability it implies differentiability up to any order
desired now with this established if gz is non analytic at a point z z 0, but then gz z
minus z 0 to the power anything 3, 4, 5, 6, n turns out to be analytic then for that n what

we do is now say for n plus 1 say for n plus 1 it is analytic then what we can do we can



we use this and then the gz is expressed as that analytic function gz into z minus z 0 to
the power n plus 1 which is fz and then this integrand becomes gz. So, integral of gz gz

will turn out to be 2 pi i the n th derivative evaluated at z 0 divided by factor of n.

So, that way if as long as z minus z 0 multiplied a finite number of times makes the
functional analytic then through the use of some suitable derivative formula in this series
we can evaluate the contour integral of gz and this is the great property which will be
used in our next lecture also which will be a complete which will completely stress on

the singularities of complex functions.
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QOutlin

Singularities of Complex Functions
Series Representations of Complex Functions
Zeros and Singularities
Residues
Evaluation of Real Integrals

So, we use the results that we have found in this lecture into the study of singularities of

complex functions in the next lecture.

Thank you.



