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Basic terminology in Shell

Welcome dear learners, to the course “Theory of Composite Shell”. Today is lecture 2 of

week one.
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Lecture-1 Review

* Basics of composites
+ Constitutive relations
+ Transformation raaesiat <) </N50h)

So, in the first lecture, I have explained, the basics of composites that the composites may be
fibrous or the orientation of fibers maybe 0°, 90°, or angle apply, specifically for structural
application. Then, I have discussed the constitutive relations and transformation materials. It

is not a transformation material it is the transformation of tensors.
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Shell Application

Examples of shell structures in civil and architectural engineering are
+ large-span roofs,

+ liquid-retaining structures and water tanks,
« containment shells of nuclear power plants,
+ and concrete arch domes,

+ In mechanical engineering, shell
forms are used in piping systems,
turbine disks, and pressure vessels

technology. -rn ,S_DE,\P - Building

+ Airerafts, missiles, rockets, ships,
and submarines are examples of the
use of shells in aeronautical and
marine engineering

'Ha Ma.ﬂ

So, there are extensive applications of shells in various fields i.e., civils, architecture, we have
already discussed some of them. But, specifically large span roofs, liquid retaining structures

like water tanks, containment shells of nuclear power plants, and concrete arch domes.

The reason to discuss this special or specific application is that because of its application in
this course of the theory of shells. So, we can analyze these structures using the shell theories.
In mechanical engineering, shell forms are used in piping systems. The piping system is a
cylindrical shell, then the turbine disk, pressure vessels, like LPG storage tanks or oil tankers

or any kind of pressure vessels.

The aircraft, missiles, rockets, ships, all are excellent examples of shell elements in
aeronautical and marine engineering. If, you see that this is the dome-shaped roof of a famous
building Infosys Pune, and then the famous Hawa Mahal in Jaipur. You can look into their

windows and doors.

It is an arch type or dome type. In any ancient building, you will find that there is half arch
form. So, it can take more load and it also looks beautiful, that is the reason it can take more
load. If you have a flat system then we require more thickness, but if it is in a curved one with

less material, it can take more stress.
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The wide application of shell siructures in engineering is conditioned by
their following advaniages : ﬂ
1.Efficiency of load-carrying behavior.

2. High degree of reserved strength and structural integrity.

3. High strength to weight ratio: This criterion is commonly used to
estimate a structural component efficiency. The larger this ratio, the
more optimal is a structure. According to this criterion, shell structures
are much superior to other structural systems having the same span
and overall dimensions.

-

4. ery high stiffness

5. Containment of space.

Shell structures support applied external forces efficiently by virtue of

their geometrical form, i.e,, Spatial curvatures; as a result, shells are
ge e
much stronger and stiffer than other structural forms.

Why shell structures are used? It has excellent efficiency of load-carrying behavior. A very
famous example, if this is a thin sheet say, a corrugated sheet when you have some structure
of aluminum or steel for roofing purpose. This curvature makes them stiffer. Even the
thickness remains the same, but for a roof of a structure, these corrugated sheets are preferred

mostly as compared to flat sheets because flat sheets cannot take more load.

So, just because of the curvature, there have a more load-carrying capacity. Then, the high
degree of reserved strength and structural integrity, the most important part is high strength to
weight ratio, because it can take more load. So, we can go with thinner sheets, we do not need
thick sheets. These have very high stiffness and the containment of space, basically a sphere

you know that it can have maximum volume compared to other bounded volumes.

A square tank will hold a larger volume than just a cuboid structure. Shell structure supports
applied external forces efficiently, by virtue of their geometrical form. The main reason is
spatial curvature. If this curvature is not present, it cannot support. So, because of this

curvature, these are stronger and stiffer than other structural forms.
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Definition of Shell

\/ft is a body that is bounded by two closely spaced curved surfaces,
where the distance between the surfaces is small in comparison with
other body dimensions. mo):?’

