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Lecture - 20
Classical Multi-Objective Optimization Methods

Welcome to the session on Classical Multi-Objective Optimization Method. As of now,
we have discussed about the introduction of multi-objective optimization in which we
discuss the concept of dominance, the Pareto-optimality. We also discussed approaches to
multi-objective optimization. In this particular session, we will be focusing on some of the

methods that can be used to solve multi-objective optimization problems.

Now, here we refer these method as classical methods, it is only because we want to
differentiate these methods with EC techniques. Also, these methods are relatively older
or we can say EC techniques are relatively newer and therefore, we are calling this method

as a classical optimization method.
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In this particular session, we will be going through the introduction and thereafter we will
discuss few methods. The method includes weighted-sum method, epsilon constraint
method, weighted metric method, and Benson method. Although, there is a large class of
methods that can be considered as a classical methods, we will be focusing on these 4

methods. Thereafter, we will close this session.
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Multi-Objective Optimization Problem

o A multi-objective optimization problem can be written as

@ f, is m—th objective, where m =1,2,..., M
oA SANANAAN L~

0 g;(x) is j—th inequality constraint, where j =1,2,...,J
0 hy(2) is k—th equality constraint, where k = 1,2,..., K

X% s J'N)T is a n—dimensional vector.
) g

° x,fl‘)and &

AN

are the lower and upper bounds on i—th variable.
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Minimize  (fy(x), (%), e, fs () )T

subjectto  g;(x) = 0, j=12,..,],
he(x) =0, k=12 ... K
xl.(L) < x; < x.(U), i =12,..,n

Let us begin with introduction. As we remember a multi-objective optimization problem
can be written as, as we can look into the equation number 1, we want to minimize the
objective function. So, we have multiple functions here. Now, in this particular case, we

have written all the functions as a vector.

So, we can consider we have a vector of objective function. This particular function is
subjected to inequality constraint, equality constraint, and we have a variable bounds.
Now, here when we are referring any f m, it means that we are referring to the m-th

objective in the objective vector and the size of the objective vector is capital M.

Similarly, we can have inequality constraint that is up to J, and we can have equality
constraint up to capital K. The variable vector X, it is a column vector having a dimension

n. Similarly, we have bounds that is lower and upper bound on each decision variable.
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o There are two approaches to multi-objective optimization

» Preference-based multi-objective optimization approach
» Ideal multi-objective optimization approach

o The classical methods are based on preference-based multi-objective optimization
approach

» Converting a multi-objective optimization problem into single-objective optimization problem

@ Generating methods are also considered as classical methods for multi-objective
optimization.
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We know that there are two approaches that can be used to solve multi-objective

optimization problem. One is called preference-based approach; another is called ideal

multi-objective optimization approach. As we can see here the classical method are based

on preference-based multi-objective optimization method in which we generally convert a

multi-objective optimization problem into single-objective optimization problem.

There are other methods as well, such as generating methods. These methods can also be

considered as classical methods for multi-objective optimization. Since, the classical

methods are based on the preference-based approach. So, let us have a recap of what we

mean by preference-based approach.
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o It is simpler approach in which a multi-objective optimization problem is converted to a
single-objective optimization problem.
o Using higher-level information such as weights to different objectives, a composite
——— 9
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function is developed.
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So, if we look at here, suppose we have M number of objectives all of them are conflicting
in nature and these objectives are subjected to constraints. Thereafter, we use some higher
level information that information will help us to convert this multi-objective optimization
problem into single objective optimization or we can make some other composite functions

that can be solved.

Now, since the problem is single objective optimization, we can use any single objective
optimization technique to solve them. And finally, we are going to get one optimum
solution as we can see here and this optimum solution will be one of the Pareto-optimal
solution. This approach is found to be simple and why because we are converting all the

objectives into a single objective.

Since, we have to convert into a single objective we need higher level information as we
discussed, and one of the way is called weights that when that can be used with the
different objectives and we can make a composite function. With this introduction let us
understand these classical methods for multi-objective optimization. We will start our

discussion with weighted-sum approach.
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0 Slope of contour lines is (—w; /ws)
o We construct a weighted sum of @
objectives and optimize the following Contour of F%)) @ 4

M @ {
MinimizeF(:x:):Z‘u",,,f,,,(a:) (2) \ Ne

m=1

o Here, w = (wy, ..., wyy)" is a weighted
vector and wy, € [0,1], and also,
M

Z Wy = 1

m=1

° Qgi) =wy f1(x) + wyfo(x) is a linear
combination of f1 and Jo >
TN A

Minimize f, ~
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Minimize fz\

As it can be seen here the weighted sum approach in which we will be making a composite
function by adding the weight into the objective function and then we take a summation
over all the objective. Here these w’s for every objective will constitute a weight vector

which is generally written as omega.

M
Minimize F(x) = Z w_m fr, (x)

This omega is a weight vector and the important point is that all the weight vectors that is
for each objective that should take the value between 0 to 1. Moreover, the summation of
the weights should be equals to 1. So, in this case then we will be using the weighted sum
method we will be multiplying the weight into the objective function, we will be taking

this summation.

However, we have to be careful or we have to taken into an account that the omega values
for each objective should lie between 0 to 1 and the summation of all omegas should be 1.
Let us take a case of two objective problem now, in this case our composite function F x
can be written as omega 1 f 1, similarly omega 2 f 2. Looking at this particular equation

we can see it is a linear combination of f 1 and f 2.

If we look into the figure on the right-hand side here we want to minimize the f 1,

minimize f 2, in this case since these are the linear combination. So, the contours which



are represented by a, b, ¢, and d, so, these are the contours of the composite function f.
Now, here we can see that a specific value of say omega 1 and omega 2 will decide the
slope of the contour as we can see on the top.

