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Application of Active vibration absorber with combination feedback

Welcome to this course of Nonlinear Vibration. So, last two classes we are studying regarding
this vibration absorber, today class also we will continue with the same vibration absorber, so

where [ will tell you regarding different other different types of vibration absorber.

For example, so we have taken the vibration absorber to 2 degrees of freedom system. So
here, either one can use this passive vibration absorber or tuned vibration absorber, similar to
in case of a linear system, but when we are considering non-linear system, non-linear primary
system, non-linear secondary system and active vibration absorber so we can use some active

elements like the smart material.

For example, this piezoelectric material or someone can use this shape memory alloy or other
different type of smart materials can be used to control the vibration of the system. So, today
class we will see two different types of vibration absorber, particularly we are going to see the
traditional and non traditional vibration absorber. So already, you are familiar with the
traditional vibration absorber and I will tell you something regarding this non traditional

vibration absorber.

So, one applications of the torsional vibration absorbers also I can show you which is used for
controlling the tremor of the hand, and also in case of continuous systems how we can reduce

or control the vibration so that thing also we will see in today class.
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So, this work is part of the PhD thesis of Mr. Sibananda Mohanty, who is working under my
guidance. Here, let us see this linear and non-linear analysis of traditional and non traditional
active non-linear vibration absorber with combination of time delay in displacement, velocity
and acceleration feedback to suppress the vibration of single degree of freedom spring, mass,

primary system under external harmonic and parametric excitation.

Here, we are considering all types of vibration absorber, here we are taking the time delay in
displacement, velocity and acceleration. Also, the system is subjected to external, harmonic
and parametric excitation. So, you can see the system, so this is the primary system. The
primary system, there is no damping is considered in the primary system, so for example, the
damping may be very less, so I can neglect the damping. Later one can study the use of

damping also in the system.



Here, so we have put a simplified system where the piezoelectric stack actuator is connected
to a spring and also a damper is there and the system is subjected to both direct and

parametric excitation.

So, in direct excitation the term F 1 cos omega 1 t is there and in case of parametric excitation
the term is x 1 F 2 cos omega 2 t. Here, one can take two different type of forcing amplitude
and frequency F 1 and F 2 are the forcing amplitude and omega 1 and omega 2 are the forcing

frequency.

So, the stack actuator has a displacement of delta 0 so which is a function of the voltage
applied to the system, and here k 2 is the linear spring constant and k 23 is the non-linear
spring constant of the system. The mass m 2 has a displacement of x 2 and mass m 1 has a

displacement of x 1.

So, this is the traditional vibration absorber in the primary system, so this is the primary
system. So this part is the primary system to which a secondary system is added. Here, so the
secondary system is now directly connected to the ground, but the primary system is
connected to the peaks based or ground. But in case of non traditional vibration absorber the

secondary system itself is connected to the ground.

So here, the damper ¢ 2 is connected to the ground, and the system m 1 that is the primary
system is connected to the ground through the non-linear spring, with a linear spring constant
k 1 and non-linear spring constant k 13. So, we have two different type of vibration absorber
considered in this case. You can easily write down this equation of motion of these two
system by either applying this Newton’s 2nd law or D Alembert principle or energy based

principle like Lagrange principle or Hamilton principle.
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A nonlinear active vibration absorber.

So after deriving this equation of motion, so you can see so how we can give the time delay to
the system. So here we are considering a time delays; that means, whenever we are applying

this force it will take some time to react, that is why there is a time delay in the response term.

So, the equation of motion of this case can be written as m 1 x 1 double dot, this is the inertia
force then plus k 1 x 1 plusk 13 x 1 cube plus k 3 k p E x 1 minus x 2 plus delta 0 divided by
k 3 plus k p E. So here we are taking this equivalent spring stiffness and then multiplied that
thing by the displacement. So the displacement of the stack actuator which is connected to the

mass m 1 can be written in that form.

So then we have this k 23 k 23 x 1 minus x 2 plus delta 0 x 3 plusc 1 x 1 dot plus ¢ 2 x 1 dot
minus x 2 dot equal to F 1 cos omega 1 t plus x 1 F 2 cos omega 2 t. And for the secondary

system it can be m 2 x 2 double dot minus k 2 x 1 minus x 2 plus delta 0 minus k 23 into x 1



minus X 2 plus delta 0 cube minus ¢ 2 into x 1 dot minus x 2 dot equal to 0, so here this delta

0 is written as nd 33 into voltage V.

So this voltage can be written by using this PDE controller, so V can be written as k d into x 1
minus t minus tau d, so here you just see how the delay term is included in the system. So, V
equal to k d into x 1 minus t minus T d plus k v into x 1 dot into t minus T d and ka into x 1
double dot t minus T d. So here you can note that this T d is the time delay term associated
with the feedback system, that is the voltage. When we are applying this voltage we are

assuming so there is a delay in the system here.

This is the displacement feedback so these are the displacement feedback so this part is the
velocity feedback and this part is the acceleration feedback. So you can take a combination of
all these three or one of them or two of them at a time and you can do this analysis for

completeness purpose.

So, all these three have been shown, but in practical case you may take one or two or any
combination of these two or these three so depending on the system or applications so you

can take these feedback.
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Here, by using a small book keeping parameter and ordering this equation of different order
of scaling for example, the c 1,c 2, k 13k, 23, F 1, F 2, fd, fb and f a are taken as order of

epsilon.

The final equation of motion after ordering can be written in this form; this is a are 2 degrees
of freedom system form. We can write that is X 1 double dot X 2 double dot plus omega 1
square 0 0 omega 2 square into X 1 X 2 plus epsilonintoz 1,z 11,z 12,z 21, z 22 into X 1
dot Z 2 dot plus epsilon P weighted modal matrix transpose into R equal to epsilon P

weighted modal matrix transpose into R f.

So, here you can note so originally you have a system so where mass matrix is coupled so you

have a coupled mass matrix so your equation previously becomes Mx double dot only the



linear part if [ am writing then this is Kx plus the other terms will be there damping term and

other terms are there so here what you are doing.

