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Hello and welcome to the third lecture of this fourth module.
(Refer Slide Time: 00:43)

FOCUS of Module 4

Macromechanics of Lamina
* Strength Failure Theories/Criteria of Lamina
* Independent Theories/Criteria
* Maximum Stress Criteria
+ Maximum Strain Criteria
+ Interactive Theories
* Tsai-Hill Criterion
* Hoffman Criterion
* Tsai-Wu Criterion
* Comparisons of different Theories
* Hygrothermal Stresses in Lamina

In our fourth module we have been discussing the macromechanics of lamina wherein first

the stress strain relationships for both generally orthotropic lamina as well as for spatial
orthotropic lamina have been developed in terms of the stiffness and the compliance matrices.
Therefore, given the stresses, the corresponding strains could be determined and vice versa.
Using those stress strain relationship in terms of compliance matrix, stiffness matrix or in
terms of measurable engineering constants we can determine the stresses and strains both
with reference to the global axis as well as the material axis. Then the transformations of
compliance and stiffness matrix from material axis to global axis and vice versa have been
discussed showing the influence of fiber orientation angle on the engineering constants in
global axes. Finally, in the last two lectures applications of appropriate failure criteria
(independent and interactive) to assess the safety or failure of a lamina have been discussed
in details. In today’s lecture, hygrothermal stresses in lamina will be discussed.

(Refer Slide Time: 02:17)
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Hygrothermal Behaviour of Lamina

* Composites are usually subjected to changing environmental conditions both
during initial fabrication and final use.

* Among many environmental conditions that influence mechanical behaviour

o Temperature (thermal behaviour)

o Moisture content (hygro behaviour)

Till now in all the discussions on macromechanics of lamina, it was assumed that the lamina

does not experience any environmental changes or there is no change in the environmental
conditions. But in actual practice, the composites are actually subjected to changing
environment conditions both during initial fabrication and during final use.

Among different environmental conditions that influence the mechanical behaviour the
change in temperature and change in moisture content are very important especially for fiber
reinforced polymer composites where these two factors have significant bearing on the
behaviour of the polymer composites.

Now change in condition may be during fabrication like the laminate is actually cured at a
particular temperature and pressure and then it is allowed to cool down to room temperature.
Therefore there is a change in temperature. Similarly when it is exposed to the ambient
conditions it may absorb moisture and therefore there may be moisture absorption as well as
temperature change.

Also during service, depending upon the service conditions the operating temperature may be
different from the ambient temperature or the service condition will be such that the
environment is humid and it may actually absorb moisture. There are two principal effects of
temperature and moisture content on the mechanical behaviour of polymer composites.
(Refer Slide Time: 04:16)
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Hygrothermal Behaviour of Lamina
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1. Matrix dominated properties such as transverse strength and stiffness, shear strength
and stiffness are altered. With the increase in temperature there is a gradual softening
(reduction in stiffness) of polymer matrix till the glass transition temperature (Tg) is
reached. Beyond Tg, the polymer becomes too soft, like rubber and may not be
suitable to be used as structural material. Again, absorption of moisture leads to
reduction in Tg and corresponding degradation in matrix dominated properties as
shown in the Fig. As could be seen in the figure that the dry glass transition
temperature is higher than the wet glass transition temperature (when it absorbs
moisture). That is on absorbing moisture the glass transition temperature actually
decreases and it is seen that these polymers are highly sensitive to absorption of
moisture. Sometimes 3 to 4% absorption of moisture leads to anything around 15 to
20% reduction in glass transition temperature. Thus increase in temperature as well as
moisture absorption leads to the reduction in stiffness of polymer and therefore in a
polymer matrix composites the change in temperature as well as moisture absorption
has significant bearing on the matrix dominated properties like transverse stiffness,
transverse strength.