So, this particular slope will be telling us that for example, we want to minimize the F X,
so these contours will be moving as we can see here and finally, the optimal solution for
the corresponding omega that will be A. And from this particular figure what we can
understand that if we change the value of omega 1 and omega 2, in this case, we are going
to get a different slope that different slope will help us to find out the other solution on the
Pareto-optimal front.

So, in any case, we are, we want to generate multiple solutions on the Pareto-optimal front
then we need to take different sets of omega 1 and omega 2 that will help us to find those
points. Now, since our problem can have multiple constraints as well, so the modified

multi-objective optimization problem can be written into the single objective form.

(Refer Slide Time: 10:34)
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@ The multi-objective optimization problerpi is now converted to

Minimize F(x) = Z Wy frn (),

m=1

subject to  g;(x) > 0, =0 (3)
hi(2) =0, k=1:2...,K,
xmgx,-gx(b). 7= [N

i i
Theorem 1
The solution to the problem represented by equation (3) is Pareto-optimal if the weight is

positive for all objectives.

Theorem 2

If 2* is a Pareto-optimal solution of a convex multi-objective optimization problem, then there
W 5 7 - o

exists a non-zero positive weight vector w such that @* is a solution to the problem given by
S R e

equation (3).

/
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Minimize F(x) = Z w_m fp (%)

subjectto  g;(x) = 0, ji=12,..,],

he(x) =0,  k=12..,K



We can see in equation number 3, that we want to minimize the composite function which
is given as capital F x and while minimizing this we also have to take care of the constraints
as well as the variable bound. Let us discuss theorem number 1, in this particular theorem,
it says that the solution to the problem represented by equation 3 is a Pareto-optimal, if the

weight is positive for all objective.

So, as we can see in the equation number 3, this is the modified single objective
optimization problem. If we are going to have all the weights positive, then it is going to
give us a one optimum solution. We also have theorem 2, in which if x star is the Pareto-
optimal solution of a convex multi-objective optimization problem, then there exist a non-
zero positive weight vector w such that x star is the solution to the problem given by

equation number 3.

So, what we can understand from the theorem number 1, that if we are going to take
positive value of omega or we have this omega vector, if we are going to have the positive
value that will be corresponding to one optimal solution. However, in the theorem 2, it
says that if the problem is a convex problem, then for every Pareto-optimal solution there

is a non-zero omega vector that can help us to find that particular solution.

(Refer Slide Time: 12:57)
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Weighted-Sum Method: Hand Calculations
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Example

Minimize  f1(2) = @y,

Minimize  fa(2) = 1+ 2% — 21 — 0.2sin(ray),
subjectto 0<2; <1, -2<wy<2

Example is taken from book “Multi-objective optimization using evolutionary algorithm” by K.
Deb.

Step 1: We form the composite function F(x) using weights (w,ws)" as

— F(2) = w2y +wy(l + a3 — 2y — 02sin(m2y))

Step 2: Using the necessary optimality condition, we obtain VF -0

% = wy +wy[-1 - 0.27 cos(ma1 )] = 0,
Ads A e et ity
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Minimize fi(x) = x;

Minimize f,(x) = 1 4+ x4 +x3 — 0.2 sin(mx,)

bounds 0<x,<1 and -2 < x, <2
F(x) = wyx; + wy(1 + x2 — x; — 0.2 sin(m xy))

oF

— =w; + w, [-1-0.27m cos(mrx,)] = 0,
dx,

Now, having understanding about the weighted sum method let us perform some hand
calculation. For this, we have taken a simple case in which we have just two objectives.
As we can see that we want to minimize f 1, we want to minimize f 2 and both the variables

which are x 1 and x 2 they are lying between 0 to 1 and minus 2 to plus 2.

This particular example, we have taken from the book Multi-objective optimization using
evolutionary algorithm by Professor Deb. So, what we can do here is that the step 1 suggest

we have to form the composite function F x using weights which isw 1 and w 2.

So, since we know the form, we can directly write the capital F x is equals to omega 1 x 1
omega 2 f of 2. So, since the equation of f 2 is given on the top, we construct this objective
function. Now, as we know that the current problem which we have converted into the
single objective optimization, it is a unconstrained problem. So, for this particular problem

which is unconstrained and single objective, we can use our optimality conditions.

The first optimality condition is the necessary optimality condition that we can find it by
making the gradient of the function equals to 0. In this case, the first component will
become dou F by dou x 1. So, basically, we are differentiating this capital F with respect
to x 1 only. And this will give us the equation as we can see here and we have to put it

equals to 0.
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Minimize  f1(z) = 21,
Minimize  fo(x) = 1+ 23 - 21 — 02sin(ma1),
subjectto 0<a <1, —2<ap<2.

Example is taken from book “Multi-objective optimization using evolutionary algorithm” by K.
Deb.

Step 1: We form the composite function F(z) using weights (wy,wy)" as
— F(z) = wyay +wy(l +23 — @y — 02sin(ra;))
Step 2: Using the necessary optimality condition, we obtain
aF

oy =wit wy[~1—0.27 cos(mz1)] = 0, % = Qwyy =0,

A e

The 2nd component we will get it when we will again differentiate the capital F with
respect to x 2 and this coming out to be 2 omega 2 x 2 that is also equals to 0. So, both the

components we are making equal to 0, so that we can find the value of x 1 and x 2.