A shell can be considered as a materialization of a curved surface; just
as beam and flat plate can be considered as the materialization of a line A g_c_(i?.b)
and a flat surface.
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So, let us come to our topic, how do you define a shell? Sometimes students get confused

between the plate and shell. We can say that both are two-dimensional or three-dimensional
bodies, let us talk about thin shells or thin plates when the thickness is extremely less as
compared to length and width. The same is true with the shell, that thickness is extremely less

as compared to length and width.

But the important part is that in the case of the plate, the surface is flat, there is no curvature.
But, in the case of a shell, there is curvature. Curvature may be in one direction or two
directions. The shell theories or the governing equations are derived in terms of the middle
surface or reference surface of the shell. That is the most important part in the case of shell

theories. The middle surface is sometimes called a reference surface.

So, now the shell is defined in terms of a reference surface that, if a body that is bounded by
two closely spaced curved surfaces, where the distance between the surfaces is small in
comparison with the other body dimension. In this figure, you can see that red enclosement, it

1s a reference surface or middle surface.

If, you make another surface, let us say + h by 2, and bottom - h by 2, and close it, it will
become a shell element. A shell can be considered as a materialization of a curved surface, a
very essential component. It should be curved, its surface should be curved, it may be in one
direction or maybe in two directions, but it must have a curve. Like beam and plate can be

considered as a materialization of a line and flat surface. For example, if you say that in



designing extrusion or revolution.

In the case of plate, there is a flat surface and then you can extrude it in the third direction.
But for the case of a shell, it should have some curvature and then you extrude it, it will give
you a finite element or a shell panel kind of thing. Then, how do you define if a particular

shell is thin or thick? what are the bases?
So, this thickness is divided by the radius of the shell. Generally, if it is a double-curved

surface, so, we will have two radii R, and R, . Here, we are going to put the smaller radius.

For example, if we have a cylinder, then in one direction the radius is R; the other surface is

flat in that direction radius R, is an infinity flat line. So, that thinness can be find out through

h h
R‘ZZ ;

or
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Classification based on Thickness

There are two different classes of shells: thick shells and thin shells.

A shellis called thin if the maximum value of the ratio h/R (where R
is the radius of curvature of the middle surface and h is thickness)
can be neglected in comparison with unity.

Eatthinshels. mm('l_’) l For thick shells : }] ¢ i v E:
MH 20 —:}:z o ]O ﬁ
For a large number of - e
practical applications, the ]_ < Jl_f < l i . N 1};5
thickness of shells lies in Jﬂ!l[,', R EL A
the range : —_—
Let us see, how do you define a thin shell or a thick shell
hoo1
If, R 10 orvice versa
R h
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If you want to write , but generally we used to write in terms of & . Ifit is less than



1

or equal to 10| then it is considered as a thick shell.

1k 1

—_— 5 [
For a thin shell, 10 R 20 and like that. So, that is known as moderately thick.

l hoo1
For very thin, 1000 R 20 S0, the h by R ratio will be between 1000 and 20.

It has been found, that for a large number of practical applications, thickness of the shell lies

h 1
between this. So, specifically, in most of the cases R 100  that is the reason the thin shell

theories are preferred mostly to analyze the behavior of shells.

But there may be some applications like machine components or turbine disks, where the
thickness is not small, compared to its radius. Then, we can go for thick shells, but in nature

and different applications, in 99 percent of cases, shells are thin. So, in the literature, many

shell theories have been developed for the thin shell cases.
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As I have discussed that based on the curvature or based on the radius of curvature. Curvature

is nothing, but the inverse of the radius 1 upon by R. What does it tell? It tells you that how
deep this is.



For example, in a flat surface, the radius is infinity. So, 1 by infinity gives you 0. So, itis a
flat surface, if it is very far. it will be slightly shallow. If; it is near it will be deep like that
circle, a very small circle. So, it tells you, the shell is a measure of deepness, whether the

shell is deep, or shallow, or flat.

