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Dear learners welcome to week- 08, lecture- 04. In this lecture, | shall explain the
Advanced Material. Till now I completed the shell theories and covered 2-dimensional
solutions as well as 3-dimensional solutions for Composite Shells.

But these days if you design shell structures for the aerospace application you may have
heard about smart structures which means when composite laminated structures are
integrated with smart materials like piezoelectric materials, magnetostrictive materials,

or shape memory alloys then these structures are known as smart structures.

Besides their original structure-function, they also help to control the vibration, or
sometimes we want to know the deflection or any desired function can be done with the
help of this smart material. In this lecture, | shall explain to develop these mathematical

models, let us say a composite shell having some piezoelectric layer over it.
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Introduction

Increasing demand for light-weight and ultra-reliable
structures in:
* Aerospace & Naval Structures
= Automobiles
= Space Technology

Led to current focus on
* High performance or
* Multifunctional

50% of primary structures made of
composite materials
Source: www.boeing.com

These structures are made of
composite/sandwich laminates

integrated with PZT or PVDF layers M

X Unmanned Autonomous Vehicle (UAV)




Before that, |1 will explain the application of these smart structures. Smart structures are
extensively used in lightweight and ultra-reliable structures in aerospace & naval
structures, automobiles, and space technology. And we need high performance or
multifunctional as | said at the beginning of this lecture that we need extra function.

Composites are very good because they give tailorable properties and we can design a
lightweight structure. Besides the structural performance, they can do one more task like
control or sense, and that is known as multifunctional. When these structures are

integrated with some smart materials then these are known as smart structures.
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Application of Composite/Sandwich
Increasing demand for the development of lightweight and ultra-reliable
structures particularly in aerospace, naval, automobile and space
applications has brought the concept of advanced Composite.
Laminated composite/sandwich can be tailored to satisfy different

requirements for material service performance at different parts or locations
in a structure.

These are extensively used in lightweight construction such as Rehabilitation and
Retrofitting of the existing concrete and steel members, bridge decks, footbridges
etc.

Multifunctional Structure-> one or more additional useful functionality-—-> active
vibration control, shape control, health monitoring, seismic control, self repairing
etc.

Smart Structures -~ laminates integrated with piezoelectric layers or patched,
smart alloys or any other kind of sensing and actuating material.

Multifunctional structures have active vibration control, shape control, health
monitoring, seismic control, and self-repairing ability. When the structure has any of
these functions or may have all the functions depending upon the requirement, then these

structures need to be analyzed or mathematically modeled.

The composite material is an orthotropic material. Similarly, the piezoelectric material or
the magneto strictive materials are also orthotropic but the behavior becomes more

complex because now we have electrical and mechanical field coupling.
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Motivation
Good Points Weak Points
= High Specific Strength “ High material cost
= High Specific Stiffness = Large deflections; Low shear
strength

= Easy Tailorability

= Potential resistance to environment
= Lower maintenance cost

= Long life span

= Good durability

= De-bonding/peeling off at Interfaces

= Decomposition of FRP materials at
high thermal load

= Lack of material long-term behavior

= Lack of full spectrum of codes and

standards; New material for
construction

= Strong Inhomogeneity; sharp material discontinuity; geometric
discontinuity at the free edges;

# Concentration of large out-of-plane stress at the interfaces; Exhibit
edge effects/corner effects for clamped or free supports ;

» The above issues become more complex for hybrid laminates
(composite and sandwich laminates with piezoelectric layers) and may
lead to premature interlaminar failure, and reduction or complete loss
of actuation/sensing authority of the piezoelectric layers

The advantages of these smart structures are high specific strength, stiffness, easy

tolerability, low maintenance cost, long life spans, and good durability.

The weak points are the high material cost, de-bonding or peel off takes place at the
interfaces which is the most important reason why their complete application is not
allowed in different fields and the lack of material long-term behavior like fatigue

fracture.

At the interfaces, there is a strong inhomogeneity that occurs like sharp material
discontinuity, and geometric discontinuities at the free edges. This causes large out-of-
plane stresses at the interfaces and also exhibits the edge effects sometimes it is also
known as corner effects for different support conditions and these issues become more
complex for a hybrid. The term hybrid is used when we integrate composite laminates

with the piezoelectric layer.
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Piezoelectricity

& Pierre and Jacques Curie (1880) seaLsliote 8 TERID

# Crawely and Luis de (1985) = sensor and actuators for

smart structural;
i Bailey and Hubbard (1985) =pPolymeric piezoelectric
material
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New York.
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Sometimes we called it a smart structure or a hybrid laminate and these may lead to
premature interlaminar failures or in the terms of sensing and actuation these may lead to
complete loss of actuation or sensing authority of the piezoelectric layers. First of all, we
must know what is the piezoelectricity? The word here piezo means pressure, therefore

piezoelectricity means the electricity produced due to pressure.

This is the effect that was discovered by Pierre and Jacques Curie in 1880 and discovered
in quartz and crystal. If you apply pressure across the thickness then electrical voltage or
current is generated. And there is a vice versa also if you applied an electrical field then
the material gets expand or contract.

Initially, it was discovered for some natural materials, then there were some other
materials like sugar cane, quartz, crystal, and Rochelle salt. All of them have discovered
that this effect exists and most surprisingly even human bones or bones have this
piezoelectricity effect. The real application of this effect in structural applications has
started in 1985 the first work was by Crawley and Luis de, they developed ultrasonic
sensors and sonar devices for underwater applications, and later on, man-made polymeric
piezoelectric materials were developed. In this field from the 2000 A.D the review
articles are presented and, in these articles, various works done by different researchers
have been cited. There are several books available on this topic. The very first book was

by Caddy and then by Tiersten.



The book by Tiersten is very famous, when are you going to develop a mathematical
model as | developed for a shell that book was devoted to Linear Piezoelectric Plate
Vibrations. Then is Tzou, piezoelectric shell, in that book the mathematical modeling of
the piezoelectric shell is explained.

Recently Professor Kenji Uchino from Penn State University has developed many
devices using the piezoelectric or their effects and has written more than 10 books on
Ferroelectric Devices and their manufacturing behavior recently also in 2020 he has
published several lectures. If we talk about mathematical modeling then Wu et al 2008
paper is very much important in this field.
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Examples:
Natural Piezoelectric material

Tourmaline, quartz, topaz, cane sugar, and Rochelle salt (sodium potassium tartrate
tetrahydrate). Quartz and Rochelle salt exhibited the most piezoelectricity.