So, initially you write A equal to M inverse K, M inverse K and find the eigenvalue of A to
get the P matrix. So P matrix that is modal matrix so you can find P matrix equal to

eigenvalue find the eigenvalue of eigenvalue and eigenvector so this eigenvalue of matrix A.

So after getting this eigenvalue of matrix a so you can find the generalized mass. So
generalized mass can be obtained this way P transpose MP will give the generalized mass

matrix so you will get a mass matrix where you can have these M 11. Now, M 11 0 M 22.

So, in the modal matrix, so modal matrix you have in this modal matrix you have two
columns, so to get the weighted modal matrix what do you have to do so in the first column
so divide this first column by root over M 11 so divide the first column by root over M 11.
Similarly, divide the second column by root over M 22, so that will give you this weighted

modal matrix.

In this weighted modal matrix the property of this weighted modal matrix if you know so you
can verify that P trans weighted modal matrix MP is P weighted modal matrix transpose MP
is nothing, but your identity matrix. So, this is 0 1 0 0 1. Similarly, so if you find this P
weighted modal matrix transpose KP so it is nothing, but the eigenvalue so that is why it is
written omega 1 square 0 and 0 omega 2 square so this will be lambda 1 0 0 lambda 2. So this

way by using this weighted modal matrix so you can derive this equation.

So, you just see now when you are multiplying all the terms so of the order of we have kept
only up to these first two terms are from the linear then you can use this damping so this
correspond to damping. Sometimes you may use this Rayleigh damping also. So in case of
Rayleigh damping. So, you can assume so this part damping equal to alpha m plus beta k and
taking that then you can multiply that thing by weighted modal matrix and you can find this

equation.



So here the basic assumption is that so you can take these X 1 X 2 equal to P weighted modal
matrix into X 1 capital X 1 X 2, that is why it will reduce to this form. So after getting these
equations so you know so these are the terms is retained so by taking all these terms you just
note that so here we have the time delay also considered in this case. Now, the equation is

reduced to this form and after getting this equation.
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So, you can see, so there are different resonance conditions will be there the resonance
conditions. For example, so you can had omega or you can have omega 1 equal to omega 1
that is external frequency capital omega 1; capital omega 1 is for the direct forcing. So,

omega 1 equal to nearly equal to omega 1 or omega 2.

Similarly, omega 2 as it is principal parametric if you want to take so it may be nearly equal 2

omega 1 or nearly equal to 2 omega 2 similarly, so if you want to use the detuning parameter



to represent that one. So, you can write this omega 1 equal to small omega 1 plus epsilon
sigma 1 equal to omega 2 plus epsilon sigma 2, similarly this capital omega 2 equal to 2
omega 1 plus epsilon sigma 3 and it can be written also equal to 2 omega 2 plus epsilon

sigma 4.

So here you just see as we are taking 2 frequency that is omega 1 and omega 2. And also we
are considering this natural frequency or this modal frequency as omega 1 and omega 2. Here,
we are using 4 detuning parameter that is sigma 1, sigma 2, sigma 3, sigma 4 to source the

nearness of those terms to that the external excitation.

This way by writing or by taking all these frequency combination, so we can apply this
method of multiple scales and study that resonance condition. Here, you can get the secular

terms also one can take this 1 is to 1 internal resonance condition.
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So 1 is to 1 internal resonance condition is nothing but, so here we are considering the second
mode is nearly equal to the first mode and by taking that thing so one can find this equation

reduced equation in terms of a 1 and gamma 1 so for finding the stability of the trivial state.

So, you can convert that thing into the normalized form that is this p 1 equal to a 1 cos
gamma 1, q 1 equal to a 1 sin gamma 1 and p 2 equal to a 2 cos gamma 2 and q 2 equal to a 2
sin gamma 2. Then it will reduce to this form that is p 1 dash p q 1 dash p 2 dash and q 2
dash. Now, by perturbing these p 1 dash p 2 dash and p 1 dash p 2 dash q 1 dash and q 2 dash,
s0 we can obtain this equation that is delta p 1 dash delta q 1 dash delta p 2 dash and delta q 2
dash.

So, this will be equal to the Jacobian matrix J into it will be equal to delta p 1 delta p 2 delta p
delta so it will be deltaq 1 deltaq 1 p 1 q 1, this is p 2 and q 2. So this form you can reduce it
to in this form. So then finding the eigenvalue of the Jacobian matrix, so we can find stability

of the system.

So, if the eigenvalues are on the left hand side of this plane so this is the real part this is the
imaginary part. So, if they are in the left hand side of the S plane so then the system is stable.
So, if they are on the right hand side of the S plane then the system is unstable so this way we

can study the stability of the system.
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— Results and discussions -

* The performance of the nonlinear vibration absorber is studied by using the frequency
responses, time responses, phase portraits, Poincare’s sections of the system for various
system parameters such as nonlinear stiffness in the primary system, absorber, delay and
controlling force.

* The time response of the nonlinear vibration absorber and the primary system are
obtained by numerically solving initial governing equations using MATLAB
SIMULINK model and fourth order Runge Kutta method.

+ The stiffness and damping parameters for the absorber are obtained from the relation
given in Habib et al. [51] and piezoelectric properties are considered from Mallik and
Chatterjee [5].

* The various system parameters are considered as mass ratio 0.05, damping ratio of the
primary system and the absorber are 0.001 and 0.0128, linear stiffness ratio between the
absorber and the primary system is 0.0454 and the external forcing amplitude is equal to
0.1
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And, so we can study the stability of the system for different system parameters. You can use
the Simulink to perform the same analysis also so here, as we have already seen so it can give
rise to parametric excitation principal parametric excitation. So principal parametric
excitation will occur near the non dimensional frequency. So here it is taken omega 2 nearly
equal to 2 in the simulation it may be noted that the mass is taken to be 1 kg and the spring

constant k also equal to taken 1 Newton per meter.