So, based on the curvature we can define, cylindrical shells, conical shells, spherical shells,
ellipsoidal, parabolic, cycloidal, toroidal, and hyperbolic shells. So, these are different types
of shells. So, in this course, we will develop generalized governing equations. So that we can

get the special equations for all kinds of shells.
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Fundamental features of a shell :

| Bounding surfaces
1. Reference surface / |
2. Thickness

)/

_'5_ o g— Middle surface
A A or reference
surface

R

The fundamental features of a shell, the basic entities or the variables, very first is the
reference surface. So, the blue line is the reference surface. So, shell geometry is defined by
its reference surface. Whatever the form of the reference surface, just above and below we

will add the thickness, and then the shell will be formed.



So, the shape or the curvature is given to the middle surface defines the shape of a shell, then
the thickness of the shell. So, in one direction radius is R, and in the second direction radius
is R, . These top and bottom surfaces are known as bounding surfaces.

(Refer Slide Time: 14:13)

Reference surface :

* It is the most significant feature of the shell, It defines the shape of
th& shell. The behaviour of the shell is governed by its reference.
suface. ——

* If the shell is composed of a single homogeneous material, the
middle surface (which is equidistant from the bounding surfaces) is
selected as reference surface.

* If the shell is composed of many layered materials, then a neutral
surface (analogous to neutral axis of beam) can be considered as
reference surface.

* Once the reference surface is selecled, the shell can be defined
completely.

= @%ﬂu#@

So, I would like to explain the reference surface, it is the most significant feature of the shell.
It defines the shape of the shell. The behavior of the shell is governed by its reference
surface. This is the important part if we are making some error for defining a reference
surface, then the theory will not be accurate. So, you have to define the reference surface

accurately.

If the shell is composed of a single homogeneous material, then the middle surface is selected
as a reference surface. Shell is made of isotropic material and there is variation. So, we can
say that the middle surface equidistance from the bounding surface is known as the reference
surface. If a shell is composed of many-layered materials like composite materials, which is

our study part here, then a neutral surface can be considered as a reference surface.

Once the reference surface is selected, then the shell can be defined completely. The very
first step is to select a proper reference surface. For a cylindrical, conical, or spherical shell

first, you have to define a proper reference surface, then you can proceed further.
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Thickness :

+ |t is determined as the distance between its bounding surfaces as
measured along a normal o the reference surface that passes through
the point where the thickness of the shell is being measured.

+ Thickness need not be uniform. It may be linear or a constant function of
position in most practical cases.

Normal to the reference

surface ~\

— Middle surface

or reference surface

Bafiuh

The geometry of a shell is entirely defined by specifying the form of the middle
surface (reference surface) and thickness of the shell at each paint,
ey

Thickness h l_}.
B
. 1
]

I have told you that what is the thickness? But I would like to emphasize that, it is determined
as the distance between two bounding surfaces. It is not always that this thickness will remain
the same, it has no boundation, it may change if we go from here to here, but from the middle

surface upper bound and lower will be from equidistance.

Let us say, going from here to here the surface is going like this. So, the same way the
bounding surfaces will be up and down. So, measured along a normal to the reference
surface, that passes through a point, where the thickness of the shell is being measured.
Thickness need not to be uniform. It may be linear or a constant function of position in most

of the practical applications.



So, it is not that thickness is measured from other references from every point normal to that
from two bounding surfaces this will be the thickness and here again and so on. The
geometry of a shell is entirely defined by the middle surface and thickness of the shell at each
point. We have to clearly define the changes in thickness. Either this is uniform or it is

changing or it is a constant function it may be the same or it may not be.
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Natural Shells Surfaces

You see the figures of natural shell surfaces. These we call shells and you can see the
different shell structures I have taken one patch and magnified it here. I want to show you
that these are the lines curved lines, that later on, I will explain. If we want to study a shell,
we have to prepare a reference element and these grids along with this, whatever the
curvature will come. And, then we will define some parameters and finally, able to

understand or develop governing equations.
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PRINCIPAL DIRECTIONS AND LINES OF CURVATURE

Consider a small region of a smooth surface near a typical point M. By “smooth” n
we mean that the surface is continuous, and contains no discontinuities of slope, i
i.e., creases or vertices.

