Theory of Composite Shells
Dr. Poonam Kumari
Department of Mechanical Engineering

Indian Institute of Technology, Guwahati

Week — 08
Lecture — 03

(Basic Theorems of differential geometry)

(Refer Slide Time: 00:35)

Lecture-2 Review

* Basic Definition of shell geometry
* Derivation of First fundamental form

Dear learners welcome to the 3rd lecture of week one. In the second lecture, we have done
the Basic Definitions of shell geometry and we have derived the first fundamental form of

surfaces. Now, I will quickly review that how to derive the first fundamental form of

surfaces.
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Parametric curves of a surface

Every surface () in rectangular coordinate system may be written as a function
of two parameters czand /7 as follows :

x=x@p) x=x(ap) x=x(,pj

Where ¢ and /7 are curvilinear coordinates of the surface.

By fixing, in turn, one parameter and varying the other, we obtain a family of
curves called parametric curves of the surface. €

Position vector of any point M (e, /#) on the surface ) can be given by
following equation :

L

a.ﬁ):.\'l[mﬂ]zﬂ+x:(a.ﬁ)z*:+x_l(a.ﬁ);; (Eq. 6) f’\i
m dé vdidt

—

r=r

A differential change in the position vector 1, as we move from point M on

the surface to another point M on the surface, where both points are
infinitesimally close 1o each other is given by

Let us say “ and B are two curvilinear coordinates. We will assume a surface and divide it

into grids, these lines are parallel to ©* coordinates and B coordinates. And from a reference

coordinate system ‘o’ where Y% and T will get let us say point M and the position

vector.

So, the position vector * can be written as

r=re, B) = x,(ct, Blen +x, (1, Bes +x (et Bles

1

We write a position vector like this, if this point moves to let us say M, .

So, change in curvature ds; curve length we are interested to know. So, it will change in ¥

| ds]| ' =dr.dr

+d¥, we can say that . So, first, we have to find out the d*. Now, ¥ is a

function of & and # .
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a-coondinate lines

These coordinate lines
represent parametric
CUrvis

- coordinate ines *

r+dr
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(ds)' =dr-dr=r,r,(da) + 2r,-r,(da)(dp)+r, 7, (df) a8

It E=ryr,; Feryrs: ad Goryr,

Then (ds)' =dr-dr=E(da) +2F(da)(dp)+G(df) a9
Equation 8 is known as the first fundamental form of the surface © defined by

vector r(q ). Itallows us to determine the infinitesimal lengths, the angle
between the curve, and the area of the surface.

d¥ can be find by

ar ar

= — 33

F. _=_
Where @@ and ap

So, comma is representing the differentiation with respect to space coordinates.



So, ultimately the d* can be represented in a very compact form

dr=vr, da+r,, df

| ds| " =dr.dr

As I have said that ' . So, d*¥ is known. So, multiplying with that taking dot

product gives you equation number (8).

:: .::’S:IJ =drdr=r,.r, | da :IJ +2r, 0, | dal|dB) +r.,.r, | dp ]!

. . F, F. . .. R R
Now, again we assign ~"'. "' as E and mixed derivative product of thati.e. ™. " is

Fo, F,

assigned as F and is assigned as G. Then,

\ds|" =dr.dr=E|da|’ +2F|da)|dp) +G|dB)’

This equation (9) is known as the first fundamental of the surface where E, F, and G are the

distortion parameters or deformation parameters.
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FIRST FUNDAMENTAL FORM
[+
(ds) =dr-dr=E(da) + zﬁcm](dﬂ]u;{am"

+E, F, and G are called the first fundamental magnitudes. 5.

+ Along the parametric curves themselves, differential length of arcs take the o s }

form r Z-’ @ 5[ J "1’@ s
s =VEde along acurve of constant /# d SJ = 5 e
= vﬂ dff along a curve of constant & 1’ '{'@' b))

ol ELIE~

+ 1, andr,, are tangentto curves of constant arand 7 respectively.