Ceramics ) .
sLead zirconate titanate (Pb[Zr,Ti;,]O, with R T
0 < x £ 1) - more commonly known as PZT, the Sodium potassium niobate ((K,Na)NbOs).
most common piezoelectric ceramic in use ) =
foday. Bismuth ferrite (BiFeO,)
+Potassium niobate (KNbO,)2 *Sodium niobate (NaNbO;)
+Sodium tungstate (Na,WO5) gy i
BaNaNb,0; Barium titanate (BaTiOs)
*Pb,KNbs0;5 +Bismuth titanate (Bi;Ti;0)

+Zinc oxide (ZnO) - Wurtzite structure.
+Sodium bismuth titanate (NaBi(TiO),)

Polymers
Polyvinylidene Fluoride (PVDF) and its copolymers, Polyamides, and Parylene-C

Recently, single amino acid such as B-glycine also displayed high piezoelectric (178 pmV-") as
compared to other biological materials

The natural piezoelectric materials are tourmaline, quartz, topaz, cane sugar, and
Rochelle salt which shows the effect. We have ceramic materials the most famous are
lead zirconate titanate, potassium niobate, sodium tungstate, zinc oxide, etc, these are

lead-based piezoelectric materials.

Lead causes environmental pollution and is not good for health, so the concept of lead-
free piezo ceramics comes into the picture and the researchers developed different
materials like sodium potassium niobate, bismuth ferrite, sodium niobate, barium

titanate, bismuth titanate, and sodium bismuth titanate.

Because the ceramics are brittle, therefore, for a flexible application you need a flexible

membrane for that case polymers like polyvinylidene fluoride and its copolymers,



polyamides, and parylene-C showing the piezoelectric effects are used. In this way, you
can see that we have 4 categories of piezoelectric materials: natural, lead-based ceramics,

lead-free ceramics, and polymers.

(Refer Slide Time: 10:45)

Documents by author 26,769 document on plate

Engineering (35150

If we look at the published paper in this field, we will see that about 26000 articles are
published on the plate and the top authors who published in this field of piezoelectrics
are Yang, Tzou, Song, Wang J, and Professor Kapuria. Professor Kapuria from IIT Delhi

has developed and worked in this field and a lot of articles have been published by him.

We can see that as far as Chinese, American, and our Indian authors have worked in this
field and most of the applications are engineering applications, and more than 27000
articles are published only in mathematical modeling excluding manufacturing and

fabrication.

Similarly, if you talk about piezoelectric shells and shell application Tzou H S, Professor
M C Ray from IIT Kharagpur, Professor J N Reddy, Yang, and Carrera all developed
mathematical models for the shell case and around 10000 articles are available.

These are some analyses that | have taken from a Scopus. These are the number of
papers published in this field and the top authors who published in this area. The motto
behind showing this slide is just to know that this field is very active and you can see on
the graph it is increasing. It has started in 1980 and it is going up and up. In 2019
because of COVID it suddenly dropped, but obviously, it will go up.
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Piezoelectric effects

A material is said to be piezoelectric if the application of an external mechanical stress
gives rise to dielectric displacement (electrical voltage) in this material.

Converse (reciprocal, inverse) effect, whereby a piezoelectric crystal becomes strained if
an external electric field is applied. Both
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Now, how has this material had this effect? A material is said to be piezoelectric if the
application of external mechanical stress gives rise to dielectric displacement in this or it
causes an electrical voltage. If you apply a voltmeter to an electrical voltage then there

will be a converse effect sometimes it is known as a reciprocal effect or inverse effect.

If you apply an electrical field then there will be a strain. For that purpose, we will have
a constitutive relation. If you talk about a lead titanium oxide initially this happens due to
that and this is not symmetric it is a slightly stretched position and it is not in the center.
When you apply a pulling or stress, dipole moment changes, and due to the net effect is

that some charges or electrical voltage can be detected.

Similarly, when you apply an electrical field, then again, a strain takes place in the
crystal, this effect is explained here. The constitutive relations just to correlate if you talk

about a pure mechanical material let us say steel or composite material:
=s0,+d E
Eij ik O T Ui By -

]

sijEk, o, Is we know because stress strains are generated.

If it is a purely elastic material then it will have some piezoelectric effect. Therefore, plus

d;E,-

Where, E, is the electrical field and d; is the piezoelectric constant. If you apply an



electrical field and this constant, then the strains will be developed. Let us say, there will

be no stresses then

e= 0 ,E

If you talk about only a single dimension this converse effect will be there.
Similarly, there is another equation:

P, =d ;05 + X Enp-

Sometimes, it is denoted by P, or electrical displacement or by electrical flux density. In

this way, if you say that some stress is applied then an electrical field will be generated

that o; is stress here d,; is the piezoelectric constant. In this way, our electrical field is

coupled with the mechanical field. We have to solve these 2 equations together.

We cannot solve this just by this; we have to take care because the coupling takes place

here. You can say that this is a corresponding term, but it will be electrical flux density.
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expansion {s}= [35] {T} + |d'|{E}

i 0z,
= [y, e %) @) o=,
e & - The superscript E indicates a zero,
lrect . g
piezoelectricity permittivity pyroelectricity o conSta.m‘ e!ed,nc field; the
P ap ap superscript T indicates a zero, or
n n n
dP, = [5(,: s [ o [ﬁ] k constant, stress field; and the
; o a.

superscript t stands

Independent ~ Constituti Thermodynamic function for transposition of a matrix.
variables relations — __ (Negative Legendre transform)

Helmholtz free gfiergy

y(e.D) = ;g e~ heD + 3 D2 cole

Gibbs free energy — .

Glo.E) = —gﬁﬂ ~doE -} R W (0,
(G=y-0:-ED)

Elastic Gibbs energy

Gy(0.D) = - }s°0* ~boD - 33°D°

(Gy=v-02)

Electric Gibbs energy Y
Gye.E) = —3YEe? —esE - §e E?
(G2=¥~ED)

Then again in a general sense here | would like to tell you that these variables can be
written in different ways. For example, if you talk about an elastic material sometimes,

we say stress is directly proportional to strain.