If wee draw various curves along the surface through point M, then the tangents to
| 'wﬂwb these curves are placed on one plane called the tangent plane 1o the surface at M

RTWa‘NlWW Aline that is perpendicular to the tangent plane and

passes through point M is called the normal to the
k) gu*um“"! surface at point M, and it is denoted by n.

Slnt,a the surface is smooth (as defined above), the
tangenl piane and, ﬁence the normal are uniquely
determmeﬂ' 5

So, the very first concept is the principal directions or lines of curvature. Like here these are
the lines of curvatures, which you see on the natural shells. Though they are acting as a
stiffener, they are making the shell stiffer, because their thickness is slightly more as

compared to base thickness. So, these are also known as lines of curvature or curvature lines.

Consider a small region of a smooth surface, let us say we take this surface. So, in this figure,
a shell is described here and its domain is omega. So, there are lines like you see on natural

surfaces. So many lines will pass through.

Let us say we have taken the top or you can take any point a point M. And, at this point the
surface is "smooth". Then, what do you mean by smooth? It means, the surface is continuous,
and there is no discontinuity of slopes, no vertices. We have to select an area, where it is
smooth with no vertices, no discontinuity. If we talk about the cone, we cannot take it,

because here the slope is changing. The surface is not continuous and this is making vertices.

So, we can draw various curves along the surface through this point. So, from this point, we
can draw curves like this 1, 2, 3, and so on. Then, the tangent to this curve, let us say in a

circle this is my line.

So, this is a curve and from the center, we are drawing a line. So, there will be two things,
tangent to this, tangent lines, and one will be the normal. the Same thing is here over the
surface for each line there will be one tangent, let us say for this line this tangent, for this line

this tangent, and so on.



Then tangent to these curves is placed on one plane. And, that plane is known as the tangent
plane to the surface at M. For example, if you take any point M here and through that you
pass all the curvatures curves and find out the tangent planes. So, for a particular curved line,
there will be one tangent and all the tangents for all the curved lines will lie in one plane.

And, that plane is known as the tangent plane to this surface.

Now, a line perpendicular to this tangent plane is a very important concept in a shell, the
concept of the surface normal, not just normal. In a curve, in a one-dimensional curve, or a
two-dimensional case, it is the tangent and this is the normal direction, outward normal, or
inward normal. But, in a case of a shell or a surface, it will be a tangent plane. And, a line
perpendicular to this tangent plane will be denoted by n and it is known as the surface

normal.

So, it is not normal because each curve will have one tangent and normal, but over this plane,
there will be one normal. So, this is known as the surface normal. Since the surface is smooth
and tangent plane; hence the normals are uniquely determined. There will be a single normal,

not so many normals.

So, now I have discussed two things, one tangent plane, tangents, and surface normal. I am
going to write it here, tangents, then tangent planes and third is surface normal or normal to

tangent plane, it is denoted by n.
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Normal section

A normal section of the surface &t point M can be defined as the section by
some plane containing a normal to the surface at that point. Such a section
represents plane curve,

Obviously, an infinite number of different normal sections may ben
drawn through point M of surface

Consider one of such normal sections as a plane curve,
as shown in Fig. The position of a point M on the curve
is determined by a single arc length coordinate s,

measured from a suitable datum point.

At M and M1 the normals OM
and OM1 are drawn to the curve
(there is only one normal at
each paint, since the curve is

smooth)
Radius of curvature of the given curve at
int M
poin ¢ 1

=
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Now, we can say that this is one normal we can draw the sections, which means cutting



sections, which passes through this normal. This is our surface, which I have drawn already.
And, this is our normal n. Can we draw a section plane, which contains this normal? Yes,
through the curved lines through which it is going, so, we can say that this is one of the

section planes, which cuts that surface.