+ If parametric curves form an orthogonal net, i.e. ;-'_I and r are perpendicular
gt Sl il ;

to each ather, then J'—,'-\‘ -r:.: =1 ; (orthogonal curvilinear system).

(@) = A (da) + A3 dp)

+ Then equation 9 become:

whete \[E =|r. |=A and yGIr, [=A, "

v
The quantitiesh,md A, are also termed the Lame's parameters, Lame
parameters are quaniities which relate a change in arc length on the surface to
the corresponding change in curvilinear coordinate.

If we say that the curve length along a curve is ©* and constant p ; go to back equation, in

this figure, you can see that these are the line where B s going from b to b, to b, and this

line where f is constant. Over these lines p is constant and over these lines © is constant.



So, for that case, ds, the curve length along the constant curve of B can be written as

ds, =JEda _, ds, =Gdp

ds) something like ! ds| =\ds/| +|ds,]|

We can write in terms of ds square ' it is same like

in your rectangular coordinate system; where, ' dr] =ldx] +{dy) similarly like that. So, if

parametric curves form an orthogonal net means they are perpendicular to each other and

their tangents "t and "2 are perpendicular then, we can say that this F will vanish. It will go

to 0.

Then again \ds|"_ Eldal” GldB|

JE = 4 G =4

So, making this type of form I and . So, we can say

lds)” = A" |dat)” + 4,7 dB)
So, this is the most important and very useful form in the theory of surfaces. The quantities
A

" and " are known as lame’s parameters. For defining any cell surface, we must know the

lame’s parameters A and , these are nothing, but distortions parameters change in that.



If we take this perfect rectangle and if we say that this change is denoted by the constants “*

and 4, .
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Normal to a surface :

At every point M on the surface () |, there exists a unit normal vector 11( &, f7) which

is perpendicular to the tangent plane containing ry and f.'.\ .

Hence, f_J[ﬂﬁJ= A

',7(
Note that |r XTy | r, )| sind = \,EGsmO L
T, -|1 |r .| cosf = vl:(“tmﬂ E JW
Where ¢ is the angle between P-. and ; . For orthogonal curvilinear system 0=90"
and F =0, Ay e

g PV
Since, Lm@- —? sinf=

"_,_.-

4 ¥B

— =

Cr‘

‘J = {sinﬁz\;‘rl cos:ﬁj
s %

Now, we are interested to find the normal to a surface. We have said that over this surface at
a particular point, the tangents are defined. So, they lie in a plane that is known as a tangent
plane. Now we are interested to find out a unit normal like in your class 12 level or

undergraduate level if 2 vectors are working if there is a normal out of the plane.

- AxE
e

So, you can say that

Same way here "t and "2 lies in one plane and *# is perpendicular to that which is known
as the surface normal or a unit normal vector that can be found out by
E. XE.,

nia,fil =
|r;| )(F‘;_,|

So, the cross product of 2 vectors can find out by "t and " magnitude and SN in between

that.

g
]
=
o
2
]
B



So, we can say that
|f‘=| ||r=J |sinﬁ = ﬁsinﬁ
|r;| ||r;! |cnsﬁ = ﬁcnsﬁ =F

As we have said that for an orthogonal curvilinear system if f is 0. So, this product will

v

cosfl = _ _ >
vanish. So, we can find VEG and then sinf can find by S =vl-cos" 0 go
EG-F*
sinfl =, [—
using these relations EG We can find the angles between, using this formula

if F is there, if F is not there then it will be just 1 because ? is 90°.

Sometimes we use these relations because we are going to develop a theory of surfaces for
the general curvilinear system. And later on, we will specialize that it should be the only
orthogonal system, but in the theory of surfaces, we consider that there is no orthogonal

curvilinear system. So, we assume that F is there.

F _ EG-F*
cosfl = — sinf =, ———
Then, VEG ang LG
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;Tﬁﬂ'ﬁ} r‘:le:,. .’I'u’”.‘-: _f:‘]xr':: | EG

|ryxr,| JEGENG) +EG IEG-F
Ll e

T N it
| @, f)="—2 | €10 where H=EG-F

\—_ — I'L____/ n

Equation 10 requires that H does not vanish.