(Refer Slide Time: 08:06)
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Hygrothermal Behaviour of Lamina

2. Fibers are not as sensitive to moisture content and temperature compared to those for
matrix — residual stresses are induced in the composites

2. Second effect is due to the fact in fiber reinforced polymer matrix composites the
fibers and matrix have different sensitivity towards the moisture absorption as well as
temperature. The fibers are not really that sensitive to temperature and moisture
absorption compared to that of the matrix and these results in a residual stress.

(Refer Slide Time: 09:06)

Hygrothermal Behaviour of Lamina

In isotropic material, thermal strain and hygroscopic strain (linear relation)
i Bl L CTE

g =a-AT if i=1,2,3 ==

L
= — L — o
=0 ifi=456 I
M_gCifi= _: == /'i- AT
i =B:C ifi=123 F o
=0 fi=4506
Al'— Change in temperature (' -1,)
T —» Final temperature

7, — TInitial temperature, where & =0 forall ' 7 '

a — Coelficent of thennal expansion (CTE) — T T
A — Coelficent of hygroscopic/moisture expansion (CHE)

' — Moisture concentration = mass of moisture in unit volume / mass of dry material in unit volume

Now let us have a brief revisit of what exactly happens due to temperature rise. In an

isotropic material like still, suppose there is an increase in temperature then what happens
there is a change in dimension and the change in dimension is actually proportional to its
initial dimension as well as increase in temperature.

As shown in the Fig. considering a steel rod of initial length I , and suppose it experiences a

temperature change of AT then there is a change in length Al and this change in length Al is
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actually proportional to the temperature change AT and the initial length | and this is equal to

Al =aATIl where « is the coefficient of thermal expansion.
Therefore we can write this% is nothing but the strain (change in length by initial length) and

is equal to aAT. Thus thermal strain e= aAT. So, the strain induced because of AT is decided
by what is «, which is the property of that material known as coefficient of thermal
expansion. Now this relation is linear only over a specified range of temperature and over a
wide range of temperature, the variation it may not be linear.

Similarly suppose there is a like say polymer which is sensitive to moisture, these are porous
and sensitive to moisture. Similarly, the thermal strain induced because of moisture is
similarly given by pC, where £ is the coefficient of hygroscopic expansion and C analogous
to change in temperature. C is the moisture concentration which is the ratio of mass of the
moisture in unit volume to the mass of the dry material in unit volume,

In the case of three dimension, these thermal and hygroscopic strains are is written as

giTza-AT ifi=1,2,3

=0 if i=4,5,6
e =p-C  ifi=123
=0 if i=4,5,6

AT — Change in temperature (T -T,)
T — Final temperature
T, — Initial temperature, where & =0 forall ' i '
a — Coefficent of thermal expansion (CTE)
B — Coefficent of hygroscopic/moisture expansion (CHE)
C — Moisture concentration = mass of moisture in unit volume/mass of dry material in unit volume

In three dimensions there are six strains, three normal strains and three shear strains. For a
three dimensional object (isotropic) subjected to a temperature change of AT will lead to €1,
€2, €3 Which are equal to o into AT. Similar expressions are there for hygroscopic strains also.
Note that there is no shear strain due to AT and C.

(Refer Slide Time: 13:18)
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Hygrothermal Behaviour of Lamina

In a fiber reinforced polymer malrix orthotropic lamina =

» CTE and CHE of fibers are vastly different than those for matrix AT £, F G2

* Hygrothermal strains in lamina are different in Longitudinal and Transverse directions
= Some fibres like Carbon Fibers have negative CTE along longitudinal direction but positive

CTE along transverse direction

possibility of designing composites with zero CTE — Micremechanies

= Effective CTEs in a lamina along longitudinal and transverse directions are different
g, =a Al ili=123
T =0 ifi=456
BCifi=123 c' &
0 ifi=4.5.6 Nl =

H
E i

Having understood this let us see what residual stress is. Considering a fiber reinforced
polymer matrix composites lamina as shown in the Fig., experiences AT, now the coefficient
of thermal expansion of fiber is much less compared to the coefficient of thermal expansion
of matrix. So, for AT, the fiber will have less expansion and the matrix will have more
expansion if they are free to expand. This is because the coefficient of thermal expansion of
matrix is more compared to that of the fiber. Now in the lamina, these fibers and the matrix
perfectly bonded and because they are perfectly bonded, therefore they will have same
expansion which is actually less than that of the free expansion of the matrix, but more than
that of the free expansion of the fiber.