We can see that we can draw infinite normal sections, which will have the normal and cutting
the surface. So, it is written that an infinite number of different normal sections may be drawn
through the point of a figure. Here the concept of the radius of curvature is explained, then

after that I will come to principal sections, principal normal section.

So, I would like to explain it here that for each normal section, there will be one radius of

curvature. So, the radius of curvature is denoted by kappa (K). Let us say this for K. K, K, ,

K . . : :
soon and " * . For each normal section, there will be a corresponding radius of curvature.

Now, the concept of the principal normal section. So, there will be at least two normal
sections, for which one will be maximum and one will be minimum. So, the corresponding

maximum radius of curvature will be known as principal sections.

So, before coming to this concept, the radius of curvature comes into the picture. How do you
define a radius of curvature? So, first of all, we will see through a circle, let us say in a circle,

it is our center and at any point, it goes from here to here this is our arc length and radius let

us say it is d?.So,Rd? is your arc length which is ds.

Rt
So, dil
It will give you the radius if somebody tells you the arc length and the subtended angle, that

change in angle, then you can find out the radius.

So, in one dimensional, a curve is there and it is moving from point 4 to M and making an

angle d? . And, this change in angle from here to here will be d? and from here to here is s,
and change in arc length is ds.
ds 1

p=— _
Then, rho dg ¢ , if we reverse it, it will be kappa (K) and P



So, kappa (K) is the radius of curvature inverse of the radius is known as the radius of

curvature, which is written here as curvature.
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Principal Curvature
In practice it is more convenient to use the corvature & as 3 variable; this is defined as
ifdichdukilb bl 4o

‘/.l" =1/p.
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It follows from the above that there are an infinite number of possible radi of

curvature and curvatures at a point M of the surface because an infinite
number of normal sections may be drawn through that point

However, there are two orthogonal normal sections at any point of a surface
oriented such that

_ Sl )
one radius of curvature is the maximum of all possible, ™!

@haleas the second radius of curvature is the minimum of all possible. Q;_(_m)
These normal sections are called principal normal sections or principal
directions e e
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The curvatures of these sections and the corresponding radii are referred to as e
principal curvatures (denoted by x; and & @
———— el -:11 e K
principal radii 0 s e
denoted by Ry=1/x) and R, = 1/x;) at a point i

So, we do not call it a radius of curvature we call it curvature. And, previously we call it a

radius of curvature means, this is the radius basically, it is the curvature, the radius of that

ds

curvature is ¥ or in a circle it is R, it is d¢ ,

1

and the curvature measure of deepness which is ¥ .

I have discussed that an infinite number of possible radii of the curvature and curvatures at a
point M of the surfaces, because an infinite number of normal sections may be drawn. So,
there will be two orthogonal normal sections means, perpendicular at any point of a surface
such that one radius of curvature is the maximum of all possible whereas, the second radius

of curvature is the minimum of all possible.

So, these normal sections are called principal normal sections or principal directions.
Generally, the shell surfaces are defined in terms of principal normal sections, and principal

directions, and curvature or radius of curvature. The curvature of these sections



corresponding radii are referred to as principal curvatures R'and Riare the radius of

K K

curvatures and ~ ! and " are curvatures or sometimes we call them principal curvatures.

And, they are vice versa you can say that, if ' then you can say that Ko 1t you
know the curvature, you can find out the radius. If you know the radius then you can find out

the curvature.
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These normal sections are called a“."r,f"@ \

principal normal sections or principal Y \
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So, these normal sections are principal normal sections, principal radii, and principal

curvatures.
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Parametric representation of a curve
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A 3D curve in rectangular coordinate system( x,, x,, x, } can be represented by
the locus of the point whose position vector is

F1)=x (e 1, (1) 2, 1)y —erld)

Where tis a parameter (for example time) and e, ez, and e5 are unit vectors
along x,x,,andx; aes respectively. S

Now, we are trying to explain the parametric representation of a curve in three-dimensional

coordinate systems; rectangular coordinate system. Let us say, the curve red line curve is

moving and the original system is defined that N %and ™, and it is moving from Q-to-Q’.