If you talk about a generalized Hooke's law:



o= [C]g
And converse of ¢ = [S]o.

This is for only 2 possibilities available for the case of an elastic material. But now we
have 4 variables; first, we say that the stresses are expressed in terms of strain, electrical
displacement, and then in the electrical field. Now, we have 2 sets of equations and 4

variables:

oc=YPs-hD
E=—hs+ D

(@) |

Either you express stresses in terms of strain or strains in terms of stresses here, if strain
and electrical displacements are independent variables then stresses and electric fields
are expressed like this. If you are saying stress and the electric field is your variable then

strain and electrical displacement are expressed like this:

( E) e=sc+dE
o,

D=do+e°E
e=sc+gD
E=-go+/°D

@0) |

In this way, 4 combinations are available, depending upon the requirement we may use
any one of them. Generally, the small change in strain with respect to the stresses,
electrical field, and temperature. Temperature also comes into the picture that effect is
also there known as the pyroelectric effect i.e., if you rise a temperature then there will

be stress or if you are having some electrical field then some stress will be generated.

o, o, oe,
d, = [i} do, {ﬁ} dE, {i} dT
00y ET ok, oT oT o,E

0.
Where, { ! } do,, is the mechanical coupling,
O-kl ET

o0&
{f} dE, is the converse piezoelectric coupling, and
nloT



0&:.
— dT is the thermal extension.
oT | .

Here, you see that Y®, s¥; what is the meaning of that? It means with the constant
electrical displacement or with the constant electrical field or with the constant stress and

sometimes with the constant strain.

When you study electric or mechanical properties, these mechanical properties changes
with their electrical field. If | say that with a constant strain this electrical field, this

property or £ will be obtained having the constant strain or if you say that this Young's

modulus is obtained when we subject a sample under constant electrical displacement.

If you come up here the E is the constant electrical field, when a sample is subjected
under a constant electrical field and then you apply extension then Young's modulus will
be slightly different. It is dependent upon D and E or o and & . Based on that when you
talk about an & then that will be dependent on either E or D and E and D are dependent

upon either o or strain.

These are the two important things that these properties either you talk about young's
modulus or you talk about the dielectric constant are dependent on stress or the electrical
field. This means if you change the electric field then you will get a slightly different

value.
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The detailed 3-dimensional constitutive relations are expressed here:

Ex _§11 §12 §13 0 0 §16 ] Ox 0 0 d_31 _C_Yl ]
8y §12 §22 §23 0 0 §26 GV 0 0 d32 E &2
€ | _|Ss S S 0 0 S50, n 0 0 A EX n Z 0
|10 0 0 5, 5. 0l d, d. 1|0
Vy2 44 45 yz 1 Yz 0 E
Y 0 0 0 §45 §55 0 T 615 d25 0 ’ 0
| Vxy _§16 S S 0 0 Se6 K2 _O 0 d_36_ | g |

You say that these are the strains, compliance matrix, stresses, piezoelectric constants,

electrical field, and the coefficient thermal expansion and & is the temperature.

Similarly, electrical displacement can be expressed as:

GX
- o,
D, 0 0 0 d, ds 0| "|[& & OJE] [0
Dy:_0_0_0d24d25_OTZ+E12€220Ey+06?
DZ d31 dsz d33 0 0 d36 ’ 0 0 533 EZ qs
[P

These are piezoelectric constants, stresses, relative permittivity or dielectric constants,

and electrical fields. Now, this T, is known as the pyroelectric constant. Vice versa if

you want to know the stresses in terms of strains, and electrical field:

Ox 611 612 613 0 0 616 &x 0 0 €31 ﬁl
Oy Ch €y Ty 0 0 CTyfdy 0 0 & E b,
o, _ Cs Cy Ty _0 _0 Cys || € N _O _O [ Ez _ Bz 0
7y, 0 0 0 C, Cg 0|7, e, &, O e 0
. 0 0 0 T Cs 0|y, €5 € O i 0
| Txy | [Cs T T 0 0 Ty REY 10 0 By i BG |

Electrical displacement in terms of strains and electrical field:



_gx _
gy
Dx 0 0 0 €l4 é21.5 0 7711 7712 0 Ex O
82 — _
Dy:000e24e250y+771277220Ey+00
Dz €31 §32 §33 0 0 €36 }/yz O 0 7733 Ez ES
_7xy

Here, the relation can be found i.e., it will be as inverse or then some more terms will be
there you can find all these things. These matrices are valid only for orthotropic
materials, i.e., we assume that the material properties are orthotropic. But if you say that
it may be transversely isotropic or it may be some unisotropic then wherever there is 0,

some more terms will come up.

But till now whatever we have used during the modeling even though piezoelectric
materials are transverse isotropic which means 1 and 3 directions properties remain the
same and only the second direction is different; sometimes 1 is different than 2 and 3 are
same like the composite material. piezoelectric properties are also following the same

manner.

We have now defined the constitutive relations for a piezoelectric material where elastic

piezoelectric and thermal are expressed.
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Introduction
Main purpose of 3D solutions:

Plates subjected:

To discontinuous loads; with cutouts; presence of material and geometrical
discontinuities . To understand and accurately predict the mechanics of
these problems/behavior.

Three dimensional (3D) elasticity can be used as benchmark solutions for
assessing the accuracy of two dimensional theories /numerical solutions

Limitation:
Rectangular plate with simply supported edges. Cross-ply laminates, Angle-
ply-panels.

Current requirement: Solution for plate made of advanced material with cut
outs/material discontinuity subjected to arbitrary loading and boundary
conditions.

Approach: o /

Displacement based; Stress based; Mixed approach

In week 8, | developed the 3-dimensional solutions. Here also | will explain to develop a



3-dimensional solution for a piezoelectric shell, then I will explain the basics of 2-

dimensional solutions.

Already we have explained the displacement base approach, stress base approach, and
mixed base approach. Out of which Professor Kapuria has developed a mixed base
approach. | am going to follow this approach as this is a far better approach as compared
to the other two approaches because the accuracy of stresses, as well as displacements,

are at the same level.
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Exact 3D Piezoelasticity Solutions for Shells

L-th layer

Piezoelectric

- ;ﬁ

Infinite-length Shell Panel Finite-length Shell Panel

U > Radial

V - Circumferential

W - Longitudinal
Geometry of hybrid shell panel and shell of revolution 2

Shell of Revolution

Now, let us assume a cylindrical shell in which some of the layers are piezoelectric. Our
concept is the hybrid shell which means that some layers are made of composite
materials and some layers are made of piezoelectric materials. In most cases generally,

the top layer or bottom layer is a piezoelectric layer, but it may be in between.