So, this omega equal to 1 is we got omega equal to 1 here omega 11 equal to 1, that is why
this whether it is in whether this is written in dimensional or non dimensional form it is
immaterial because this is taken to be 1 radian per second. Either one can plot this versus

omega 2 or omega 2 by omega so that will give rise to non dimensional frequency.



So here one can observe so unlike in case of Mathieu Hill equation, so where one can get only
1 lobe, so here multiple lobes for example, in Mathieu Hill equation pressure this force versus
omega by omega N if 1 plot then this is the stability region. So, here in addition to the single
lobe so here multiple lobes are there. So these multiple lobes occurred so due to the presence

of multiple frequency and also due to the presence of internal resonance condition.

So here we are considering the internal resonance condition that is omega 2, nearly equal to
omega 1, so that is why we have several (Refer Time: 18:46) are available in this instability
region. Already, we are familiar that outside this instability region the system is stable and so
this is that is why this is S al and S p2, so they are stable condition and this U that is inside

this thing is unstable condition.
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So at a different position, so you can plot the response plot also. So by plotting this response
you can see the system to be the you can study the stability of the system. So for example,
here it is written so here we have found the response at the stable point so you can see in
phase portrait and in so this is the phase portrait plotted and this is the time response X 1

versus T is plotted.

So, clearly you can see so in steady state the response is trivially stable so; that means, so it is
not vibrating. And here also, so this is outside region it has been plotted so if you plot it
inside region so the response is not shown here, but you can see this is given as assignment so
that is why it is not plotted here so you can verify that the response will grow with time so

this is time and this is X 1.

So, in this unstable region you can find the response will grow with time. To observe the
vibration of the system, so one must have to operate the system at a frequency where it is
marked S that is it is in stable region. So here you can note so if you see this point
particularly, if you see this point this critical point so in this critical point so you can observe
that below this value of this F 12, whatever may be the frequency of the system the system

remain stable.

This is the critical value below which the system remain always stable for vibration
observation purpose. So, you can operate the system at a frequency or at a forcing F 12 below
these critical value. Similarly, so you can see so here, three cases have been shown, one is the
passive, second one is active. So two different type of active cases have been considered, by
taking two different type of active conditions so you can see the active 1 case has very high F

12 than active 2 and passive case has the least value of F 12.

If you are using this active vibration control, so you can see so in that case very high value of
F 12 is required to vibrate the system. It may also be noted that this vibration absorber can
also be used for energy harvesting when it is operated in this unstable range. The same system
can be used as a vibration absorber or energy harvesting depending on the application of the

system and application or the range of frequency in which it is operated.
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So, here also some comparison have been given these MMS 1st order MMS, 2nd order MMS
and also with the one reference value. So you can see as we are using or we have a 2 degrees
of freedom system, so here so one can observe 2 peaks so this is one peak and this is the other
peak so these correspond to the shifting of the natural frequency or modal frequencies from

the omega by omega 1 equal to 1.

It can be observed that it has a lower value, this value is previously in case of the single or

primary system so one can observe the highest value or the resonance condition at nearly

omega equal to omega 1.

But, when we are adding the secondary system the frequency is shifted to 2 value so that is
why we are having 2 peaks, but at omega equal to omega n the response amplitude is

minimum different conditions can be taken so for example, f d can be taken so for 3 different



value of f d so passive cases have been taken so for different conditions it has been

considered.

All those cases you have to verify as part of your assignment in this course. So effect of active

force by various feedback and then passive case also you can see.
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So, you can plot the force response plot also so for example, so you can take this F 11 2, you
can vary this forcing F 11, F 12, simultaneously and see what will happen to this response
amplitude in a 3D plot you can plot these thing and you can verify the response. So this way

you can verify the system.
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So we have now we have seen what we mean by this traditional and non traditional. So just I
have shown you one case, but you can take this as an assignment and solve the problems for

both traditional and non traditional active vibration absorber case.

So, let us now use this non-linear, active non-linear vibration absorber to suppress tremor in
the forearm primary system for Parkinson’s disease patient and also one can consider another
system where we can take this as a continuous system that is a beam model with various

boundary condition.

So, it can be considered as a 3 degrees of freedom system. So, let us take two cases and

consider these two cases.
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| Dynamic analysis of an active nonlinear vibration absorber
bracelet for attenuating vibration of forearm tremor

So, here also we can take the velocity, displacement and acceleration feedback. So you can
see sometimes, one can absorb the tremor in the hand so now to control the tremor in the
hand one can put a band here. As we know, by adding a mass to a vibrating system so we can
suppress the vibration by shifting the natural frequency, actually resonance will occur when it

is near the natural frequency.

So, when you are adding additional mass and spring to the system so we are shifting the

natural frequency thereby we are reducing the vibration of the system.
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So, to control the vibration of the system one can use a bracelet so in the forearm one can use
a bracelet having these effective mass and spring conditions and then it can be studied. So,
you just see while designing such a system analysis of piezoelectric based active non-linear
vibration absorber can be used for the suppression of the tremor in the hand using the

following features.

So, one is minimizing the vibration of forearm for broad range of operating frequency with
minimum bracelet mass of 80 gram. So in this case we have taken a minimum bracelet mass
of 80 gram. It can be seen what is the different percentage of body mass where it is

concentrated.

For examples, we have the head, then whole trunk. Whole trunk is more than 50 percent head

is less than 8 percent then this thorax region so we have less than 20 percent, so for the



forearm particularly if you see this is 2.7 percent of the body weight. So different part of the
body so it is taken from this work of Antioch Coll Yellow Springs oh this is in 1969 work.

So, it is weight, volume, and center of mass of the segment of a body human body soul so one
is for the male and other one is for the female body, so here the forearm is shown to be 2.7
percent of the whole body weight. One can consider the non-linear stiffness in the forearm
which may be more practical in nature. So different forcing conditions of the forearm primary
system so single frequency one can consider single frequency or one can consider multi

frequency excitation to study the system.