As a result the fibers experience an additional tensile strain f and the matrix experiences an
additional compression strain em. Therefore the fiber is actually experiencing a tensile stress
or=¢f Ef, where Er is the Young's modulus of the fiber. The matrix experiences a compression
stress om=emEm . This is the residual stress. Thus, there is a residual tensile stress in the
fiber and there is a residual compression stress in the matrix because of the mismatch in
coefficient of thermal expansion of the fiber and the matrix. Same is also true for moisture
content. Fiber is almost insensitive to moisture, but the matrix is sensitive to moisture and
hence the coefficient of moisture expansion in fiber and coefficient of moisture expansion in
matrix are different and this results in residual stresses in the fiber and the matrix

There are major differences between the orthotropic and isotropic materials with reference to
the hygrothermal behavior. Some fibers like carbon fibers have negative coefficient of
thermal expansion along longitudinal direction, but in the transverse direction it is positive
and that leads to the possibility of designing composites with zero coefficient of thermal

expansion.
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Now, considering an orthotropic lamina, the coefficients of thermal expansion and the
coefficient of moisture expansion are direction dependent and as shown in Fig., if 1-2-3 are

the principal materials directions, then

g =a,AT ifi=123

=0 ifi=4,56
" =pC ifi=12,3
=0 ifi=4,56

Note that o, (e, a5, ;) and S, (B,, Bs, F;) like other properties of a lamina are also
different in different directions. Again like isotropic material here also these are
=0 if i =4,5,6 meaning that AT and C do not lead to any shear strain in the material
axes.

(Refer Slide Time: 21:12)

Hygrothermal Behaviour of Lamina

For a specially orthotropic lamina in the principal material direction
E M
. [a] [= g ﬁ.l
o= oy AT — - .
‘L g =1, AT and 55, +» =16, :C
LV. ©) Fa) L0 [

Typically for Carbon/Epoxye, = 08810 “mm / mm/ "C 7 l —
— |
a, =31=10 “mm  mm [ °C L
B, =0.09mm { mm | AT

Bo = 0.30mm | mim J

Considering a lamina subjected to AT and C, the hygrothermal strains in the material axes is

T M

& o & B,
& =10, AT and ¢, =<5,:C
V12 0 V12 0
g =g +&" ifi=12
=0 if i=6

Like the stress strain relationship in case of a specially orthotropic lamina, application of
normal stress leads to normal strain and no shear strain. To have a understanding the typical

value of coefficient of thermal expansion and coefficient of moisture expansion are
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a, =0.88x10°mm/mm/ °C
a, =31x10°mm/mm/ °C
£, =0.09mm/ mm

£, =0.30mm/mm

Note that this a1, a2, B1, B2 are actually functions of the coefficients of thermal expansion of
the fiber and the matrix and their relative proportions. Similarly B1, B2 are the functions of
coefficient of moisture expansion of the fiber and the matrix and their relative proportions.
But in macromechanics of lamina, here we are considering the overall property of the lamina.
In the study of micromechanics a detailed understanding of the influence of the individual
properties on the lamina will be discussed.