This formulation is very generalized you may consider in between piezoelectric layers. U
is the radial displacement, V is a circumferential displacement, and W is the longitudinal
displacement. The total thickness is h and &, z, r is the coordinate system and this is the
finite length shell. Already you are having some idea about infinite shell and finite shell,
this is the geometry of an infinite length shell panel.
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Infinite-length Shells
3D constitutive Equations f=rsicad 2

Using strain-displacement relation, 3D constitutive equation of
piezoelectric medium with principal material axis 1 at angle & to B- @

axis can be expressed as
& @
U, =5,0,+5,0.+5,0, +[,7,.- @
= = 2 2
W, =80, N84T~ u¢ It Lr/@;

(utv )/r-snag+sl,a £5,,0, HiS o8

- 0 =8,,0, 5,08 t500 TGRS

&1 m.| ol

e

(u_,,—v)/r; ST |+ 557, —d 8, 1T £, .2
= £g =70
/_ujr—sléapu 0.+5,0, ‘d35¢,,
o Eq= -Pe
D, :+dl‘rrﬁ e11¢ Ir 3 »L
D-:Jw r-r+‘TH 7¢ Ir
= dur, g Tbs cwuwm
2 D, =do

+da+da+ ra 0, LE«%

Infinite length panel: if you say that & is equal to s times of o plus d times of E, that |

will explain later. The strains in the cylindrical coordinate system are expressed here:

(u +V,a)/ r'=S8,0,+8,0, +5,30, + 5,7, — d_31¢,r
W,, = 81,0 + 52,0, + 530, + 55T, — d_32¢,r

U, =830, +5,30, + 5530, + 5567, — d_33¢,r

W,y = Sy Ty + 4579 — d_14¢,9 It

(Up=V)IT+V, =547, +557, Ay, I T

W,y =S8160 + 50, + 5350, + 55575, — U3,
Following are the new terms which | have not explained till now

D, = 642' +d15Tr9 €19, Ir
D, = d_24Tzr + dZSTrG _é12¢,9 Ir

D, =dy0, +d;,0, +d;,0, +dy7, —Eu0,

You see a new variable ¢ before that itwas E;, E,, and E,. E, was the electrical field

along one direction, E, is the electrical field along the second direction, and E,

electrical field along the third direction. Let us say:

E, =-¢,, E,=-¢,,and E; = —9¢,,.



Here ¢ is known as an electrical voltage.

) ) . . . v
If we talk in a discrete sense because we have written in a vector form it will be —,

means the voltage across the thickness —¢,, .

d¢

If we write ¢,, in terms of m ; a small change in voltage upon a small change in
z

thickness. Change in voltage across the thickness if we do so then it gives you an
electrical field in that direction.

Here, we are talking about d,,,d,,, d,,, if you see slide at 20:32; E, comes into the
picture. E; = —¢,, and E, = —¢

1z

For the case of an infinite shell panel the derivative with respect to z, the longitudinal

axis is eliminated here, you do not have to find dz here.

Therefore, w,, = 0.

Here, all the entities are independent of z and their derivatives are neglected.
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Exact 3D Piezoelasticity Solutions for Shells...
Equation of momentum and charge balance

o 5 v
Ty 40,1420, lr=pv T 40, Ir+c [r=p v
w0 T ) AR b P v & w}
0 +1,,/r+c-a)r=pi [ D +D/r+D,,/r=0
Boundary conditions K
até=01: u=0, 6,=0, 1,.=0,

atr=R,: o6, =-p., 71,=0,

r, =0,

N
atr=R,: o, =-p,-cii(é.R.1), 71,=0,

Interface continuity conditions

7 . O¢
[(u.v.w,a,,tmr,)\,:1]'”: [("»V~“'»U,-71,~7.9~¢»Dx)|z=a]'k'“
—_— ey
L P
General solution _ v :

(1010002 7. 9.) = ; Re[(1,01, 0,0z, oz, 0, D)€ sinmng ﬁ

o ; ==
(0,w,75, 79, D9, D:) = Z Re{(v, W, 727, 79, Dy, D), €| cos nn ——

n=l

Sz ES L
(Pis by D1, Bg) = Z Re[(p;, 0, Dy, B), € sinnaé

n=1

Then we use the concept of the equation of momentum:



Topr 000l T +21, /1 =pV
Tyr T 0g 0V +7, [T =pW

Oy T T+(0,—0,) r=pl

These equations you are aware of in the case of a cylindrical coordinate system.
D,,+D,/r+D,,/r isournew equation which is the charge balance equation.
| am here going to explain the new variables

o, =—pP

o, =—P, —C,U(&,R;,t)

$p=0,¢=¢ 0or D,=D,; 7,, =0; p=¢, or D, =D, are the new variables that at the

top or bottom we can apply electrical field, electrical voltage, or electrical displacements
any one of this which means here the concept of open circuit and closed circuit.

When we say closed circuit, it means the electrical voltage applied maybe 0 or non-zero

and ¢ is applied. When we say open circuit, it means you cannot apply ¢, which means

their electrical displacement need to be specified that is taken as 0, D, , or D, .

For 3-dimensional solutions we need to satisfy the inter-phase continuity condition:

3 :|(k+l)

(k)
[(u,v,w,or,rgz,rrg,qﬁ,D1)|Z=J =[(u,v,w,ar,rgz,fr9,¢,Dr)
u,v,w are the displacements and o,,7,,,7,, are the stresses.

Now, the two variables further come into the picture which is ¢ (the electrical field) and
D, the electrical displacement that needs to be continuous at the interfaces. These 2

variables come when we have an interface of a piezo layer, a piezo layer maybe in

between or at the interfaces.

A general solution can be written for a simply supported case and we have developed

one for a free vibration also. In that case:

(U,0,,6,,6,,7,,, 8, Dr)=iRe[(u,ar,ae,az,rez,¢, D, ), e |sinnzé ;

n=1



& is the non-dimensionless coordinate along the & direction. Similarly,

o0

(v.w,7,,7,,D,,D,)= > Re[(v,w,,,7,,D,,D,), e |cosnz& and

n=1

0

(pi,qﬁl,Di,CI)q):ZRe[(pi,qﬁ,,Di,CI)q)n e“‘qsin nzé .

n=1

This formulation is a coupled formulation, where you are taking electrical voltage as a

variable.