So, controlling force is by acceleration feedback which is easier to implement because we can

have the accelerometer mounted on the system.
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Using the acceleration feedback only acceleration feedback, so now, you can model the
system, one can consider this as a linear system or non-linear system. So the equation of

motion this is a torsional system.

Here the equation of motion can be written as M 2 capital M that is the primary mass so that
is the hand or forearm so here equation can be written M x 2 double dot equal to K x 1 minus
x 2 plus K 3 x 1 minus x 2 whole cube plus C into x 1 dot minus x 2 dot plus small k into x 3

minus x 2 plus k 3 into x 3 minus x 2 whole cube plus ¢ into x 3 dot minus x 2 dot minus F c.

So, this F c is due to the piezoelectric stack actuator similarly m x 3 double dot can be written
as ¢ 2 into x 2 dot minus x 3 dot plus k into x 2 minus x 3 plus k 3 into x 2 minus x 3 cube
plus F c. Considering the linear part so one can write the transfer function. So after writing
the transfer function so then from the characteristic equation that is from the bottom
denominator part either one can apply this Rutherford’s criteria or some other criteria to study

the stability of the system.

So, here we have a primary mass, so from the primary mass we are getting the acceleration
with sensor. Then, we have a controller so k ¢ x 1 double dot so that is the control force we

are giving so we have the actuator and this is given the force to the system.
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Similarly, here we can by using this transfer function. So we can write down these equations
of the transfer from the transfer function we can find this thing G omega so that is the
response amplitude so versus this response amplitude versus the frequency ratio. One can plot
and find the value of these omega a omega b at which irrespective of damping so it is having

the same value of response amplitude.

So, this value one can find this value and one can find the minimum or optimum parameter

and using that optimum parameter.
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For Genetic Algorithm :
*Minimizing peak value of a curve

«Fitness function F(s)= peak value of curves

oVariable- damping ratiod, ) 0<& <1

Typoof Genetic Algorithm | Fixed point theory
Syst em Peak Damping Peak
Damping Ratio |  value Ratio value
Passive Vibration
Absorber 0.129 64083 | 01272 | 6.4085
HVAwith
Displacement
Feedback 1.033 1.2655 | 1.0667 1.2738
HVA with
Acceleration o L
Feedback 0.48 15725 0.467 1.5835
NCDSIRT-2019 90

So, one can study the system there are many methods one can use; one can use the genetic
algorithm also so minimizing peak value of a curve so one can use this fitness function F s
peak value of the curve. So, variable damping ratio also can be taken so less than zeta a less
than 1 so 0 less than zeta a less than 1. In case of genetic algorithm so some study has been

carried out.

So passive vibration absorber so damping ratio was found to be 0.129, so this hybrid
vibration absorber with displacement feedback this damping ratio is obtained to be 1.033 and
in this hybrid vibration absorber with acceleration feedback it can be seen that the damping

ratio is 0.48.

So, peak value is 6.0 in case of vibration absorber, the peak value is 6.4083 and HVA with
the displacement feedback d is 1.26, HVA is hybrid vibration absorber 1.265 and in case of



acceleration feedback you can see the active value has reduced to 1.5. So using this fixed
point theory so this damping ratio is found in case of passive to be 0.1272 and the peak value

1s 6.0483, it is matching with the previous one.

Then with HVA, so taking that same value 1.0667, so the peak value equal to 1.27 in case of
displacement feedback. And in case of acceleration feedback the peak value is observed to be

1. 5835.

(Refer Slide Time: 32:02)

Approximate solution by MMS Contd..
2
3 =m0 (70, +emy (7,7 ) e ()
’1(7’74):xlo(fo’rmfl’5Td"‘~:'*5xx\(ro’rd7"1’nd?-"’*gz"l:(’o’fdvrl’”dﬁ")
- 3 2 i

3 =3 (.7 6y (77 67 (70,7

L=5't

d
—=DD+£D,+':2DZ
dr

d 6
—Q:DDZ+ZeDDD1+s“(D,Z+ZDDD3) where D, = —
dr 0L,
0.2 -
&' Dyfx, + 075, = Feos(Q)+ F cos (1)
0.2 B =0
& 1Dy + 0, %, =0, %,
NCDSIRT-2019 9t

Now, by considering these non-linear systems so one can take use this method on multiple
scales and also one can take the delay also in the system tau minus tau d and then by solving

these equations one can obtain this reduced equation.
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So, by using these reduced equation 4 reduced equation will be obtained and by using these

reduced equation.
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Results and discussions >

In this section, the performance of the nonlinear vibration absorber is studied by using the frequency response,

time response, phase portrait and Poincaré section of the system for various excitation force by with and

without controlling force.
The time response of the system are obtained by numerically solving governing equation of motion by using fourth

order Runge Kutta method. Frequency response of the system is obtained by numerically solving the steady state
equations by Newton’s method.
The system parameters are considered from Buki et al. [4], nonlinear stiffness are calculated form the work of Habib

et al. [7] and optimum controlling force are considered from Mohanty and Dwivedy(6].

» Primary systemmass )/ =1.4kg

» Natural frequency of forearm and absorber are considered as 4.5 Hz and 5.95 (
o S >
» Absorber massm =0.26 kg

» Cubic nonlinearity stiffiess K =0.1N/m® and £, = 0.00042N/m’ respectively.
il
» Mass ratio (between the primary system to the absorber mass) is considered equal to 20.

# The controlling force I ks varied from 0 to 0.05
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And, plotting the time response phase portrait Poincare section and using these fourth order
Runge-Kutta method or by solving this set of equations by using Newton’s method, one can
study the system. So here, the study in the study mass is taken to be 1.4 kg, so natural
frequency of forearm absorber considered to be 4.5 Hertz and 5.95 Hertz.

The forearm natural frequency 4.5 Hertz and the absorber frequency equal to 5.95 Hertz, then
the forearm mass the absorber mass forearm mass we have taken 1.4 kg and absorber mass.
We have taken only 0.26 kg 0.26 kg that is 20.26 kg is taken. The cubic nonlinearity stiffness
K 3 equal to 0.1 Newton per meter cube K 3 equal to K 3 equal to very very small is taken

that is non-linear spring constant.