(Refer Slide Time: 23:19)
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Hygrothermal Behaviour of Lamina

For a specially erthotropic lamina in the principal material direction

£ [ S 8. 0][a]
& r=|8, Sy 0 |U.‘. }
. 1?11J 0 S |lre)

o
00§, [o] " [0 —

(e} =[sHo}Haar +{pc > s iin i ——
b=1[5] :

ST ({e}-{a}aT-{g}C)”

3

> [a)({er -{}at- 1B} <)

Note: No hygrothermal shear stresses or shear strains in the principal material axes
(Specially Orthotropic

Now considering a specially orthotic lamina subjected to stresses o1, 62 and t12 (in material

axes), the total strain considering the hydrothermal and mechanical is given by

& S, S, 0 ||oy o By
& =S, S, 0 |Jo,p+qa, AT +45,:C
V12 0 0 Sg |7 0 0

In short

tey=[Slio}+{ajAT +{p)C
to}=[s]" ({e}-{a} AT -{p}C)

Again note that there are no hygrothermal shear stresses or strains in the principal material

axes, because it is specially orthotropic.
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(Refer Slide Time: 25:04)

Hygrothermal Behaviour of Lamina
If the material is unrestrained during hygrothermal exposure, no stress is generated
and strain is obtained by putting

{o}=0in{s}=[S|{o}+{a}aT +{p}C- e
= {e}={a}AT +{B}C ‘

- b b

If the material is fully restrained, strain is zero and

the resulting hygrothermal stress is obtained by putting

{e}=0in {o}=[s]"({&f~1a} AT~ {B}C) S

={a}=[5] ' (-{a}aT-{B}C) = (8] [-Tr]a™1}1)

Note: No hygrothermal shear stresses or shear strains in the principal material axes
('F;por:iall_'; (]1'thnt1'op1'c:] NOT TRUE for (,‘.eneraﬂy 01‘1‘1101‘1'0]11'(. (Off-Axis) Lamina.

Considering a lamina and which is unrestrained that means it is free, and it is subjected to say
AT and C. Now if it is free, there is no stress then
{o}=0in{e} =[S]{o}+{a} AT +{B}C
= {e} ={a}AT+{B}C
is the total strain as it is free to expand.
Now considering a fully restrained lamina, subjected to say AT and C but it is not allowed to

change its dimension. Then there is no strain and

{e}=0in {o} =[s]"({e} -{a} AT -{B}C)
= {o}=[S]"(~{a}aT-{s}C)

is the stress when the lamina is fully restrained.
Note that if AT is positive then the stress is negative (compressive) and if AT is negative the
stress will be positive (tensile). Also note that in the material axis there is no associated shear
strain or stresses. But this is not true if we try to establish the same hygrothermal stresses for
a generally orthotropic off axis lamina.
(Refer Slide Time: 28:04)
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Hygrothermal Behaviour of Lamina

For a generally orthotropic lamina

.L| iu.' x,=' il A | _f'd
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Considering a generally orthotropic lamina where the material axes 1-2-3 do not coincide

with the global axes x-y-z, subjected to AT and C, the thermal and hygroscopic strains are

T M
gX aX gX ﬂX
& ¢ =qa, (AT and e ¢ =18, ¢C
7/xy axy 7xy IBxy

Where a,, a,, a,,and B, B,, B, are the coefficients of thermal expansion and coefficients

of hygroscopic expansion in the x-y axes. Note that there is axy and fxy which were not

present in the material axes. The relationship between «,, a,, a,and «,, a,, a;,and

between ., B,, B, and B, B,, B, are

a, o B, B
a, t=[T]{e,}t and {8, t=[T] 14,
o, 0 B, 0
2 2

¢ s -2sc

where [T ]'1 =|s* ¢ 2sc
sc -sc ¢°-s°

This is similar to the strain transformation matrix. Because ax is nothing but the indication of

strain along x- and ay is the indication of strain along y- due to AT. Same is true for Bx and

By. Therefore we can relate the material axis coefficient of thermal expansion to the global

axis by the same strain transformation matrix. Figure shows the variation of «,, «,, a, ,and

By, By, By with fiber orientation angle as could be seen that for 6=0° and 90° they do
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coincide with the corresponding values along 1 and 2. axy is 0 for 6°=0 and 90° and is
maximum at for 6=45°,