But there are some formulations where electrical voltage is not taken as a variable it is
treated as a loading vector, like in the thermal case, we do not solve that, let us say the

temperature is known to you and as a loading variable in that case ¢ and D will not be a

variable.
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Exact 3D Piezoelasticity Solutions for Shells...

13 Equations to be solved, out of which 5 are algebraic and 8 are
PDEs are expressesd as

X, =(4, ++ )X with variable coefficient
/

with X[y, w, 4,0, 7, 744, DT

—_—

Solution: =
X =9.2¢ Modifed Frobenius method

l =0
7‘7 Conventional Frobenius method

« One term solution in the power series ensures the exact solution for
the case of constant coefficients

# Faster convergence compared to the other methods

@ The method has not led to multiple roots for any of the numerical studies

And then you know that governing equations can be expressed in differential equations

with varying coefficients:
X, =(A+Alr+AIr*)X

Previously, we have 6 variables now we have 8 variables:

T
X :[Vn Wn un o-rn Z-zrn Trﬁn ¢n Drn:' '



We can explain the homogeneous solutions using the modified Frobenius series:

X(6)=e2 24

In the conventional Frobenius series instead of e* we have r”*. Presently it is expressed

as e’ and if we substitute it into this equation, it becomes an eigenvalue equation.
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Exact 3D Piezoelasticity Solutions for Shells...

Substituting the above expression in governing equation
Setting the coefficients of ( and & as zero for i>1
.‘1Z0 = /..Z()
and Z; are the eigenvalue and eigenvector pair of 8 x 8 real matrix A.

Recursive relation for Z;

Zizy = [do(2,0)Zi + di(2,0) Zicy + da(2)Ziz) (i 4+ 1), i>1
Roots are complex conjugate
X =FHO0 +F00G

i=0 =0

X X
Fi()=¢* [cos/igz Re(Z})! - sinﬁ,’Z Im(Z)?

o0 o0
Fy(() =¢* ‘sin B Z Re(Z!)C" + cos L Z Im(z!){

i=0 i=0

And we solve in a recursive manner:
Z,,=[do(A1)Z, +d,(2,0)Z,, +d, (4,1)Z,, ]/ (i+1), i=1

Z., Z

2y Liay L4y Z;,s can be solved, and depending upon the accuracy or depending upon

the required convergence we can say how many terms we have to consider. We have

obtained not more than 20 terms in this kind of analysis.

Below the 20 terms the solution converges, therefore the convergence rate is very high
and the solution can be written. In most cases, for the case of piezoelectric shells the

roots are complex conjugate or real and the final solutions can be represented as:

X(é’):Flé/Cl_'_Fzé/CZ

Here, C, and C, are the arbitrary constants that can be found by satisfying the boundary

conditions at the top and bottom.
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Exact 3D Piezoelasticity Solutions for Shells...

Roots are real and distinct =
Xo=F0G, FKQ=¢ Z Zi¢
i=0
: P
x<,)=;f,»(,)c,- pr LR

WA

Final solution

»For the kth layer, the values of the top of the layer can be
expressed in terms of its value at the bottom by transfer matrix
approach.

»The global transfer matrix relates to the entities at the bottom of
the laminates to those of the top at the laminate

»Detailed procedure of solution is given in Kapuria and Achary
(2005) e

Final Defense Ph.D. 17

The detailed solution procedures you can find out in Kapuria and Achary's paper and

Kapuria and Kumari's paper also, where we have solved a 3-dimensional solution of an
infinite-length shell.

(Refer Slide Time: 32:51)

Numerical Results . wand
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And | would like to say that some results are presented here and these are the

configurations.

Let us say the complete single layer of a piezoelectric shell, we may have a composite
laminar having any kind of angle and then symmetric layoff, the sandwich in which the



core is thicker very less density than face, and PZT-5A symmetric panels. Similarly, we
have a concept of PFRC means the Piezo Fiber Reinforced Composites. | would like to
explain here that the term is a PZT-5H is a material that is known as soft piezoelectric
material having high very high d31 and PZT-5A is known as a hard piezoelectric

material.

The monolithic layers, if we attach these layers to these composite laminates, are ceramic
in nature, and they crack very easily. The concept of piezo fiber-reinforced composite is
where we mix some reinforcing matrix material and prepare it but this is not

commercially available and very less work is done in this area.

PFRC is still a concept that Piezo Fiber Reinforced Composite where we assume that
like glass fiber, we have a piezoelectric fiber and epoxy matrix so that we will have some
flexible laminate so that there will be no cracking. But the concept is that in that only the
actuation is less because the dielectric constant becomes low, these days researchers are
working in this direction to get a high piezoelectric constant so that the same level of
actuations can be obtained like PZT-5A or PZT-5H.
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732 Material Properties

Material N Y
Mat. 1* 69 Y 6.9

Mat, 2* 2425 6.9

Mat. 3 1725 6.9 0.25
Mat, 4 181 u/ 103 0.33
Face! 1311 6.9 032 032 049
Coret  2.208x1074 2001x107 2 54 05451 001656 099 3x107° 3x107
PIT5AL (B0 By A0 21 26 035 03 03
a o b kg
Mat. 1" 356 35.6 36 012 012 012 1578
Mat. 2* 025 356 36 T2 14 1M 1578
Mat. 3* 057 SO O LI LU 0T
Mat. 4' 0.02 25 25 15 05 05 1578 V'&
Face! 0025 25 25 15 05 05 1000 W
Core* 306 06 306 30 30 30 70 W
PZT-5A 15 L5 20 18 18 18 7600
Cly —— dn  do dy dD) Gu_m_mY m L
PZT-5AT -171 -171 3.'\4/ 584 9 153 153 150 M
(5] Ag®

| Nondimensionalized natural frequencies and modal displacements |

@n = wnRS1(po/ Ym"ﬁ, (@, 2,®) = (u,v,w)/max(u, v,w)

These are the material properties, here you see Young's modulus materials, core, then
PZT-5A contains 64 GPA and you see that 1 and 2 material properties are the same. It
means the piezoelectric 5SH materials are 1, 2 means transverse isometric in 1st and 2nd

direction, the third direction is different and these are Young's modulus the extra material



properties are piezoelectric constants d,,, d,,, d,,, d,,, d,.