(Refer Slide Time: 15:33)

We obtain the stationary point as

s — 1 )
7 —;cc:.s1 m(z—lz—l)], zy =0,

Step 3: Using the sufficient optimality condition at the stationary point, we get the Hessian
matrix as

0.2wyn*sin(ra;) 0
H=
0 2wy

Since wy > 0, only sin(may) > 0 for H to be positive-definite. Meaning, the stationary point
becomes the minima. The above condition suggests that 2i <z} < (2i+ 1), for all

i=0,1,2,....

Since 0 < 2y < 1, the optimal solution is valid for i = 0. It means that 0 < 2} <1.
e e _— e
TETARY- ORE SARE T ST

1000’ ol Ml o Optimastin MUyl Type equation here.



When we equate both the component of the gradient of the capital F equals to 0, we will
get this stationary point. As we can see here, the stationary point x 1 star is given and x 2
star also given. Now, in this, for this particular problem x 2 star is always 0 and x 1 star

has the value that depends on omega 1 and omega 2.

Since, we know that the stationary point can be maxima or minima or it can be an inflection
point, so we need to find out the Hessian. So, using this sufficient optimality condition, we
find the Hessian of Hessian matrix, since it is a two-variable problem, so the Hessian
matrix is 2 by 2. Since, the matrix is simple we will be looking into the principal

components only.

Now, here to H to be the positive definite, so we can see that the component which is given
as 2 omega 2 that should be greater than and equals to 0. By putting this condition that
omega 2 should be greater than and equals to 0, the another principal component should

also be greater than 0.

If we take only the function with respect to x 1, we will say that the sin of pi of x 1 should
be greater than 0. Now, by looking into the condition and we want to make H should be
positive definite, we can say that the point the stationary point which we get at the top

which is x 1 star and x 2 star becomes the minimum point.

Now, here if we look at this particular condition when we have sin of pi x 1 greater than
equals to 0, this particular condition suggest that the x i should lie between 2 i and 2 i plus
1 for all the values of i starting from 0 to 1, but at the same time we also know that x 1
should lie between 0 to 1, therefore, the optimum solution for the given problem is only

valid when we take i equals to 0.

So, in this case we can see that the optimum solution will be lying when we say that x 1
star is lying between 0 to 1. So, for the given problem the range of x 1 is given whenever
it is lying between 0 to 1. It is going to give us an Pareto-optimal solution along with that
x 2 star should be 0.

In the previous equation, we found that x 1 is calculated with respect to the values of omega

1 and omega 2 and x 2 star was 0. So, in this case, we can see that what value of omega 1



and omega 2 can give us the extreme solution on the Pareto-optimal front. So, when we
say extreme solution meaning that the solution which is corresponding to the minimum of
f 1, on the Pareto-optimal front, similarly the other solution which is minimum of f 2 on

the Pareto-optimal solution.

So, let us identify these two extreme solutions as well as what are the corresponding values

of omega 1 and omega 2.

(Refer Slide Time: 19:43)
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o Let us calculate the extreme solutions and associated weights with them.
o We know
gi= %cos‘1 0—é? ('—]:—; - 1)] , oy =0,
o One extreme will lie at 27 = 0. It means that w; /w; = 1.628.
o Another extreme will lie at 2} = 1. It means that w; /wy = 0.372.
@ For both the extreme points, we use w; 4wy = 1 and obtain
=0, w =062, wy=0380
{ #i=1;  w =027, w=0729
@ |f we choose any combination of the weights in the following range, we can find the
corresm e B

0271 <w; £0.620, wy=1-w )
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. 1 1 1 wy .
1= eos [O.Zn(w_z_l)]' =0

x;=0; w = 0620, w, = 0.380

x; =1, w = 0271, w, = 0.729

0271< wy, < 0620, w, =1 — wy

So, in the previous slide we understood that x 1 star depends on omega 1 and omega 2 and

x 2 star should always be 0. Now, since, one of the extreme will be lying on x 1 is equals



to 0, if we equate this particular condition into the equation here, so what we can find is
that cos 0 is 1, by equating it we will get this omega 1 by omega 2 is 1.628.

The another extreme solution will be lying at x 1 star equals to 1. When we are putting this
condition in the given equation here we can find the value of omega 1 and omega 2 will
become 0.372. So, here from these two expression, we can find that what could be the
range of omega 1 and omega 2.

So, for both extreme points we can use omega 1 plus omega 2 equals to 1. Meaning that 1
will be 1 will be independent variable and omega 2 can be found in terms of omega 1. So,
let us take x 1 star equals to 0. In this case, since we are using omega 1 plus omega 2 equals
to 1 and the ratio which is given on the top by using these two equation we can get omega
is equals to 0.620 and omega 2 is 0.380.

Similarly, for another extreme solution where we write x 1 star as 1, and using the two
equation as omega 1 plus omega 2 0 and omega 1 divided by omega 2 as 0.372, it will give
us omega 1 as 0.271 and omega 2 as 0.729. So, if we choose any combination of the

weights in the following range, we can find the corresponding optimal solution.

Meaning that from the above condition as we can see x 1 star equal to 0 and x 1 star equals
to 1 that will give us this particular range that when we are going to change omega 1 from
0.271 to 0.620. And we can find the value of omega 2 by substituting into the equation.
The solution corresponding to these different values of omega within the range can find

the Pareto-optimal solution for the given problem.

Now, since this particular method is found to be quite simple and straight forward, and we
can always use our concepts for single objective optimization this method offers various
advantages. So, let us look at the advantages first and then we will discuss the

disadvantages.
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Weighted-Sum Method
Advantages J

@ This is the simplest way to solve any multi-objective optimization problem.

@ For problems having convex Pareto-optimal front, this method guarantees generating
solutions on the entire Pareto-optimal set.