And this mass ratio between the primary system and the absorber is considered to be 20, so

that is why this is taken to be 0.26 the controlling force F ¢ 1 is valid from 0 to 0.05.
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Fig. 2. Frequency response of the linear and nonlinear system (a) forearm (b) bracelet.

% The cubic nonlinear stiffness for the forearm and the bracelet are considered to be 5% and 4% of linear stiffness.

+ Response amplitude of the forearm decreases 10 % at peaks.
N S e
* However, with a higher nonlinear stiffness coeffisients the:respense becomes unstable near the first peak. 95

So, in case of passive it is 0 and in other case it is more. So here you just see at omega equal
to omega n the response amplitude is very high, that is 25 degrees or tremor of 25 degree up
to 25 degree forearm and tremor can be observed this way the forearm will 25 up to 25 degree
it can move, but here you can see the response amplitude so by if it is shifted to this region so
by putting these absorber so the response amplitude can be now be in this region so which is

having this minimum amplitude.

So, the arm now you can observe that arm vibration is reduced in this region, so we have to
put the system in such a way that so it will vibrate in this frequency range. But, the absorber

amplitude you can see so the absorber amplitude so at these 2 peak region it is around 30, but



at this natural frequency near the natural frequency so it is around 10 degree. So the cubic
non-linear stiffness of the forearm and the bracelet are considered to be 5 percent and 4

percent of the linear stiffness.

So, the response amplitude of the forearm you can absorb decreases by 10 percent at the peak
or the peak the so you just see this Buki et al, so this comparison has been made with Buki et
al and the present case and it can be seen that the response amplitude of the forearm
decreased by 10 percent; however, with higher non-linear stiffness coefficient, the response

becomes unstable the response becomes unstable near the first peak.
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Effects of active force and optimal design parameters on the frequT/
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Fig. 3. Frequency response of the passive and active system (2) forearm (b) bracelet.

+ Buki et al [4], the maximum response amplitude of the forearm reduces to 85% for a frequency range of 4 to 6
Hz compared to without absorber.

+ The active control force shifts the peaks and reduces the response amplitudes in the forearm and for a Wider
band of operating frequency (3.5 to 8 Hz) with 18% and 62% reduction at peaks than Buki et al. [4].

+ With the optimal damping, linear and nonlinear stiffness in the bracelet and with the active control force the
response amplitude of the forearm reduces to 90% thathie work of Buki et al [4]. 9

So, here the response become unstable. If we are using this effect of active force and optimal
design parameter in the frequency response, so you can observe that for a wide range so it can

be observed for that for a wide range we can control the maximum or peak amplitude.



Without absorber this red colour curve shows without absorber, so without absorber the

amplitude is around 60 degree.

So now, by putting with active so without absorber so with present case it is so this is present
absorber this one, so you can observe that for a wide range the response amplitude has been
reduced. So, it is reduced below 10 degree also the vibration, and if you are operating at a

frequency very higher value of that one, so it will further decrease to near to the 0 value.

It has been this work has been compared with that of the Buki et al. So in Buki et al, the
maximum response amplitude of the forearm reduces to 85 percent of the frequency range of
4 to 6 hours compared to without absorber the active vibration force shifts the peaks and
reduce the response amplitude of the forearm and for a wider band of operating frequency that

is 3.5 to 8 hours, with 18 percent and 62 percent reduction at the peak.

So, you just see so it has been reduced further from those obtained in the literature. So here,
you can see the peak value has been reduced here, so it is significantly reduced in this case.
With the optimal damping linear and non-linear stiffness of the bracelet and with the active
control force the response amplitude of the forearm reduces to 90 percent than the work of
Buki et al. So in this way, you can have a study of the non-linear vibration absorber for a

different purpose so you can see the response amplitude also.
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Effects of active force on the time responses for two excitation forces >

+ Two external harmonic excitations Fcos(C¥) and F cos(ZﬁQt).

@y . - 0
: * The active force reduces 64% of
0,10 the vibration for the forearm but
iy induces many harmonics as shown
v in the time responses in Fig. 5(a).
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0 © 0 .
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05 1 passive cases shows  quasi-
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t ) Iy from Fig. 5(c) and ().

Fig. §. Time responses, phase portraits and Poincare sections for two
external harmonic excitations on the forearm (a-c) forearm (d-f) bracelet.

( with active force and ———without active force).
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So, response amplitude clearly you can see so it is reducing significantly. So the active force
produces 64 percent of the vibration of the forearm, but induces many harmonics as shown in

this figure so it reduces many harmonics.

And however, the response amplitude of the bracelet increases by 44 percent than without
active force, so the system in both active and passive cases so quasi periodic response as
observed in this figure so you can obtain this quasi periodic response so this is the Poincare

section zone So on.

So, in case of the quasi periodic response so if you plot the Poincare section so we can clearly
observe a closed loop so here so without so one is with the active force and without active

force so both the things you have can observe here.
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o Conclusions -

» The nonlinear stiffness in the forearm and the bracelet reduces 10% of tremor at the first resonating peak and

for higher nonlinear stiffness the system shows unstable response.

» . The active control force by the actuator reduces 18% and 62% at the first and second resonating peaks in
the frequency response curves of the forearm than the work of Buki et al. [4]. Also for a wider range of

operating frequencies (4 to 8 Hz) the vibration suppression is more pronounced.
» With the optimal parameters for the bracelet from the work of Mohanty and Dwivedy [6], Habib et. al. [7] and

with active force 90% of the vibration in the forearm is reduced than the work of Buki et al. [4].