These are in the terms of a picometer say 10™*. Then we have piezoelectric, dielectric,

or relative permittivity, which is known as 15.3, it is having 10~ and this is the

piezoelectric constant having a unit 10*? and this you know in terms of a GPA. It will

have 10°.
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T31

Natural
frequencies

(w* = wRiy/p/ET)

Observations:

Five layered
panel having
span of 60

Match exactly
with Chen and
Lee (2005)

Infinite angle-ply panel

Comparison with Chen and Lee (2005b) [composite angle-ply]

Thickness S§=4 §=20
n  mode  Chenand Lee (2005)) Present  Chenand Lee (20055)  Present
1 1 0.800913 0.8000137 0.2072801
2 368538 3685381 451717 5
3 545687 545687, 8.14466
i 30.1375
5 7325 73253 306732
6 11.2064 11.20636 605671
7 13.1383 13.13831 63.6877
8 14.3726 14.37256 706553
9 17.6276 17.62756 01.8882 0188824
10 19.9383 10.93532 105.671 105.6706
2 1 217166 2171660 1.20765 1207655
2 646837 6465361 8.92641 8.926406
3 7.89499 7.804998 15.0668 15.06679
4 9.75943 9750445 34.5660 34.56596
5 117353 11.73526 406152 4061517
6 13.4791 13.47908 61.3742
7 146435 14.64350 64.5697
8 18.6976 18.60753 70.9909
9 19.7625 19.76246 924875
10 229928 2200279 106.133

We developed that solution and we compared our results with the previous literature

results and it was found as a good match for an angle ply shell.
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T3.3

Infinite angle-ply panel...

$=60" ©=120° Del‘aI|S'
n mode S panel(a) panel(b) = panel(c;) panel(d)  panel (dy) =
T 1 5 2013 16173 1318 65 05D
0 23 63075 5347 3607 061580 »Hybrid panels
2 545 71479 57485 4507 066016
2 53620 35165 12030 25204 12811 T
10 36100 307 45811 25636 12538 »Qpen circuit (0C) at
€0 3626 10608 16846 25655 12529 the outer panels
305 I sBs Tom 3se77 26082 » Natural frequencies
10 2610 97064 81351 19072 28107 :
2 270 10153 8453 1953 28258 are also obtained foe
1 5 3% 1P 113 | oo ossin (Ccase
0 36318 1386 1207 | 0540 050063
2 3681 12002 14468 | oso24  oasTmL .
5 4267 25405 25108 10765 072013 Observations:
0 4026 19991 19941 0TI 038267 = =
N 4B L3S 10 | 03857 05029 For a given Spatlal
§ 5 56318 28180 25060 13084 1225 mode
10 5601 2659 26704 L1830 L1861
2 56T 2642 26713 11776 1175 quxuml frequency
5 81005 6 34201 5000 50308 »Extension frequency
0 s 251 33107 50367 5.0%0 »Shear Frequency
0 802 32850 50854 50352 For deeper shell
1 5 066l 13228 65164 24555 3 % I
0 10002 19720 11180 36807 Tequencies are lesser
20 149 2430 16513 45097 than shallow shell but
31 5 19016 242 10911 14450 not so for mode 6,7
0 23800 %78 185860 73523
0 2550 50,638 31.260 10.173

21

And then we developed a result for a piezoelectric shell in which an open circuit at the

outer panel and natural frequencies. When you have a closed circuit and an open circuit

the frequencies changes. Having a piezoelectric layer and if you change the electrical

circuit condition its natural frequencies change. You can see in d, panel in open circuit

and close circuit ¢ =60° and ¢ = 120°.
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F34

Natural frequencies of hybrid cylindrical panels under OC

| Through-thickness distribution of sandwich pane (d) under OC
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Finite cross-ply panel (Free Vibration)

Effect of electric boundary condition on flexural frequencies of hybrid
shell panels

panel (a) panel (¢;) panel ()
(mn) S cC OCGRY C0 ocC cC oc
(1,1) 10 0.87568 0.92407 1.0352 1.0839 0.78230 0.78351
milln e
20 0.81011 0.86707 0.97925 1.0237 0.72318 0.72416

(2.1) 10 078044 080080 085119 080828  0.72059  0.72254
2 059221 062540  0.70496  0.75253  0.53719  0.53877
(3.1) 10 1.0392 1.0429 0.99773 1.0404 0.99649  0.99807
20 060370 061631  0.74643  0.79980 068197  0.68435
(22) 10 1.7938 1.8078 1.5943 1.6657 1.4326 1.4354
20 1.1692 1.2101 1.3715 1.4508 11376 1.1405
(3.3) 10 3.4951 3.4952 23340 24102 2.2645 2.2681
Celste —
20 20557 20726 20104 2.1131 1.8332 1.8374

The natural frequencies for OC condition are higher than those for CC condition

The increase in effective stiffness caused by the direct piezoelectric
effect in the OC case, hence increase in frequency

If you see it from the engineering point of view you say that is change is hot much than
the 10%, but it may affect the very sophisticated instrument. If you design an instrument
that is used to find a very accurate measurement then they play a major role in designing
the equipment for sophisticated applications. But in general, if you say 0.87, 0.92 non-
dimensionalized natural frequency, there is not too much difference. Initially when you

go for a higher mode then you will find there will be not much difference.
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Finite cross-ply panel (Free Vibration)

Effect of a/R on natural frequencies for hybrid PFRC sandwich panel (c2)

16 T T
S=10 == (m,n)=(1,1)
N — (mn)=(2,1)
12h — (mym)=(2,2)1
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Then the effect of say length, if % IS increasing then this effect of changes for the plane

strain assumption. After 6, your length is along this direction and the radius. If this % is

coming 6 aspect ratio; that means, it is good you can apply a plane strain assumptions
there will be not much difference between the natural frequencies. Either you do this
through a very accurate 3-dimensional formulation or by using the plane strain

assumptions.