* Convention for the direction of n{r, ) :

The parametric curves (i.c.« and ff curves ) should
be arranged such that ;; points from the concave side
to the convex side of the surface.

Convex side —

el

Concave shie



|F:| XF:1|

So, again using this concept, *| can be written as YEG Sin0 apq again

sinfl =

So, H

Where H = ”EG_FJ.

Calculating the EG and F are easy as compared to calculating the magnitude of this. So, the

a

parametric curve should be arranged such that " points from the concave side to the convex

side of the surface.

So, if the surfaces are like this, it will go outside. If this is inside then it will go inside. So,

depending upon the surface basically outer to the surface normal of surfaces are defined like

this.

(Refer Slide Time: 10:48)

Imagine a curve on the surface () . The curvature vector K of this curve is
described by

'=K=kN  (Eq.4)

e —

~ dr
Where [ = P is the unit tangent vector to the curve; hence it lies in the @
s s il
tangent plane to the surface. Here {'= — (1) and s Is the variable of the arc
o e o ey

length along the curve. sl i
R —

Now [ can be resolved into components J\_ andk, .
K=K +K, (1) s

Where K, is called normal curvature vector. Itis the curvature of the curve
projected onto the plane containing the curve's tangent 1 and surface
normal » . This plane is normal to the tangent plane to the surface. Eg"g "
- : 2

K, is tangential curvalure vector or geodesic curvature vector. It is the "

curvature of the curve projected onto the tangent plane to the surface. ’\

Now, imagine a curve on a surface omega (£2 ) the curvature vector & of this curve can be

described by ?'=K =KN KN [n the previous lecture we have derived this relation, where



dr

! is nothing, but 45 | it is the unit tangent vector to the curve; hence it lies in the tangent

d | =)
i {.l

plane of the surface and /' =45

So, in most cases, we are using this parameter as ‘s’ is a variable arc length along the curve. It

is a variable and it is varying along the arc length of the curve and this K vector can be

resolved into two components. Let us say a vector A. It can be resolved in two components
along the x-axis and along the y-axis if it makes some angle  with the x-axis. we can say A

cost and A sin?.

In the same way, this K curvature vector because it is on a surface can be resolved into two

= KF.I.' + KF:'

components K, and K, (K ), where K, is the normal curvature vector and k, is the

tangential curvature vector. So, I will say that it is the curvature of the curve projected onto

A

the plane containing the curves tangent ! and surface normal # . So, K, lies on the plane

where the tangent vector and surface normal are there. This plane is normal to the tangent

plane to the surface. So, in that direction curvature K, is defined.



Then, the tangential curvature: sometimes we called it geodesic curvature; it is the curvature
of the curve projected on the tangent plane of the surface. So, K, is outward normal along

the normal vector of the surface and K, is along the tangent of the surface.
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Tangent plane to Surface ()

the surface

-~ S Acurveon
S
the surface

Here is a sphere or spherical surface. So, we can say that this is a curve on that surface. So,

this is our vector K and this is our surface normal # and this is our tangent plane !. So, that

normal curvature vector will lie in the normal plane and K, will lie on the tangent plane.
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Now, K is alung 1, 50 ltis prclpomunal o n and can be exp;essed as

3
%
- i

Where K s called the norma ormal curvature, The minus sign takes into |.L'M +

account the fact that he di irection of the _L,,_IS a@smln_thaiaf.tba " “Note ‘j
that the normal curvature is a curvature of a normal section of the surface at a
Ve

point, . \/- e

_ — Al
Since, 1 ligs in the tangent plane and » is normal to the tangent plane Z/\t. @

Hence, ﬁ.;;o w

— —

Differentiating with respect to s = I + K
d jxin b T
—n:t)=0 \’\:\Lh'q 3
] u’.\' v ] \L'_‘_,_,_._.—-—- g

nleas aoa - T3
ntnet'=0 K=t

From equations 4 and 11 :

So, K, is along " that is the most important part and it is proportional to # and can be

Kﬂ

expressed as . So, if you see that the direction of & is opposite to that of . So,

it will be - K, . K, is called normal curvature and unit vector, already I have discussed that

the minus sign indicates that direction of K, is opposite to the #. Normal curvature is a

curvature of a normal section of the surface at a point.