+ The time responses, phase portraits and the Poincare sections show the effectiveness of the
actuator in suppressing the tremor, when the forearm is assumed to undergo single, two and

multi excitation forces.
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So this way you can reduce, so in this case we have seen why we can use this as a torsional

vibration absorber.
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@amic Analysis of Non-traditional Active Vibration Absorber )

Harmonic excitation Mathematical Modelling

Negative stiffness in absorber configuration

Stability analysis from closed form solution

Fycos(Qx)

Primary resonance 1]

3
klxl + kl3xl

Figure 3. Piezoelectric stack actuator based
nonlinear non-traditional vibration absorber
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And, we can effectively control the vibration of the forearm significantly by using a vibration
absorber. So we have used the system as a 2 degrees of system. So, also we have used a
torsional system also. Previously, longitudinally vibrating system, now we have studied a
torsional vibration absorber. Similarly, you can study the system with many different kinds of

application.

So the system can also be modelled or the system can be modelled in this way also so where
you can use this non traditional active vibration absorber using, so previous case we have not

taken a damper so one can take a damper here. So in case of the non traditional you just see.



So, previously we have connected only one spring. So now, a non-linear spring is also added,
so this is previously we have used a damper here, between the secondary mass and the base

what one can use in addition to these damping, so one can use a non-linear spring also.

So the primary system previously we have considered only with this non-linear spring, so one
can add this damper also to the primary system. So one can do or one can study several
combinations of all these systems and depending on the application so all those things can be

effectively checked.

So, here a forcing of F 11 cos omega t is added. So here only harmonic excitation is
considered so previous case so we have taken both direct and parametric excitation. So in this
case we have not considering the parametric excitation we can perform the stability analysis

from closed loop solution.
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m 1 and m 2.

(Contd...)

The governing equations of motion of the system in the Figure 3. can be written as
- - 3
mi + % +hx +k (x -x,)+k.x’ = F cos(Q)-F,
" . 3
m,¥, + %, +kyx, + (- )+ by, = F,

The goveming equations are modified as follows

£ =26k + (0] + 40, )5 - po)x, + % = Feos(Qr) - Fyf (v,

F
542605 +a+1)o’x, -0 x +ayx, = (r r,)

where A
m B
— 7 2
— = 51 6= ,
m, 15"1 2mym, Z

k. k nd
= . = 13 23 it b e
a=-= 0y=—, Uy F Fcl /}
kz L ml U i .
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So, primary resonance condition can be considered. Already you know how to write down

this equation of motion. So write down this equation of motion and then dividing these mass

So, I am taking these non dimensional time one can take, or taking only this way these
parameters, you can reduce this governing equation to this form where this they are
coefficient of these acceleration term that is x 1 double dot x 2 double dot r equal to 1 so here
omega 1 is considered to be k 1 by m 1 and omega 2 is taken as k r by m 2 and mu is this

mass ratiom 2 by m 1 zeta 1 is ¢ 1 by 2 omega 2 m 1 omega 1 zeta 2 equal to ¢ 2 by 2 m 2



So, you can take this parameter for example, alpha equal to k 2 y k r alpha 13 equal to k 13 by
m 1 alpha2 3 equaltok23bym 1F lequaltoF 11 bym 1 andFc 1 equaltokrkcnnd33
bym 1.
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(Contd...)

< Mathematical Analysis by HBM )

Harmonic Balance Method with slowly varying parameter is employed to analyze the steady-state

dynamics of the system xl(T)=A(T)COS(QT+(P](T)) /
3 (r=1,)=4(r,)00s(Qr-17,) 4o, (r-17,))

x,(7)=B(r)cos(Qr + (7))

where A(z), B(z), ¢(r) and g () are slowly-varying functions of time7 such that one can neglect the
D s o CLE

following terms: 4, B, ¢, &, @’ ¢, 49, Bp, "
equating the co-eﬁm terms separately to zero, yields the following algebraic equations.
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So, taking different system parameter. Previously, we have used this method of multiple
scales. So here, I am showing you how you can use this harmonic balance method to solve
similar system. So when you are applying this harmonic balance method, so you can take

many terms or you can consider this way also.

So, when you are taking a number of terms actually the mathematical complexity will
increase, but in that case you must use the symbolic software package to derive this equation
motion rather than deriving it manually. So, you can take this x 1 tau equal to A tau cos

omega tau plus pi 1 tau. Similarly, x 1 tau minus tau d so you are if you are considering the



delay system so then x 1 tau minus tau d equal to A tau d cos omega tau minus tau d plus psi

1 tau minus tau d.

So, similarly x 2 can be considered as B tau cos omega tau plus psi 2 tau. So here you just
note unlike in these previous harmonic balance or previous cases where we use to consider
these A and B are constant, but here in this case we are considering A and B to be the time
varying term. So by considering these A and B to be time varying term. So, in this case you

can have a set of equations where you can perform the stability analysis simultaneously.

So, otherwise you have to again for after getting the response, again you have to perturb these
equations to find the stability of the system. So here, A tau B tau psi 1 tau and psi 2 tau are
considered to be slowly varying function of time tau. So as it is observed to be slowly varying

function of tau so then you can neglect this term.

For example, A double dot that is d square A by d tau square. Similarly, B double dot that is d
square B by d double d t d tau square all these terms. So, here you have a higher order so you
can neglect these term, because you are considering only slowly varying function of time so

now, by equating the coefficient of sin omega t and cos omega t separately.
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So, you can get these equations so you just see you can get a set of 4 equations so which
contain these terms so where these d 1, d 2, d 3 and d 4, d 5 so are these function of the
system parameter. So, you can reduce all the equation to this form now you can write this
thing in a matrix form where you have this d 1, d 2, d 5 so will be equal to you justsee d 1, d

2 ok. So here what are the terms are used you just see.

So, this is constant d 1 is d 1 contains A into the ¢ A A square all these terms are there d 1, d

2,d3anditis writtend 5,d 1,d2,d 3,d5.
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So, you can find this thing d 4, d 5, so these are the expression the first derivative of the
slowly varying amplitude and phases equal to A dot B dot, so your system you can write in
terms of so these into. So, it will be A dot B dot then psi dot and psi 1 dot psi 2 dot, so this
way you can write this equation. Or it will be a function of some parameters also maybe there

in the right hand side.