When it is a qualitative like infinite length along the z-direction, let us say if R = 1 and
length = 10R, then it will be treated as a plane strain. Infinity does not mean very fine
100 or 20 for the case of a shell, because if you have less means more than 6 it comes

into that category. At 10 it is perfectly the same for the case of frequency.
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Finite cross-ply panel (Free Vibration)

Through-thickness distributions in the first flexural vibration mode of hybrid
PFRC composite panel (b2).
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Similarly, the values across the thickness how this displacement varies along the
thickness. If you remember that in the case of a first order shear deformation theory we

assume that our displacements u varies across the thick linearly. But here you see that in

the case of a piezoelectric shell it depending upon the thickness.

Similarly, the values across the thickness mean how this displacement varies along the
thickness. If you remember that in the case of a first-order shear deformation theory, we

assume that our displacement u varies across the thickness linearly. But here you see that



in the case of a piezoelectric shell it is depending upon the thickness.

If it is thick, you see that how it is varying is completely non-linear or quadratic in
nature. It is not linearly varying, this 3-dimensional solution helps to tell you that for
accurate production we have to go for more terms. And similarly, w is linearly varying
but we take a constant for the case of 2-dimensional shell theories. If you assume a 2-
dimensional theory even for the case of a thin shell which is the dotted one has 20 still it

is not straight.

It is having some variation so by taking more terms in u, v, and w, we can get more
accurate solutions, and then you see the behavior of transverse shear stresses and the
electrical displacement.
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* Introduction
* Advance 2D Laminate Theory-Boundary Layer Effect
* Methodology

26

Now we talk about 2-dimensional shell theories. The 2-dimensional theories are divided

into two main categories one is coupled another is uncoupled.

If you see in the literature most of the uncoupled theories are available. In the uncoupled

theories ¢ is not taken as a variable.
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2D Advanced Laminate Modelling

The linear constitutive equations of the cross-ply pjeza

i ”H”J

ectric laminate

Qu Qn 0 (|a
| 1o 0 Qs
T3] _ [Qs5 1 é13
T3] |0 Q44 73 0 éy

Dy=é3 é3 0][ e | +1s3Es

N2

£3 = 81301 1 8230 1 d33Ey

For the case of plane stress:

ol [Qu Q, 01 &
o, |=|1Q, Q, 0 || & |isthereduced stiffness matrix

gra 0 0 Qg || 712

., | E5 1S the electrical piezoelectric constant.

O Q. Q, O & €
0, |=|Qy Qp 0 ||& |-|€|E
T1 0 0 Qe | 722 0

_T31_:_Q55 0 }{731}_{@5 0 :|{E1}
7] [0 Qul7a 0 e,]lE
Dy :_éls 0 }{731}+{ﬁ11 0 :||:E1:|
D] [0 €y]lrs 0 7y E,
&
D; :[é31 € O] & |+7Ey 1077

712
€5 = $130, + 8,30, + Uy Ey




Initially, if you remember the case of an elastic shell I have discussed up to here, but if

you want to analyze the piezoelectric then you have to consider these terms &, , é,, .

Similarly, in the transverse shear stresses and displacements, this comes into the picture.
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2D Advanced Laminate Modelling

For the basis z, y, 2 with z3 = 2 and z;, z3 at an angle ¢ to the in-plane axes z, y,

[ 0, Qn Qm Q/m Er @Z
o=10y|=|Qun Qn ﬁ)o g | - || E:
_T-Ty Orﬁ Q?.G QGG Yry e

i -T::] _ [Qu Qh] [7;:} _ [515 (’25} [E:}
L Tyz Qs Qu) [N ey eyl |E,

_[D:] _Jes e[|, [Mn 2] [Ee
D__Du]_[f‘zs ?24] [7;«: ’ ) Ey
€r
D,=[ey en e ey | +mE:

Vry

€2 = 5130z 1 5230y + 536Tay + d3E;
30

In the case of a full orthotropic, all terms come into the picture:

(o Q. Qu, Qull & €y
c=|0,|= Q. Q Qu 2 e, |E,
Xy Qs Qx Qe |7 Xy €

r=| _{st Qus || Vx _Fls €55
Ty Qs Qu |7 yz é14 éz4
€1
€

o-lo e el 3]
Dy é25 24 7yz ﬁZl ﬁ22
&

~

al

8X
D, :[é31 € ése] y +153E,
Vxy

&, =830, +5,30, + 5,7, + d;;E,
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2D Advanced Laminate Modelling
Electric field assumption (quadratic layerwise) q) _

Approximation of defte
where ¢/ (z,y) [= 6(z,y, 3£)]

¥(2) = 4(3Z+l -2)(2 -:")/(Ig‘l = ;Z)Q if :Z <2< :g+1 -
otherwise ; wh
=
‘ :ﬁﬁ?,\(/) e : Y
JL/{l I,Y,2) = Ill) X, 1/) ( )(7’“ l/) q(“)(_)q(r l/)
o) - Py

JU(J.!/- 2) = k(. y) — 2Woulz.y) + 2Py (2. y) + (2, y)
+2'n(z.y) l

Here, | would like to explain Professor Kapuria has developed electrical field

assumption:

$(xy,2) =¥, (2)¢' (xy)+¥(2)g (x.Y).

If you see the slide at 39:09, this upper layer is our piezoelectric layer. It is varying, it is
going linearly let us say 0 to some value. This variation we need to capture, then if we
assume a constant, it will not going to solve our purpose. Initially, some different
variables were expressed, and after that Professor Kulkarni and Professor Kapuria
developed a quadratic piece. Initially, it was a piece-wise linear, let us say in a layer it is

linear and next layer not a constant function is taken linear function.

This function is (Z)¢j , it changes from layer to layer. A piezoelectric layer is divided

into some n mathematical layers. It is one layer of a piezo, but mathematically it is
divided into n sub-layers and in each layer, the variation goes like this piecewise linear,

so that we can capture the effect. It has been found that if we consider only this variation

W) (z)¢' (x,y), it does not give an accurate estimation.

Therefore, we need to divide each piezoelectric layer into 4 sub-parts or 5 sub-parts.
Later on, Professor Kapuria has given this concept of quadratic consideration can be

taken as:



$(x y.2) =¥, (2)¢ (x¥)+ ¥ (2)4 (% Y) -

With the help of this concept, we need not mathematically divide it into sub-layers it will

be a single layer and by this concept, we can get an accurate estimation in a single layer.
In this way, w(X,y,z)=w, (X Y)=¥}(z)¢' (x,y)+P2(z)d (X Y),

This makes a major difference in the accuracy of piezoelectric plates or a shell because
of these terms we can get an accurate deflection as well as the other terms. It also reflects

because of this it also comes into the displacement field also

U(X,Y,2)=Uc (X, ¥) =Wy (%, ¥)+ 2%, (X, ¥)+226(X, ¥) + 2°n (X, Y).