Disadvantages J

@ A uniformly distributed set of weights does not guarantee to generate a well distributed
set of solutions on the Pareto-optimal front. It is due to the non-linear relation among the
variables (z) and weights (w).

o Different weights do not ensure that we can get different Pareto-optimal solutions by this
W

R
method.
AN
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So, the first very first advantage is this is the simplest way to solve any multi-objective
optimization problem. The problem, which we have solved that help us to understand that
converting multi-objective problem into single objective, it is actually reducing the

complexity of the problem and making into a single objective.

Second advantage could be that for the problems having convex Pareto-optimal front. This
method guarantees generating solution on the entire Pareto-optimal set. So, we discuss the
theorem number 2 in which these if we are solving a convex problem. Convex problems

mean the problem having convex Pareto-optimal front.

So, when we are choosing the value of omega 1 and omega 2, it will be corresponding to
one of the Pareto-optimal solution on the front. Now, let us discuss what could be the
disadvantages with this particular method. So, first disadvantage is a uniformly distributed
set of the weights does not guarantee to generate a well distributed set of solution on the
Pareto-optimal front. It is due to the non-linear relation among the variables and the

weights.

Second is, different weights do not ensure that we get the different Pareto-optimal solution
by this method. It means that the omega 1, omega 2 value for a one particular set of solution
and another omega 1, omega 2, omega 3 values for another solution, if we run it our
optimization algorithm, they may not give you two distinct solution. Sometimes this

solution can converge to a one Pareto-optimal solution.
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Weighted-Sum Method &

Disadvantages J

@ This method cannot generate certain Pareto-optimal solutions in the case of a nonconvex
objective space.

i Feasible
Al objective
:” space o The lines 'a" and 'b' are contours of F(x).
E ! o We cannot make any tangent in the line
§ A segment BC. It means that we cannot get
Pareto- A\ any solution in the line segment BC.
optima
front b D
Minimize f;
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Let us discuss the third which is an important disadvantage for the given method that this
method cannot generate certain Pareto-optimal solution in case of non-convex objective
space. So, let us understand that. In the figure, we can see that the red line is represented
by the Pareto-optimal front. Now, if we look at the point A, we are going to get a contour

as written by the small a value.

Similarly, if you find the contour at the point b then we are going to get another contour.
Now, the problem is as and when we are trying to find out any contour that is tangent to
the feasible objective space, for example, such as at the middle now. Now, at this particular
point we cannot find the tangent and therefore, if inside this particular segment BC, we

cannot get any solution in the line segment BC.

Now, if we look at this particular Pareto front, in this example only the segment BC is the
non-convex and the other portion of the Pareto-optimal front is the convex one. So, the
different weights of omega 1 and omega 2, can generate the solution other than the segment
BC.

So, therefore, here as and when we are solving a problem which is having a non-convex
Pareto-optimal front, this method cannot generate the optimal solution in that particular
segment which could be the important limitation, since many problems could have non-

convex Pareto-optimal front.



As of now, we have discussed the very simplest method and we found that this particular
method we cannot use for non-convex Pareto-optimal front. So, in order to eliminate this
particular problem, we have an important method which is called epsilon constraint
method.

(Refer Slide Time: 28:25)
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@ This method can generate solutions for problems having non-convex Pareto-optimal front.

o The modified single-objective optimization problem by this method is given as

Minimize: ~ f,(x),
subject to:  fr(x) < € m=12...,1 M and m # p
9;(x) 2105~ Sy =100 T (4)
hx)=0"" k=12...K
i <ai<a i=12,..,N.
———A—~

@ ¢, represents an upper bound of the value f,,. Note that ¢,, does not need to be a small
A —————

value close to zero.
AN N
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Minimize: f,(x)

subject to: [ (x) < €, m=12,..,Mandm # u
gj(x) = 0, ji=12,..,]
he(x) = 0, k=12, .., K
xi(L) < x; < xl-(U), i=1.2,..,n.

So, what is this? So, in this particular epsilon-constraint method, we can generate solutions
for the problems having non-convex Pareto-optimal front. This particular method converts
the multi-objective optimization problem by considering only one objective to minimize

and rest of the objectives we will be having some constraint.

Now, as can be seen here that the objectives from m equal to 1 to capital M and this small

m should not be the same as mu. So, as we can see that we have chosen f mu to minimize,



so this particular objective we are removing, but for rest of the objectives we are putting a
constraint here. Apart from that we can have the constraints like g j of X these are the
original constraint of the problem as well as the equality constraints and the a variable

bound.

So, here if we looked at this particular value called epsilon m, so generally we use this
epsilon m value as a small value, but in the case of epsilon constraint method we are using
or we are representing epsilon m value as an upper limit on the objective function which
can be a bigger value. And therefore, we can see that epsilon m represents an upper bound
of the value f m. As | mentioned earlier, epsilon m does not need to be a small value close
to 0. So, this we have to be careful.

(Refer Slide Time: 30:25)
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¢—Constraint Method
Pareto-optimal front
Feasible o Let us take fy as an objective and put
! objective constraint on fi as fi(z) < €.
o @\‘ space 0 Let is consider €; = €] in the figure.
()]
E | C o The left portion to the line becomes the
i : feasible objective space.
- I
> : o The minimum solution of the problem is
& solution 'C'.
«“ D .
: b ~o o By changing ¢, values, we can generate
1 — L B solutions on the Pareto-optimal front.
af,b ¢ d P — | . ———
"™ Minimize f,
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Now, let us understand this method graphically. So, we can see the figure on the left-hand
side in which we want to minimize f 1, minimize f 2, and the red line is represented by the
Pareto-optimal solution. So, for a given problem let us take f 2 as an objective function

and we are going to put a constraint on f 1 as f 1 is equals to or smaller than epsilon 1.