(Refer Slide Time: 46:16)

Solving the equations

R+ =P =P =0

where
R =B((d12 +‘1722)(#0)22‘*’5 ‘d2d3)‘ﬂwz2d1 (dds ~dyd, ))
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You just see solving this equation so you can get this, so this is the expression for A.
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c— Results and discussions —

¢ In this section, the performance of the nonlinear nontraditional vibration absorber is
studied by studying the frequency response and time response of the system for different
parameters of controlling force and nonlinear stiffness in the primary system and the
absorber.

¢ The time response of the nonlinear vibration absorber and the primary system are
obtained by numerically solving governing equations by using fourth order Runge Kutta
method for the system without delay.

* The optimum natural frequency ratio, negative stiffness ratio and damping ratio for the
absorber are considered from Shen et. al [20].

* The mass ratio and damping ratio of the primary system and external excitation force are
considered as 0.05, 0.000001 and 0.1N/kg, respectively for the analysis.
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Similarly, the expression so response amplitude expression you got.
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Figure 21. (a) Comparison of the frequency response of the primary system for linear DVAs

(b) time response of the primary system (c) phase portrait of the primary system.
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So, now by you can see the response so without absorber so it is comparison is given here. So
you just see this curve is without absorber so if damping is considered. So you have two equal
peaks here. So, now these two are by other two different researcher and in the present case by

considering properly the system parameter, so you can observe that it is reduced significantly.

The response amplitude is reduced significantly. You can observe the time response also,

present case and Shen refer so you have a less settling time also. So quickly it settles to its

steady state that is the 0 oscillation.
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— Conclusions —

In the present paper, the governing equation of a nonlinear nontraditional active vibration absorber is developed and solved

by HBM to obtain the steady state response of the primary system and the absorber.

The effect of applied controlling force and cubic nonlinear stiffness on the response of the primary system and the absorber
are studied and compared with the passive model by Shen et al. [20]. The damping ratio for the primary system is
considered to be very small of 0.000001 and mass ratio 0.05 in the analysis. The optimum absorber parameters are

considered from Shen et al. [20].

The proposed model is compared with other nontraditional passive DVAs which shows that with the applied controlling

force the amplitude of both primary system and the absorber reduces for broader frequency of operation.

It is also observed that when the controlling force increases the system becomes more unstable so one can obtain the

optimum controlling force.

The cubic nonlinear stiffness in the primary system and the absorber makes the system unstable near the first resonating
peak but within a particular frequency of operation as discussed in the figures the amplitude of the system is less than the

linear model.

MOOCS/IITG/ME/SKD/LEC33 107

[

So, properly by using the system parameters so in this way so you can reduce the response

amplitude of any system.
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The equations of motion of the system in the Figure 1 can be written as feedback of primary system.
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So, if you want to take so another system, I am it can show you so you can take this as a
continuous system so you can in this continuous system so you can apply force F cos omega t
and here this is the absorber part. So this system you can take as an assignment and you can
solve the system and you can find so. In case of the beam so you can take as a different

boundary conditions also. So this is a fixed beam is taken.

So, we can take this as a simply supported beam or cantilever beam also. So the first part is
nothing but the Euler Bernoulli beam equation. So rho A del square W by del tau square plus
E I del 4th by del x 4th, then other terms are there. So here are the forcing F cos omega t is
acting this weight of the system W is there then in addition to that so you have a secondary
system. So this is the equation of the secondary system and this is the equation of the primary

system.



So, the primary part you can see this is W, so where W is a function of both x and time. So

you have to reduce this system that is x W x and time to its temporal form first by applying

this Galerkin method and then you can solve the system.
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Considering ¥ (x, t) Z¢ ), mode shape function: ¢ ; (x ) and
q; ( ) time modulation of the 7 th mode of the beam vibration.

The obtained non-dimensional equations of motion are given below.
3

) e (a>{2¢l<a>w,<r>-y<r>}+@<a){kpy<r>—k\,y'(r)}
ey (0 a1 006 )

(1) + uo { y(r Z¢ }ﬂww {y Zfé }3
1) +43(0) k3 () <0

It may be noted that the above equations are similar to Chatterjee [3] but here the cubic nonlinear stiffness in the
absorber and different feedback forces are considered for various boundary conditions of the beam.

These equations are solved for the first three modal displacement of the beam wsing harmonic balance method
MOOCS/IITG/ME/SKD/LEC33

When you are applying this Galerkin method, so for example, W x t is considered to be pi x
into q it so depending on the number of modes you are considering your equation of motion

will be the coefficient of the equation of motion will be different.
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where, the non-dimensional parameters are
Modal displacement of the beam for / th mode: W, = ¢ / (55, , static deflection of the beam: 5::
Displacement of the absorber: } =), / @,

Mass ratio: 4= m/(pAL) L /m
Vi

Natural frequency of the absorber: @, =

@y

Cubic nonlinear stiffess coefficient: o =k, / k,

Excitation force: /= F / ( /JAL%ZQ,) External frequency: Q = o/,
Control gains: &, =KP/(PAL%I).kv = Kv/(pALwoz),kl = KI/(pAlﬁ)Uz)
Time: 7 = @)t

where @, is the reference frequency, which may be conveniently taken as the first natural frequency of the

beam. @, is the/ th natural frequency of the beam normalized by the reference frequencya.
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So, you can use this orthogonality principle by using these eigenvectors and then it can be

reduced to a simpler form.
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Then you can either use this method of multiple scale or use these harmonic balance method

so here harmonic balance method is used.
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Equating the co-efficient of sin Q) and cos ¥ terms separately to zero, yields the following algebraic equations.