We assumed that the strain &, in a piezoelectric shell or panels or plates heavily depends

on:
w, [ —dyé, (2).
Previously, we have taken w, =0, but now we assumed that

W, £0,

W, = _d_sa(é,z (2)

And it is substantially giving a significant contribution and because of this some new

terms have come up and the rest of the procedure is the same.
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e=e"+2"+ ‘I’k(:)'»"od +8Y9(2)¢%,, y=REy + (RY - V1h)o)

E=-¥(2)¢), - ¥i(:)6%,, E,=-¥¢ -4

with

0 T i , > Sic AT
& =[u,, w,, Ug,tu,,], K =—[voz woy 2oz

ll)od=[L"[],_,. Vory Voyr c“y.y]T' ¢{M=[O{” O{NI dyr d!l!l]“‘
Ry 0 Rb 0 R o0 R o
=10 Ry o Ry, B =

0 R o RY
B B By B R Ry Ry Ry

oL =[¢d: oI
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The variational principle for the piezoelectric medium (Tiersten, 1969) can be expressed,
——————

using the notation (...) = thl f ‘:‘ l( ...)dz for integration across the thickness, as
(aty ——
/ 2087 + 006y + ToyYay + Ty20yz + Toz00ed + 002 + Dydo , + D0 ) 4 L )
Ja

-pgéu'(xn Y,2) — pféw(r. .21) + D (x,y,20)00" - D, (z,y,2,)06" — qj Jojl] dA
Sl W S et

—/ (0n0tty + TosOUg + Ty 0w + Dpdo) ds = 0] ¥ dug,dwy, dg, 007, 07  (8.15)
T

L ——————— ~—

where A is the midplane surface area of the plate and Iy, is the boundary curve of the midplane,
with normal 71 and tangent 5. p! and p? are the transverse loading per unit area on bottom and
top surfaces, respectively. g;; denotes the jump in electric displacement D, across the interface

= :g. where ¢/ is prescribed. The total number of such prescribed potentials is 7ig. The

We obtained u and then strains then here is the principle of Hamilton.

In the Hamilton principle, till here o,d¢, + o, 0¢, +7,,07,, +7,0y,, +7,0y,, you are

aware, these all 3-dimensional terms are there. Now, we have to add extra terms i.e.,
energy contribution given in Tiersten's book of piezoelectric medium for the electrical

field and electrical voltage, D,o¢, +D,0¢, +D,5¢, , these 3 terms come into the picture.

Plus the contribution due to the external work done p;sw(X, y,z,)— p;éw(x,y,z,)and



external work done due to the electrical field D, (x,y,2,)64' —D,(x,y,z,)64™ —q, 54" .

These terms come into the picture and equations become more complex and it is known

as a modified Hamilton principle for the case of a piezoelectric medium.

[ (0,08, + 0,06, + 7,00, + 7,57, + 7,07, +D,0p, + D,5p, + D,54, )

PO (K,9.2) BEOW(%, 2+ D, (%3.2,) 68 — D, (x,2,) 39" ,56* |

If you want to study for a piezoelectric medium you have to consider these terms. These
terms are given in Professor Kapuria’s paper, you can go through that or any
piezoelectric book for the modified Hamilton principle. Some electrical work done is

also here:
—ITL<an5un +7,,0U, +7,,60W+ D, 5¢)ds =0

Now, | am going for a more generalized form, let us say, you want to study a magnetic
plate. You will include some magnetic energy also by the same way and then it is on the

"
area and this small angle bracket is for j , if you talk about a composite then it will

7
be > i, [ +(.)dz.

These are defined like this:

[.[ 08 F + 58] F, + 5] F, + 58] F, — Pow, — PJog’ [dA—[ [ N,ou, +Ndu,
~M 5w, , +(V, + M, ) oW, + PSy,, +(H) -V,) =S, )op’ +

ns,n

Sp1S)+ (7 V2 ) o6 |ds— D" AM,, (5,) 0w, (5)—AS. (5,) 59 (5,) = 0
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/ 02T Fy + 021 Fy + 821 Fy + 021 Fy — Pyduy — PL3¢?)dA - / [Nabug, + Nysbug,
JQ JIL
~Maduwg g + (Vo + Mg )0 + Padty, + P, + (H3 V7 — 83, )00’

+08),53 + (S - V1. )06 ds — ) AMy(s;)dwi(s;) - AS},(5:)067(s:) =0 (

_ T _ T T
a=[df o o . a=[d o o]
a=[dh ¢ o 1", a=lo 4

AN i
Fi=[N" MTﬁ@]TzlwflT(:)ag]. F=[w" &' =D
B=[q" @' ¢'"=(Fem],  FR=[¢ & =[@(D.)]
N=[N: N, NJT, M=[M. M, M|, Q=[Q: Q"

P=IP, Pu Py BI" SE(S S 8 4T
(5 S S %]

F, F,, F, and F, are the stress resultants.

[NT M7 P SJ‘T]T{(fJ(z)a)]
(@ @7 Q"] =[(t )]

Fl

FZ

Plane stress resultant, moment resultant, higher-order moments, and some electrical field

resultants are here. In this way, some new terms need to be defined, whether it is

electrical stress resultant.

And S’ :[ij s s} SYJT , these are due to the electrical field.

Similarly,
;

o-[@ o & =[]

These are some new terms that come into the picture and corresponding definitions need

to find out. One can go through this kind of formulation and can develop the governing

equations for the case of the shell.
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Nty =0, Npyz+Nyy =0, My + 2Myy g + My gy + P =0,
PrztPpy—Q:=0, Pryo+Py—Qy=0, Q1,+Q%, +HL, +HL, -G"=0

Qe QL H Y =S =28 =S = G PI=10
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| have tried to briefly explain to develop the governing equations or what are the basics

behind the development. You have to systematically add your electrical terms.

| hope that it will help you to develop for more advanced material and you can go

through a number of books and papers on this piezoelectric shell modeling.

With this, | would like to say thank you very much.