(Refer Slide Time: 32:03)

Hygrothermal Behaviour of Lamina

erally orthotropic lamina 2 ¥

4
=1 [8i 5a S In‘ 2 8] ’ 7
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e ?'] i relgl ¢ e v Tl « T &
, {e), =[S ){o), +la}, AT+{B),C » (Elio), - {6}, o1 g1 c
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Similarly for a generally orthotropic lamina subjected to AT and C, total strain is

£, §11 §12 §16 o, a, ,BX
&y (= §12 §22 §26 oy, rty4Qy AT + ,By C
7y Sis Sz Ses Ty Ay ﬂxy

and in short

— {e}, =_S] o}, +{a} AT+{p} C
- (o}, =[5 (te},, ~{e}, AT-{8}, C)
= (o}, =[Q] ({e}, ~{al, AT-{5},C)

So, knowing [Q], reduced transform stiffness matrix, {o}xy, and {B}xy and change in

temperature and the change in moisture content, we can actually find out what is the stress
induced in the global axis.
(Refer Slide Time: 33:43)
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Hygrothermal Behaviour of Lamina

A unidirectional glass/epoxy lamina is heated from 30°C to
80°C. Determine all components of stress and strain
associated with the material axes and the x,y axes if = 45°
(i) If the lamina is fully unrestrained when huatEEI g
(ii) Fully restrained when heated .~

ONostesslo}=0  — Mri_;fi
In the materials axes ===

For (ilass | Epory
E, = 386GPu.E, = 8Pu;

gl [a 6x10° 0.0003 05, = 46Pa s, =026

6, (=1, (AT ={20x10° }50=100010} - 26510 7°C 6.4f
T 0 0 0 = 20107 1%

= (s] [05 05 -101(0.0003] [0.00015+0.0005

£ 1

=[] e p=(05 05 10 [{0.0010}=10.00015+0.0005 - =
=T %] fos 05 0] 0 0.00015-0.0005

(Refer Slide Time: 36:28)

Hygrothermal Behaviour of Lamina
(it} In the global axes

8 .
tl, (5] (i -t ) et
Naslrain:r{_sl!;{l X2 f E .
{al, =[§] I(-{a}ﬂ:&f‘} ={a]v=[§] I:-{u}"ﬁ.F') t«
g, an ﬁn ﬁlﬂ a,

g.1=|0, 0, Oylia, AT

t) |0k Ou 0u)loy

ﬁ—-——-.v.-—-.-u E. E:L. "J,,. G-:.- ¢

e

(Refer Slide Time: 37:58)
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Rehaviour of Lamina

¢ lamina forms one layer of a

withstand according to the Maximum Stress C
ForGlass/Epoxy

E =380l gk, =86Pa, G, =40Pay, =020

a =6ul0" “{';.«&.Jll-xlill "0

1n'|'] =SEIIII\-ﬂ’;L:1rT;'] =350MPa -

(e, :I SMP:I.[OE | =75MPa ~ 30 ¢
(7} =35MPa -

We shall solve a few example problems to understand what we have discussed.

Example 1: A unidirectional glass/epoxy lamina is heated from 30°C to 80°C. Determine all

components of stress and strain associated with the material axes and the x,y axes if 6 = 45°
(i)  If the lamina is fully unrestrained when heated

(i) Fully restrained when heated

For Glass / Epoxy

E, =38GPa; E, =8GPa;
Given |G, =4GPa;v,, =0.26
a, =6x107° /°C

a, =20x107° /°C

Solution:

(i) No stress{o’} =0

&) (o 6x10°° 0.0003
In the materials axes < &, r =1, ;AT ={20x107° {50 =+0.0010
V12 0 0 0
Strains in the global axes
&, & 05 05 -1.0{{0.0003 0.00015+0.0005 0.00065
&, :[T]fl & ¢=/05 05 1.0 |10.0010;=+0.00015+0.0005; =< 0.00065
Ty L 05 05 O 0 0.00015-0.0005 —0.00035
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(ii) In the global axes {o}, =[S] " ({e}, ~{a}, AT)