_an Gy Gy Gy Qs G Gy Oy 114 (&
Gy Oy Gy Gy Oy Gy Oy Oy ||D b,
Gy Gy Gy Gy 0 G G G ||A] |b
4y Gy Gy Gy a5 G 4y dg || R b,
s sy Oy Uy G5 Oy Ay g A; by
Uy Gy dg Gy U5 G g Agg || gy by
Uy Gy Gy Gy G5 g Gyl || B b,
o G O Gy Gy Gy Gy Oy |G by

where &, Gy, *** Ggg and b, by, +++ by values are given in Appendix-II

A=£(4.4, 4.8 8.0, 2, 0) #=f(4.4.4,B 0, 0, 0, 0,

4=f(4 44,8 a0 0 0) #=f(4. 4. 4.8, ¢ 0. 6. 0)

A“:fS(Al’ A’z’ A,By wla (Pz, (/)3: %) gb}:fé(Ah A27 ‘43:' B’ ¢17 ¢2: ¢737 ¢4)
b A A B 0 0)  riy= (4, A B g 0 0

So, you can find the reduced or you can find a set of equations so you just see. So now, we
have considered three modes, so by considering three modes we have A 1 dot, A 2 dot, A 3
dot and for the absorber we have this B. So, now you see this as reduced to a 4 degrees of
freedom system by taking three mode into account. So, depending on the number of modes
you can you are considering so the size of the matrix will be different. Now, you can solve

this equation to find the response of the system.

So you can solve this is a first order set of 1st order equation either you can use this
Runge-Kutta method to solve these equations to find the response or you can use some other
numerical techniques also to find the response so you can see these are function of the system

parameters.
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Results and discussions SR

In this section, the performance of the nonlinear vibration absorber is studied by using the time response, phase

portrait and frequency response of the system for various system parameters such as cubic nonlinear stiffness,
Control gains, feedbacks and boundary conditions of the beam.

The time response of the nonlinear vibration absorber and the primary system are obtained by numerically solving
governing non-dimensional equations by using fourth order Runge Kutta method.

Frequency response of the system is obtained by numerically solving reduced steady state equations by using

Newton’s method.
The primary system and the absorber parameters are considered from Chatterjee [3] y

» Primary system (beam) first three modal frequencies are @,, =1, 4 and 9 fori =1, 2 and 3. K

» Absorber frequency @, =2.

» Mass ratio A (between the absorber mass to the primary system) is taken as 0.2.

» External amplitude of excitation f is considered as 1.

» Parametric study is undertaken by varying cubic nonlinear stiffness coefficient @ , control gains k,, k, and £,

for different feedback, and boundary conditions of the beam.

e
\ MOOCS/IITG/ME/SKD/LEC33 Contd... )

So, this way you can study this paper or this work by taking the primary system, the first 3
modes has been taken. So here the omega 1 is considered to be or taken to be 1 omega 2 is
taken to be 4 and omega 3 is considered to be 9 so you just see that is integer relationship
between these first 2 second and third modes. The absorber frequency is taken to be omega a
equal to 2, the mass ratio between the absorber mass and the primary system is taken to be

0.2, the external amplitude of excitation f is considered to be 1.

Parametric study undertaken by varying different cubic non-linear stiffness coefficient control

gain k P k V and k I for different feedback and boundary conditions of the system.
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Tlme responses cons:dermg nonlmear absorber
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Fig. 3. (a-d) Comparison of time response and phase portrait of the system for the ﬁxed fixed beam with passwe

linear ¢ =0(red) and nonlinear & =0.1 (black) absorber at Q=1.

(e, £) Optimal active linear vibration absorber with proportional displacement and velocity feedback

at Q=1
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Fig. 4. (a-d) Comparison of time responses and phase portraits of the system with passive (red) and active (k, =0.02)
(black) fora=0.1at @,,= Q=1
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So, that way you can study and I am not going to show you all the results.
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(e, fatw,= Q=4 (g fork =0.6 and k, = 0.3578 (red) and (h) fork, = 0.9 for @ =0.2 and at @, = Q= 1.

soo 2

00 300 400 200

Fig. . (a-b) Comparison of time responses of the simply supported beam (a-b) and cantilever beam

(c-d) where passive is red and aglive (k, =0.02) black for & =0.1 at @, = Q=1.
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So, you can easily observe that you can by using different controlling parameter.
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Frequency responses of the system
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Fig, 6. (a-b) Frequency responses of the fixed-fixed beam for k,=0.6, k=0.3578 at @)= Q=1,a=0 (black)
and o =0.01 (blue)
(c.d) k=0, k=03578 and & =0 at @, = Q =4.(e, 1) k;=-1, k,=03578 and @=0.05 at @, =Q=9.

@k,=06, k=03578 and @ =0.05 at @,y =Q =1.(h) k,=-0.6,k=03578 andx 0.1 at @, =Q= 1.
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So, you can easily control the response of the system so you can easily find the difference

between the linear and non-linear systems.
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G Conclusions e

In the present paper, efficacy of active nonlinear vibration absorber was investigated to suppress the first

three modal frequencies of the beam subjected to harmonic excitation.

The parametric study is undertaken by considering different cubic nonlinear stiffness, control gains and

various feedbacks such as displacement, velocity and acceleration feedback in the absorber configuration.

Harmonic balance method is used to obtain the steady state response of the system, which is solved by

Newton’s method and compared with fourth order Runge Kutta method.

The results are compared with the work of Chatterjee [3] which shows similar frequency responses for the

linear absorber.
From the parametric study it is observed that for cubic nonlinear stiffness coefficient equal to 10% of the

linear stiffness of the absorber the vibration suppression of 24% and 50 % is achieved for the fixed-fixed

beam and the absorber without any controlling force.

It is observed that with velocity feedback control gain equal to 0.3578 the response of the beam and

absorber decreases by 52% and 28% respectively than the passive nonlinear absorber for the first modal

frequency. MOOCS/IITG/ME/SKD/LEC33 L
% 86 Contd... )

And also, how you can control the response of the system. So, with this so we can conclude
this vibration absorber here and we will see some other applications of the non-linear
vibration. Particularly, the last three classes we are going to study, how we can control chaos
in the system. So we will take some chaotic system and study how to characterize the chaos in

the non-linear system.

And, then we will study how we can have different crisis and how we are going to control the
chaotic response, and of the system. So whether the chaotic response are helpful or useful or
for what applications they are useful and where they are not useful so all those things also we

are going to study.

Thank you very much.