So, this is a very important concept that a normal curvature can be written as minus - K, . K,

"

. . . . . K .
is a normal curvature and # is the unit normal vector, where minus sign denotes that " = is

. A 4

acting in the opposite direction of " . Already we have said that it lies in the plane of 7 and #

It lies in the plane of tangent and normal section. So, we can say that 7 =0 because they are

perpendicular to each other normal and tangent plane.
If we take the differentiation of this equation with respect to s

d|*

S

rl-

A A

'+ nt'=0



A A

This gives a very important relation that differentiation of #'.f=—t"n

We are going to use this equation later on.

First of all, we will say that our basic equation of curvature vector can be divided into two

components; normal curvature and tangential curvature. If we multiply this equation with the

"

normal dot 7, then it will be’™™

K

= M+ 1 because K, lies in the tangential plane.

K.n=0

oo )

So, this is our first equation and from there we can say that K is ¢'. If you remember that in

the previous relation, I said that itis 7. So, ?'.# K. .
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n
From equations 12 Lz Vanen
noA 9
o
I A & &
~ n = .

Using equation 14: K, A ___ B

Using equation 13: K =-r"n=n"1 &~ Ky=
e ———

Y R S iy K
ia Gu'de dn.dr A odn o~ dr
Hence, K =n' b E"f--t:’-” e et Y
e Lyl s Ta] R
Sdr dwils » A edev Gl
5 K = dn (.fr 3 [h.: LJ'{ (€. 16) g{wd‘ M hﬁ-____,,.-- f
...E‘—\- [f’."-[i'.l"\___.____'____?pﬁt i _'45
aJ
Now,  For n=n(a, g v a B st
2 b ) R where n.l-g and n_:-:—”
then, dn=n, da+n,,df tu op
Weknow,  dr= J:.I drr+1:_\ dp
— e

So, substituting K, R

K,.n=-K nn

So, .1 becomes 1. So, K, 1s just a reverse of it K, .1 substituting there.

A A

Now K =-K n=-t'n



We know that K, _t .

A A s “ - A
I

So, we have obtained that ! .# =0, from there we have obtained that 7.7 =-1".1 So, we

can use these relations. Here (-) and (-) will get canceled out. Ultimately, we are saying that

A

I
curvature can be represented as 7 . T,

dr dr
Now, what is n'9 onis a vector, like vector ¥ =+ (* ,"G ). H'=ds and = ds
dn df‘_dn.df‘ K _dn dr _de.dF‘

ds ds |ds|’ "ods ds  ds|
S or | 45|

When we put it together, the bottom one gives you ds square ' ds) which is equal to dr-dr
So, ultimately it is the first fundamental form of the equation at the denominator expression

for that.

The above expression n.dr s like *=# (* ,"G ), H =h (& ,ﬁ ) also. So, change in normal

vector will be 41 =M det+n, df

dr=r, da+r,, df}

Then we already know that . If we multiply these two numerators it will

give you this form.
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dn-dr= =r, M, [du] +r, (d’ﬁ] ( € n +r,, n, ) H’f;f f.’,b’]
Ifwewntemjr i 3 h r My "M Ty My +J

Then,  dnedr= l(u‘a] i ‘\rl( a)(df)+ N{dﬁ) (Eq.17)

—

S ——
Equation 17 is kno'_avn a5 the second fundamental form of the surface ©
defined by vector r(a.f) .

.~ Second fundamental form can be used to compute the curvatures of the curves
nbtameﬂ‘ﬁy—'—lﬁmnormal planes; Te. nurma} sections of _

Tesurface
—_— Ly ,[?
SECOND FUNDAMENTAL FORM K= Kn
dn-dr=L(da) + 2M(da)(dp)+N(dp) V& = T
L LN
Dy
g ¥ 1 23
@@
dndr=r, n,| dat)’ +F,, . dﬁl +I H,, +F,, |'| \da||dp)

Ifwe Say r=| . ”FI: L’ r=_‘ '”f_-:N and r:l X ”:'_-_i_rzj . ”;|: 2 M

. o7l et af NI P AR
Then, dndr=Lida| +2M |da||dfi|+ N df§|

This equation (17) is known as the second fundamental form of surfaces.