No strain = {g}Xy =0

o Q11 Q12 Q16 a
Oy (= Qy, Qn Qi a, AT
Ty Qp Qx Qe | Xy

Example 2: A unidirectional glass/epoxy orthotropic lamina forms one layer of a laminate
which is initially at temperature 30C. The lamina is assumed to be initially stress free, fully
restrained, the properties do not change due to temperature change, and the lamina does not
absorb moisture. What is the maximum temperature that the lamina can withstand according

to the Maximum Stress Criterion? Given

For Glass/Epoxy
E, =38GPa; E,=8GPa;
G, =4GPa; v,=0.26

a, =6x107° /°C;a, =20x107° /°C
(o), =500MPa; (o} ) =350MPa
(07), =5MPa; (oF) =75MPa
(72,), =35MPa

Solution:

Using (& ~Sliet @l AT +{pIC
sing

to}=[S]" ({e}-{a} AT -{p}C)

(Refer Slide Time: 39:47)
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Hygrothermal Behaviour of Lamina
I
te}=[Sho}+{a}ar+{p)c

1—[s]‘wf}‘ a} f—wfl

a C'
5 I.JT-' \ '..I [ .IN .d \' £, - JatiPa;E, - $6Pa G, - 4GPay, - 0.26)
IIL‘ |: | E.: l\ |,L.gJ b, B0 o, w2010 T
i 30 (o) < so0Prfer | < Ts0Mps
5 O: - "_L'iu oyt @u“l:" [1- / 7], = SMPmfa? ) = 780MPa
= - (o 1) ()

R i o

) LA =7

(%) £ 9 \ [ Mom
’ a .i\_l:\f T" =¥, .

Now since it is fully restrained that means strain is 0
{e}=[Sl{o}+{ajaT +{B|C
(o} =[sT"({# ™} - {afaT-{p} 2
(o} =[S]" ({0} ~{a} AT - {}0) =[Q)(~{e} AT)
Therefore o1 = — (Qu101 + Q22012)(T-30).
What is AT? Suppose T is the maximum temperature it can withstand, so
o2 = — (Qu201 + Q220t2)(T — 30) and there is no t12.

We can apply maximum stress criterion, to find out what is that maximum T it can withstand

for safety. (Refer Slide Time: 43:20)
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Example 3: A 45° graphite/epoxy lamina is completely restrained in the x direction as shown
in the Fig and the properties of the lamina are given. It is experiencing a temperature change

of 50°C, determine ox.

Hygrothermal Behaviour of Lamina

E =180 a I AT = S0°C , v :
I ! = r-,, 9 Lo . W f, o

E.=10GPa | s =:’-'-?-""1“=|" LN e

z 1, =0 el R 0 S S )
V=025 |- : i A Ay

e T T [l VA
Oy = iGla i = a crpioal

: ) ;
#=45", completely resmained in the x-direction. o n
Determine value of &, [ ¢ £, Ve, Guz, 6) : i Ve

LR ¥ kb =

Sorlution :

E'l Su Sz S ‘51’ (&
=|8n S» Sx

%) (5o S S

{:,'

r.| |&

Solution:

Using the relation below where the strain along x is zero, we get

e, —0 Su S S |(o ; a,
&y =[S, 8_22 8_26 0 ¢+ea, (AT
% Sis Si S | L0 Ly

0=S,0, +a AT
o, AT

=0, =— S_
11

Knowing S;; (from E1, E2, v;,, G12 and 8), ax and AT = 50, we can find out what is the
stress induced along x and naturally it is as expected it is negative for positive AT.
(Refer Slide Time: 49:15)
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Hygrothermal Behaviour of Lamina
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