So, from the origin the position vector is ¥ +Ar

Then the position vector can be defined as r(1) = x (e + x, ()ex + x5 (Des

In the case of curves basically, I think if you are at undergraduate levels, that n and t normal
and tangent path system that, it changes with the path the curves positions are defined with

the help of normals and tangents. So, at different locations, it varies.



So, the unit vector is associated with changes along the path. That is why it is not constant

these are vectors these changes along the length.
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Tangent unit vector :

Let s be the variable of the arc length along the space curve defined b eq.1J r.sh
Then the derivative of the position vector with respect to s is given by o

dr dx ~ de, ~  dx, - dhl
—=—lo+2o+—2a” (Eq.2) Py

cf._\' ds ds ds

# 3 2 2 2 VW
Sin _{.‘f-"l__] .p-|f-d"';..] }-{d“",] and f)”“’ﬁ”&/—
ds )\ ds ds &-’:.:

b (] =) +(ck, ) + ()
&, Hence dr : ar =] v
e dy =
. : |
The vector [ is known as unit tangent vector and |/ =1_. = #)EH‘ H{}
=M m——— e T ed

4

Their magnitude remains the same, but the direction changes. Then, the concept of the

tangent unit vector.

We are interested to find out the definition of the tangent vector.

Because, we have seen a curve whose position vector is defined in such a way that
F(f) = x,(f)er + x,(f)e: + x,(F)es

dr

you put position vectors and the 45 you find it out, with respect to s it is our curve
dr

parameters. So, we are going to find out 95 | it is nothing but a tangent.

We are going to find it out by

4

dr dr | dx " dx, fdx
—_—— = — + | —— + | ——
ds ds [ s J l ds J [ ds J

4



lds|” ={dx,|” +|dx,|" +|dx,]’

So,

drdr_,

Then, 5 ds

We can say that this is known as the unit tangent vector, and the magnitude is 1.

It is nothing, but in two dimensional you see just for the case of a plate. If this length is a™,

this length is d'Ti, and this let us say ds. So, it will be ' ds| ={dx)| +\dx,| +|dx] . But,

for the case of a curved one, it is not so simple.

So, you have to find out this. It will be again d® and d** and this is ds. So, da™ , d>in three-

dimensional space, it is in two-dimensional case, same we can explain in terms of the 3-

dimensional case. We are interested to find out this for a curved one, what will be the ds. So,
dr

before that, we must know what is that unit vector? It is defined by @ .
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So, I have tried to explain that in the case of a circle that % and © unit vector along the

radial direction, unit vector along @ direction. So, these are the function of theta () and it



= i+

ie, e,
=€, —-=-¢
can change. So, 0 and 9

So, at the undergraduate level, it has been explained nicely for the case of a cylindrical
coordinate system. I would like to say that similarly here for the case of shell surfaces, these

have curvatures. So, we can define the tangent vectors 1 and 2
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Osculating plane :

Just like tangent to a curve can be seen as a vector which passes through two
consecutive points on the curve, consider the limiting pasition of a plane passing
through three consecutive points of a curve as two points approach the third

point, Such a plane is called the osculating plane, ma,l

Principal normal :

Principal normal to a curve at a point P is a veclor _T&AJ‘M
in osculating plane whmh is perpendicular fo the

unit tangent vector ; to the curve at P. Harmal Plane

Rectifying Plane
Binomial

Curvature :

ar,

Now, the concept of osculating planes. For example, that you know we have defined a
tangent plane, then we defined a normal section or a normal plane. So, perpendicular to this
there will be another plane that is known as a bi-normal plane. If there is the direction in a
right-hand thumb rule or like 2 vectors, a and b when you are saying cross product of that, it

gives you direction c. In the perpendicular direction, it moves in that way.