So, we have derived that first fundamental form of surfaces and second fundamental form of
surfaces. The second fundamental form of surfaces can be used to compute the curvature of
the curves obtained by intersecting the surfaces with the normal plane or the normal sections

of the surfaces. How to derive the second fundamental form?
We have to start with the K vector. K =5++%+ and then multiply dot #; then it will give
K.nn K, K nand Ko ct' ngng t'.n =n' ¢

= # 1 and from there we can prove that "+ =& # and "+ =0 #and I .# =k I and

dn dr

then from here #' = dS and f = ds |



So, the above equation is known as the second fundamental form of surfaces and the
denominator is the first fundamental of surfaces. So, the normal curvature can be represented

like this.
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Alternate expressions for L, N, and M :
el

-

Considertheequations.u3_|-'4_{} and ;3‘,_;;_[) as i is normal to the tangent o  »
A 3} b ia B

plane containing »_ and r.. -

=i | [

Fyfy==ry 0= L==r, -n Foyfy==Fyp = N==ry o | M
o= s au P = T [ P S = )

(::.,-ir'].,:[l --N-'.,“.I'HJ'I'.,'i?._.:l} and l:r:.,-n_].,zﬂ ->::.,,-n i r".,-n.,=|} 4 j_ﬁ
{

SISO . | R o 4
Adding both equations: 1 HF, M+ F R E, e =0 5
yu U g 3 i,
‘J',I:'J.F+f‘k:|'11]+[f'_l'n_: tr, H.‘]—.() Ay G
s Tk
2r 21 1Py sontinuous second derivative |
(_}.L:-H]+{_._\”—[J Py =ry, forcontinuous second denvative | L
M=-r,,n
e

Now, we want to know the alternate expression. Why we are interested in having the

x

alternate expression of L, N and M? The reason behind that is we are considering L= For Mo

-

And you know that # expression is already complex. 0 T2 and its magnitude; if you know

.

the position vector in an explicit form then evaluating # is complex and further derivative of

it with respect to ¢ and B becomes more complex. To get rid of that can we express it in

terms of the normal vector.

.

We will say, BT perpendicular to 7 ; which is true because BT tangent vector lies in a

- -

tangent plane and " is a surface normal and they are perpendicular to each other. Foim

0

.

and similarly 2 n=0. So, if you take that "1=0; then you can represent and take derivative

with respect to 1

(e . .
(rn|, =0=r n+r, .n =0



So, this is the expression of L.

L=-r,, n

So,

This is the simpler form because the position vector is always simple. So, the derivative
taking in first and two is easy 2 times, but in a normal section or a normal vector, it is a

difficult one.

You have to first find out the cross product then the magnitude of that and expression and

then after that, you will take the derivative of that. Similarly, 52 and 1 if you differentiate it

with 2.

| #|,=0=r,n+r, n, =0
Then, ° '

If you take the derivative with respect to 2, this will give you the expression for M.

M=-r... ;1'

#12

So, up to here, I have derived the first fundamental form of surfaces, the second fundamental
form of surfaces, and alternate expression for L, M, and N because these are required for

deriving the curvatures.
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Some observations ;
« dr-dr isthe first fundamental form,

«dn-dr isthe second Rundamentsl orm.
dn-dr L(da) + 2M(da)(dp)+ N(dp) v
dr-dr  E(da) +2F(da)(dp)+G(dpy _~

second fundamental form

* From equation 16 we see, K =

o K =
" first fundamental form

+8Since E, F, G, L, M, and N can all be expressed as functions of aand /1, they
have a constant value at a point on the surface. Hence, the normal curvature &

depends only on the ﬂiret:tiunﬁj—Jr
dat

If I write the form of ~»

dun.dr.
K. dr.dr

So, above is the second fundamental bottom is the first fundamental form. Now E, F, G, L,

M, and N, all can be expressed in terms of functions of * and p

« dndi  Llda|” +2M |da)|dB) + N|dB]®
" drdr  E|lda) +2F|da||dB)+G|dB)

And they will have a constant value at a point on the surface.