Let us consider that epsilon 1 is epsilon e c. So, here epsilon e 1 ¢, we can locate on the f
1 axis. Now, looking at this particular constraint we can see that the region which is on the
left-hand side, so basically this region is the feasible region and we have to find what is

the optimal solution for the given problem?



Now, since we want to minimize f 2 and we know that this particular region is only the
feasible region, so here when we will be minimizing f 2, we are going to get a point C,
which is the minimum solution for the given problem. So, in order to get different points
on the Pareto-optimal front, we can change the value of say epsilon 1 and we can generate
solution on the Pareto-optimal front.

So, if we look into the figure, for example, we have chosen certain value called epsilon 1
b, when we will be putting this particular constraint and finding the minimum solution for
it we are going to get a solution B. Now, let us consider another epsilon value as epsilon 1
d.

In this case, what we will find that this particular epsilon value is actually out of the
feasible objective space, but when we are putting as we know that region on the left-hand
side is the feasible region when we are going to minimize the f 2 objective with this
constraint the solution which we are going to get is the solution D.

Let us look into the another situation now. Suppose, we have taken epsilon 1 a, now here
when we are using it and we remember that the left-hand side of this line is the feasible
one; when we are going to solve this problem, we know that we are not going to get any

solution because all solutions are become infeasible solution.

So, from this discussion we can see that when we are taking epsilon at say point C and at
point B we are going to get a different value of epsilon. In one case, when we take a point
D in terms of epsilon on the left-hand side we are going to get one of the extreme solution

on the Pareto front.

On the other hand, when we take a point A in terms of epsilon this particular situation
cannot generate a solution for us because there is no feasible search space for the
algorithm. Meaning that when we are deciding the epsilon value, we have to be careful
what value of epsilon should be taken within the range, so that it should generate Pareto-

optimal solution for the given problem.
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Example

Minimize  fi(z) = @1,

Minimize  fo(x) =1+ 1% — 1 —0.2sin(372y),
subject to 0 <2y <1, —2<wy <2

o We now convert this problem into the modified single-objective optimization problem
Minimize ~fo(2) = 1+ 23 — 21 — 0.2sin(32y),
subject to 21 < €y,
0<2 <1, -2<ay<2
o Let us consider g;(z) = 9.:_{.1. > (. Note that we do not consider the variable bounds as

constraints for simplification.
AN ]
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Minimize fi(x) = x;

Minimize fo(x) = 1 + x2 — x; — 0.2 sin(3mw x;)

subject to 0< x5 1, —2< x, < 2.

Now, let us solve a problem using the epsilon constraint method. We are considering the
same problem which we have solved earlier. We want to minimize f 1, we want to
minimize f 2 and this problem has just two variable bounds which are x 1 will be lying
between 0 to 1 and x 2 will be lying between minus 2 to plus 2. We now have to convert

this multi-objective problem into the modified single objective optimization problem.

So, let us consider that we want to minimize f 2, we are putting a constraint on f 1 which
is f 1 should be smaller than epsilon 1 and we have the ranges. So, let us consider that we
have just one constraint which we are representing as g 1 and we are writing rewriting this

constraint as epsilon 1 minus f 1 should be greater than and equals to 0.

Here, we should note that that we are not considering the variable bounds as constraint
only for the simplification. However, if we are solving some other kind of a problem, we

should consider the variable bounds as our constraints.
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o We can write Karush Kuhn-Tucker (KKT) conditions by using a Lagrange multiplier u;
for the constraint g;.
Vi -uVg =0,
g 20,
ug =0,
Uy Z 0.
0 We can get the following equations for KKT conditions
—1-0.3mcos(3ma;) +u; =0,
e >0
U1(€1 -&) = 0,
Uy 2 0.
o The first equations suggests that u; > 0.Since u; > 0, 2; = €; according to the fourth
equation. The second equation suggests : 2y = 0. L

o The optimum solution is 2} = ¢; and 3 = 0, which lies on the Pareto-optimal front.
A g S | et |
Classcal Muli Ojective Optinization 18/2

u;91 = 0,
U, > 0.

Now, we know that when we will be solving a constraint optimization problem the
optimality condition can be found using Karush Kuhn-Tucker conditions. So, these
conditions are also known as KKT condition. Let us assume that we are taking u 1 as a

Lagrangian multiplier for the constraint g 1.
-1 — 0.3m cos(3nx,) + u; = 0,
2x, = 0,
u (61 — x1) =0,

u; = 0.

So, using the KKT condition, the first condition is the optimality condition where we will

be finding the gradient of the Lagrangian function, then we have this constraint equation,



third is the complementary slackness condition, and finally, the Lagrangian multiplier can
take u 1 greater than an equals to 0.

By using this KKT conditions we can write the equations. So, as we can see, the first
equation is representing the optimality condition, second equation is our variable bound,
the third equation is the complementary slackness and the fourth equation is u 1 greater
than equals to 0.

Now, if we look at the equation number 1 here. So, as we can see that this particular part
will go on to the right-hand side and for any value of x 1, u 1 will always be greater than
0. Since, u 1 is going to be 0, looking at the complementary slackness condition the epsilon
1 minus x 1 should be equals to 0, meaning that x 1 equals to epsilon 1. And the second
equation: Now, if you look at this particular equation now, this equation suggests that x 2
should be 0.

So, from this these KKT conditions suggests that u 1 will be greater than 0, x 1 is equals
to epsilon 1 and x 2 should be 0. From these condition, we can say that the optimal solution
is X 1 star is equal to epsilon 1 and x 2 star is equals to 0. And this particular point will be
lying on the Pareto-optimal front. So, what is the interesting point about this particular
condition is that if we change the value of epsilon 1, we are going to get different Pareto-

optimal solutions.