So, the same way here instead of just two vectors here these are planes, one is a tangent plane
and a normal plane, perpendicular to that there will be a bi-normal plane. And, this bi- normal
plane, just opposite (mirror image the plane) will exist, that plane is known as osculating
planes. This plane will touch all these three planes or the bottom mirror plane known as the

kissing plane also.

Principal normal; already we have discussed that A normal corresponding to the maximum

A

r e
radius of curvature is known as principal normal. So, we know that and 11 =1, So, if



we differentiate this with respect to s.
d 1A
— |11 =0
ds' !

First of all, if T explicitly write that first function and the differentiation of second function

and differentiation is denoted by just a dash plus first, the second function as it is and, the

P

differentiation of the first function. So, basically 2t1"'= 0 what does it mean?

- dt

It means ds | (1) is perpendicular to ( 1").

s

So, *' is nothing, but itis d?' by ds. So, tangent, tangent vector, perpendicular vector exists
thatis !' We are going to use this type of basics later on, initially we have to derive the basic

relations. The meaning of ! with respect to the curve. So, if s is a curve length basically

along x direction and s is moving.
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dr drdi - - dr
N —=——z=y:f ,wheretisaparameterand |p=—
Jds dt ds - di
dm o, : ; d;‘ :
SO‘I(I)ZF =5 +I-f £ 4= 1 =
—-— - [
T Ll T
; \ L aF

dr drodt -
sinoe, & 17 & g
B WA - 3

Thus, 1" is linear combination of r and r. So, /" must lie in the plane o[i‘ and 7,

which is the osculating plane.

(Eq. 3)

Since, { ' is perpendicular to { , we can conclude that " is parallel to principal
normal and therefore proportional to it. .tl - L= kn
— -""J i Jp—

Then, whatis ¥ ? ds



- d 3
= — .
which was initially defined, then after that, we have defined, ds | If you know = x(0)

A d;.

f=—

So, ds  but here r is function of t and using the chain rule we can say that

We can say that dr by dt will be time derivative or parameter derivative of r dot t dash. So,

then we are differentiating this with respect to s. So, we will say that,

_hl_-, 1 d_; 1
t=t'=rt'+ —1t

d |' A
g ! s

So, from there dr by ds again find out rit) , finally, we got this equation,

' =rtert)
The reason for deriving this equation is that it will help us to find out the normal curvature or
the definition of curvature. How do you define a curvature in terms of a normal and some

variable?

The differentiation of tangent vector t with respect to s can be represented at second

differentiation and first differentiation ¥ and *. So, it is showing that the meaning of this

- -

equation (3) is / ', a linear combination of * and *.  'must lie in the plane of ¥ and * which

s

is an osculating plane. Here, we can say that !’ is related to a principal normal and curvature,

it can be written as K (kappa) function and normal unit normal.
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So we can write, =K :@@ (Eq. 4)

Where, K is curvature vector, It expresses the rate of change of tangent
vector as a point moves along the curve,

N is unit normal vector in the direction of principal normal to the curve at
the point P. The direction of unit normal vector is towards the cenire of
curvature.

Proportionality constant K is called the curvature and ifs reciprocal is

known as the radius of curvature R, (R =1/K).

Radius of curvature is the radius of osculating circle that passes through
three cansecutive points of the curve.

So, in the next slide, it is clearly explained, !' can be represented as

K is a curvature vector and KN | here V is a unit normal vector. So, the direction of

principal normal to this curve at a point is defined.

K is called curvature and its reciprocal is known as the radius of curvature. So, it is called

curvature. So, !’ can be written as curvature into the unit normal vector. It is a very important

relation; we will use it later on.
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9 " - coordinate lines

Now, define a shell element, which is having curvatures in both directions. And, alpha (%)

and beta ("‘rj ) are curvilinear parameters; these are the sub curvilinear parameters. So, from
any reference, you can choose a point P and the most important part make a grid along the

curves.

b, b

So, let us say from here to here this distance is b to b , +, “and b

=, So, B curvilinear

coordinate takes value from b , b, ,up to b, . Similarly, the curvature lines ¢ we are drawing

these lines so that a grid can be made over there, over the surface. So, these are the ™ lines

o o, o, o
that take value from ', "2, “i,andsoonto .