So, we aim to find out the maximum and minimum curvature because this is the definition of

normal curvature and we are interested to find out the maximum and minimum normal

curvature. And these are the function of © and p . So, first, we will take out common and

dp

make it ¢
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Principal curvature

_dndr L{da) + 2M(de)(dp)+ N(dp)
We know .= - = - :
dredr  E(de) +2F(de)(dp)+G(df)

 L+2MA4NE© g
o, K=o Eq. 18 where, A=——
B T IV R ,@
For the values of /£ for which the normal curvature - is maximum or minimuf,

&,

_cf/'. il
Which gives, from equation 18
(M+NL)(E+2F0+Gh)~(F+G) (L + 2MA+NN*)=0

(MNY{(E-+Fi) 4 (F-- G =(F+ GRY{( L+ M) (M N}
(M+NL)(E+FA)=(F+Gh)(L+M2)
(MG NI:]P-.:‘-'{LG NE};‘,_HLF ME}_[]/ﬂ K“"“V (Eg. 19)

+ Solving equation 13 gives two roots of 4 : Aand 4, . Wi

And put it as lambda (4)

o _ L+2MAs NE
" E+2FA+GA’

P dp
So, to define a parameter lambda da

Now we say that if we take the derivative of this K, with respect to *

dK
—2=0
dA

This equation will give you two roots and the first root will be corresponding to maximum

and the second root will be corresponding to the minimum.

K - L+2MA+ NA

So, we have just divided with respect to 4¢* and from here " E+2FA+GA’ and take

derivative with respect to # gives you this equation.
(M + NA||E+2FA+GAL*| = F+GA|| L +2MA + NA*| =0

|MG-NF |24 +|LG-NE|A+|LF-ME|=0



And, ultimately this form equates to 0, if we solve this quadratic equation, we will get two
roots one corresponding to maximum curvature and the second corresponding to the

minimum one.
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+ These two roots will give two extremumn values of normal curvature K, : K and K, .
One of them would be the maximum curvature ( say K, is the maximum) and other
would be the minimum curvature (say K, is the minimum).

= Since, the normal curvature is a curvature of a normal section of the surface at a
point, therefore K, and K, represent the principal curvatures of the surface and
correspanding curves are called prjnci_pﬁl_'m__wg_pf the surface. Radii &, and R, are
called principal radil of curvature. —i

+ The principal radil of curvatures are the maximum and the minimum radii of
curvatures out of all possible radii of curvatures.

E : i v
R. - ] Isminimum 'I'-'Idl]l\l curvature LI'-E\ I\l"'ll‘ll]il)l'l'l'lll'l'l'l curvafure

B

R, K_= ismaxmum radii of curvature as K , is the minimum curvature

i
v, "‘—’I =()
da

So, these two roots will give extremum values of normal curvature K“. So, they will be

denoted as K, and K, ; and they are known as principal curvatures and corresponding curves

will be known as principal curves. So, there are several lines on that surface, they are all

curves. So, the corresponding curves to the principal curvature are known as principal curves.

And radii R, and R, can be obtained by inversing the curvature. The important formula for

an orthogonal system; if we say that our curvilinear parameters are orthogonal to each other

= T=— R|=

R E 1 R &} 1 E G
[ 2 —
L * . We use this set of equations that L

then I and

So, evaluating E, L, G, and N for a surface is easy. So, one can find out what is the maximum
radius and what is the minimum radius. With this our topic of the first fundamental form of
surfaces and the second fundamental of surfaces ends here, after that I will explain various
theorems like the theorem of Weingarten, Rodriguez theorem, Gauss theorem, etc. These are

also required for developing the shell theory.



Thank you.