(Refer Slide Time: 39:03)
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Theorem 3

The unique solution of the é—constraint problem stated in equation (4) is Pareto-optimal for
any given upper hand bound vector € = {€1,..., €1, €441, .. €11}

Advantages J

o Different Pareto-optimal solutions can be generated by changing €, values.

@ The method can be used for problems having convex as well non-convex Pareto-optimal
front.

Disadvantages J

@ The solution is largely dependent on the chosen value of €,,. Therefore, it must be chosen
——N . N

so that it lies within the minimum or maximum values of the individual objective function.
A — ~———
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So, we have another theorem for epsilon-constraint method. This theorem says that the
unique solution of the epsilon constraint problem stated in equation number 4, that is the
modified single objective optimization problem using epsilon constraint method is a
Pareto-optimal for any upper hand bound vector that is given as for a given value of
epsilon.

So, that theorem is giving an idea that if we change the value of epsilon these epsilon
values will be corresponding to different values of the Pareto-optimal solution on the front.
Now, since as we have understood that this particular method is good in a way that we can
solve the problems which have convex and non-convex problems. So, therefore, this
method offers various advantages. So, let us go them one by one.

First is obvious that different Pareto-optimal solutions can be generated by changing the
value of epsilon m that can be that can be seen from the theorem 3 as well. Similarly, the
method can be used for problems having convex as well as non-convex Pareto front. From
our analysis we have understood that this method is good, it can be used for any kind of

multi-objective optimization problems, but there are certain disadvantages.

So, the major disadvantage is the solution is largely dependent on the chosen value of
epsilon m, therefore it must be chosen, so that it lies within the minimum or the maximum
value of the individual objective function value. So, as we have discussed earlier with the
help of a figure that we took 4 points, 4 epsilon values corresponding to A, B, C and D.
When the values are chosen such as B and C, we are going to get the Pareto-optimal

solution and both of them are different.

But when we are taking other values which are out of the bound, so as we can understand
from the epsilon value corresponding to the point t that in that case whenever we will be
minimizing f 2, we are going to get a same solution which is D. So, in this case, if we are
taking many such epsilon values which are out of the bound and in all of the cases, we are

going to get the same solution.

On the other hand, if we take epsilon value corresponding to point A, then we are not going
to get any solution because there is no feasible objective space. Therefore, we have to be
careful when we have to use the epsilon value. So, we should know what is the range of

epsilon value so that we can generate different Pareto-optimal solution on the front.



(Refer Slide Time: 43:02)

Joaa ool el REED
3. Weighted Metric Methods .
0 The weighted [, distance measure of any solution (x) from the ideal point 2* can be
minimized as
M|n|m|ze b(z) = ( et Wil fin(2) = 2 p
subject to gj(r)z(] s =RV ()
() =0, E= 1000 K
L <To<n f). 7 — IR
0 p can take any value between 1 and oo
@ When p = 1 is used, resulting problem is equivalent to the weighted-sum method.
o When p =2 is used, the weighted Euclidean distance of any point in the objective space
N s S —— N ———
from the ideal point is minimized.
N e e
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|

Minimize 1,(x) = <Z W |fin((0))
m=1

)p

p

subject to: gj((x)) > 0, j=12,..,]
() =0 k=12,..,K;

xl(L) S xi S xl'(U); l: 1)2)"-1n

We will now discuss the weighted metric method. As we can see here the weighted | p
distance that measure is that distance measure of any solution x from the ideal point z star
and that we want to minimize. Now, looking at this equation, so we are writing this I p X,
here we can see that we are finding the difference between the solution x with respect to

the ideal point z.

And this difference is multiplied with the weight vector which is omega m and then we are
taking a summation and finally, we will have 1 by p. Now, this weighted I p, | p distance
this particular objective function, now we can see that we have converted multi-objective
optimization problem into a composite function which is | p and this particular problem

can also be subjected to the problem constraints and the variable bound.



Now, here looking at the equation number 5, the value of a p can take any value between
1 to infinite. Now, when we are changing the value from 1 to infinite, the function | p will
behave differently. So, let us look into it. So, when p equals to 1 is used, the resulting
problem is equivalent to weighted-sum method. So, as we can see in equation number 5,
when p equals to 1 meaning that we are taking a difference between these two values and
then multiplying with the omega m.

So, that is very similar, why because our ideal point will not change in our simulation,
only corresponding to the value of x the objective function will change. So, therefore, it is
quite similar to the weighted-sum method. So, p equals to 2 become the Euclidean distance
of any point in the objective space from the ideal point and this we are going to minimize
as per the weighted metric method.

(Refer Slide Time: 45:44)
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Weighted Metric Methods: Tchebycheff Method

@ When large p is used, the problem has special name, that is, the weighted Tchebycheff
oy Sl

problem: ~"" R
. IH v)-2 }
Minimize lw( Illd‘(m 1 Wl fin(2) = 25,
— - 2,)
\s
\_/ “’3[} (-, |
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Minimize l(x) = maxM_; wy |fm(x) — 2z, |,

Since, p can take any value from 1 to infinite let us take a large value. So, when we take p
large, the problem has a special name that is called the weighted Tchebycheff problem.
So, this particular problem is now converted as, so as we can see this is | infinite x and
here we have the maximum m from 1 to capital M and we are finding which has the

maximum value of w m or omega m and the difference between f m minus z m star.



Meaning that suppose | have 3 objective problem, so, we will be calculating the difference
for all the objective function. So, let us write it here and the third one is the third objective.
Now, if we get any value, so we will be looking which particular value has the maximum
value, so that particular value is taken here and this value the maximum value which we

want to minimize here.

(Refer Slide Time: 47:16)
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o When large p is used, the problem has special name, that is, the weighted Tchebycheff

problem:
Minimize  loo(2) = max}_, wp|fin(@) = 25, o~
subject to: g;(z) > 0, gD R .
hi(2) =0, i k=12,...,K; (©)
wfl‘) <o < lfm, =120
N\~
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Minimize l,(x) = maxM_, wp|fin(x) — 2z} |,
subject to: gix) 2 0&j=12,..];
he(¥) =0, k=12 ..,K;
xt < xi <xV&i=12,..,n

Now, as we remember that after converting the multi-objective problem into single
objective problem, we could have our original constraints as inequality and equality

constraint with the variable bounds.
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Weighted Metric Methods

o The weighted metric method with p = 1 o The weighted metric method with p = 2

Minimize f;

Minimize f,
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So, let us see the contours of the weighted metric method with the different values of p.
Let us consider p equals to 1. Now, when we consider p equals to 1. Now, as we remember
it is similar to the weighted metric method. So, therefore, as you can see the contours are
like these straight lines. So, as we take a point A, we are going to get a contour as we can
see in the picture. Similarly, at a point D also, if we look then we are going to get a different

contour.

The important point is these contour cannot be generated between the range of or between
the segment B and C. And therefore, when we keep p equals to 1, we may not able to
generate any solution between segment B and C, let us take a another case where we have

p equals to 2.

Now, when p equals to 2 means we are finding an Euclidean distance, the I, the metric
function will become an ellipse; as of now here as we can see the contour at A is one
ellipse, contour at point D is another ellipse, that are going to give us the point A and D.
However, again in this particular segment B and C, we cannot generate such contour and

therefore, we cannot find any point in between B and C.
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Weighted Metric Methods ’

o The weighted metric method with p = 0o

Theorem 84

Let 2* be a Pareto-optimal solution. There

then exists a positive weighting vector such

that 2* is a solution of the weighted

Tchebycheff problem in equation (6), where
gl ol bl

the reference point is the utopian objective

vector 2**.

Minimize f,

Minimize f,
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Suppose, we take a infinite value of a p, and as we remember when we consider p equals
to infinite the problem or the method is referred as Tchebycheff function, the metric

method with p equals to infinite the contours can be seen here.

Now, these contours, looking at these contours we can easily see that even if there is a
point inside, we can have such kind of a rectangular box meaning that different values of

omega can help us to find out the solution between the segment B and C.

So, from our previous discussion, we understand that we can generate any solution from
the one extremes to the point B, similarly another extreme to point C which are easy to
find. However, when we talk about any point between in the segment B and C, it cannot
be generated. But with the weighted metric method having p equals to infinite, we can

even generate a solution on the non-convex Pareto front.

So, based on that we have our fourth theorem right now, it says that let x star be the Pareto-
optimal solution then there exist a positive weight vector such that x star is the solution of
weighted Tchebycheff problem in equation 6, where the reference point is the utopian
objective vector z double star. So, as we remember the difference between the ideal point
and the utopian point is that when we minimize the objective function independently, that

will give us the ideal point.



When we are subtracting the epsilon values into the ideal point, we will get the utopian
point. We have discussed this weighted matrix method as we can understand the different
values of a p can generate different value different Pareto-optimal solution, especially
when we take p equals to infinite value then we can generate solution on the non-convex
Pareto-optimal front. So, as we can understand that there are certain advantages with this
method, let us discuss those advantages one by one.

(Refer Slide Time: 52:14)
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Advantages J

o The weighted Tchebycheff metric guarantees finding each and every Pareto-optimal
solution when 2* is a utopian objective vector.

o The weighted Tchebycheff method can be used for solving problems having convex and
non-convex Pareto-optimal front.

Disadvantages J

@ Each objective function needs to be normalized.

@ The ideal or utopian objective vector needs to be calculated.
!
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So, first advantage is the weighted Tchebycheff metric guarantees finding each and every
Pareto-optimal solution when z star is an utopian point and that is what we discussed in
the theorem. So, we keep on changing the weights, we will get the different Pareto-optimal
solution. The weighted Tchebycheff method can be used for solving problems having both
or convex or a non-convex Pareto-optimal front, which is an important property because

the problem can have different nature of Pareto-optimal front.

But there are certain disadvantages with this method. So, the first major disadvantage is
the objective function needs to be normalized. Second is the ideal or the utopian objective
vector needs to be calculated. Now, since we have mentioned here that the objective

function should be normalized this is also valid for the weighted sum method.

Since, this normalization is needed because our search should not biased towards any of
the objective function, so we need normalization, meaning that we have to perform extra

computation to normalize it. Similarly, the calculations are done with respect to the z star



or sometimes z star star which is ideal utopian point. So, these points need to be calculated
before we start our optimization.

(Refer Slide Time: 54:15)
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4, Benson’s Method

o This method is similar to the weighted metric method, except that the reference solution
is taken as a feasible non-Pareto-optimal solution.

o Randomly, a solution 2 is chosen from the feasible region.

o The modified single-objective optimization problem is given as

Maximize zz,:{:l max(0, 22, — fiu()),

subject to: [, frn(2) < 22, j=12...,M;,

gi(2) 20, =10 W)
hy(z) =0, k=12,... K;
xf”ﬁx,ﬁxﬁt). p= 0 N
e S
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M
Maximize Z max(0,z3 — fn(x),
m=1

subject to:  f(x) < z9, ji=12,..,M;
gj(x) = 0, j=12,...];
he(x) =0, k=12, ..K;
xl.(L) < x; < xl-(U),&i =12,..,n

As of now we have discussed 3 methods, now let us discuss the last method as a part of
this session which is Benson method. This method is similar to weighted metric method
except that the reference solution is taken as a feasible non-Pareto-optimal solution,

meaning that, we are going to choose a solution z 0 which should which is a feasible, but
non-Pareto-optimal solution from the feasible region.

When we use Benson method the modified single objective optimization problem can be
written as we can see we want to maximize. So, there is a first change we can see. Second

is we want to minimize for the summation m equals to 1 to capital M and we are looking



for the maximum value between 0 or the difference between the point which we have

chosen minus the objective function value.

Along with that we also have another constraint such as f m of x should be smaller than
and equals to z m. So, this extra constraint will also be included into the formulation. Along
with that we can have problem constraints and the variable bounds. So, that can be seen
here that these two changes are needed into the multi-objective optimization formulation.

(Refer Slide Time: 55:51)
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Let us understand with the help of an of a graphical example here. Here we want to
minimize f 1 as well as minimize f 2, for this particular problem the feasible objective
space is given, Pareto-optimal front is also given. Now, let us have this solution x. Now,
generally when we choose solution z 0, so solution x must weakly dominate the solution
atzO.

So, that is the first condition. And second is this particular problem as we have discussed
this is a maximization problem. So, this problem is similar to finding hyper cube with a
maximum parameter. As can be seen in this figure that we have say z 0 and we have the

solution z x and we can see since it is a minimization problem z 0 is dominated by x.

Now, when we are solving a maximization problem or maximizing the parameter as we

can see here meaning that we are basically pushing this solution, so that the solution x



should hit on the Pareto surface and will become the Pareto-optimal solution for their given
problem.

So, one interesting point that we can observe after going through the weighted metric
method and Benson method, in weighted matrix method we are actually minimizing the
difference with respect to the point z star which is an ideal point. We know that z star
cannot be achieved. So, minimizing that difference means we are pulling a point x towards

the z star.

So, when there is a, so this particular point will be converging and finally, we will converge
to the Pareto-optimal front because it cannot reach to the z star. In the Benson case, we are
maximizing the difference of a point x with respect to z 0 which is which should be weakly
dominated at least.

So, in this case, we are pushing this particular solution x O with respect to z 0, so that after
some iteration this point will hit the Pareto-optimal front and will become the Pareto-
optimal solution. Now, let us understand what could be the advantages of using the Benson

method.

(Refer Slide Time: 58:52)
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Benson's Method .
Advantages J

@ By changing the weight vectors, different Pareto-optimal solutions can be generated.

0 If 2 is chosen properly, this method can be used to solve problems having non-convex
Pareto-optimal front.

Disadvantages J

o Additional number of constraints is added into the problem that can make it complex.

Selection offor solving problems having non-convex Pareto-optimal front.
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So, the first advantage is by changing the weight vectors the different Pareto-optimal

solutions can be generated. Second, if we choose this z 0 properly this method can be used

to solve problems having non-convex Pareto-optimal front which is an important property



for us because we do not know the problem has a convex or a non-convex Pareto-optimal

front, so we have to choose z 0 accordingly.

Since, there are certain advantages, but there are certain disadvantages as well with this
method. First is additional number of constraints is added into the problem that can make
it complex. So, as we have remember, in our formulation when we are when we are
maximizing the Benson method, but the at the same time we put a limit on the objective

functions as well. So, we are actually including extra constraint.

As we remember in the epsilon constraint method as well we are including the extra
constraints into the formulation and that can also make it complex. Second its advantage
is that we have to choose the value of z 0, because if this selection is not proper, we cannot
solve the non-convex Pareto-optimal front so problems having non-convex Pareto-optimal

front.

So, as we can see at one point of a time when this Benson method is giving us the

advantages based on z 0 that could be disadvantages if we do not choose z 0 properly.
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@ The classical methods for solving multi-objective optimization problems are based on
preference-based multi-objective optimization approach.

@ These methods converted multi-objective optimization problem into single-objective
optimization problem.
@ Various methods were discussed
» Weighted-Sum method
» e—constraint method
» Weighted metric methods
» Benson's method

@ Graphical iHustratioV
@ Hand calculatioy
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Now, we have come to the closure of this session. What we have seen that the classical
methods for solving multi-objective optimization problems are based on multi-objective
optimization approach. So, using this preference-based multi-objective optimization
approach all these methods converted the multi-objective problem into single objective

optimization problem.

While doing so, we have discussed various methods in which the weighted sum method
was used where omega m, f m, and the summation over it was used epsilon constraint
method keep one objective and rest of the objective will become constraints. Weighted
metric method introduces the ideal point and the parameter p, and that was used for

generating the solution using different weights.

Similarly, the Benson method introduced a one point called z 0 that is a dominated or
weakly dominated point with respect to the current point. And all these methods we have
discussed all of them the graphically, so that we can understand their behavior, their
methodology, and we perform hand calculation for two of the method such as weighted

sum method and epsilon constraint method.

So, in this particular session, what we have understood? That the given multi-objective
optimization problem can be solved using preference-based approach and a and the

approaches which we have discussed everyone needs certain information either in terms



of weights which are omega 1, omega 2, omega 3 etcetera or we need details about epsilon

which in which is in the case of epsilon constraint.

Once these higher-level information is available the problem is a single objective problem
and we can solve those problem using any of the EC techniques which we have discussed
so far. With having understanding on the classical multi-objective methods, now |

conclude this session.

Thank you.