So, you draw the line parallel to this or like that. So, let us say this will be d B and this will

be d* , change in small “ , change in small B So, at a point, p corresponding to that there
will be two meeting curves. So, corresponding to this curve, there will be one tangent, and

corresponding to this there will be one tangent.

So, it is clear. from a position r that we can define like this, but if we take a small increment,

let us say this point P to it moves to P’, then we are interested to find out this ds. So, the
radius of curvature r,1; basically 1 means ¢ and 2 means B So, here it is written as r,”* and

T, p , sometimes it can be written as r,1 and r ,2. So, from position vector is r and position



vector r plus tr. So, can we define that r or dr.
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Parametric curves of a surface

Every surface () in rectangular coordinate system may be written as a function
of two parameters ¢ and [ asfollows .

5= @.p) x=x@pf) x =:ria_,ji) &

Where ¢ and /7 are curvilinear coordinates of the surface.

£

By fixing, in turn, one parameter and varying the other, we obtain a family of A
curves called parametric curves of the surface. A o

Position vector of any point M (e, /) on the surface () can be given by
following equation: ~~ ° I

.l::.!:(a.ﬁ)F.\'l (@ mlﬂ +X, ((I.ﬁ);: +X, (a.ﬁ):.'_: (Eq.6)

A differential change in the pesition vector 1, as we move from point M on
the surface to another point M on the surface, where both points are
infinitesimally close 1o each other is given by

So, every surface in the rectangular coordinate system may be written in two parameters

and p .

Here it can be written as ™~ "+ %’ Plx =xia.plx =xia.p)

So, we can say that x is equal to % which is a function of @ and P . If you remember,

previously we said that for a single curve x is a function of t. Now, I am saying for a surface

X,

this x is a function of & and P , %2 is also a function of @ and p , "* is also a function of ©

and P So, the position vector of any point at M on this surface can be given by this equation.

r=ria,Bl=x|apB) ;3, +x, e, B ;31 +x,| o, B ;3



So, first, we have defined a position vector for a single curve, now we have defined a position

vector for a surface. Now, a differential change in position r hat, so, let us see it move from

0.1 to 0.2 change in that 97 position vector r plus dr. We are interested to find out what is

dr first?
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r dr| GE\‘H\J +5248). (G + 13248

() =dydr=r, 1, (da) + 2r, I, (da)(dB)+r.y . (dB) €

— e

[f E=r,r, AF=r, 7, ; md G=r, 7, /

Then () =dr-dr=E(da) +2F(da)(dB)+G(df) € 9) o
Equation 9 is I;nuwn as the first fundamental form of the surface () defined by

veclor r(q,f). Itallows us fo determine The nfinitesimal lengins, the angle 8
between the curve, and the area of the surface.

dk

So, @7 can be find out through

—da+—dfi
dr_ da ifi

It is very simple. So, 47 using the chain rule of differential, "(*:#) can be found out by :

ar ar
—da+—idfi
ot af - df

if i
_ i Ax + i Ay
Same way /() can be found out by: ¥ dy
ar ar

= _=F-1

So, dr can be written like this. Where, @ ) and a3



So, it is the new equation
dr=r, da+r,, dfi

This is our ds and this is our dr. So, we say that for the smallest one, it is going to take the
same.

s = |dr|
o,

S which means,

:: ds|’ =dr.dr=r., 1, :: da’ +2r, 1, \da || dB|+r.,.r., | dp I’

=r:|'r: =r:|'r:1)

This quantity is replaced by E ( b ). And, this quantity is replaced by F ( F

>

and this term is replaced by G (G =Py ). So, this equation (9) is known as the first form of
fundamental surfaces, it allows us to determine the small change in the length and angle

between the curves and area of the surfaces, which is the very first equation of the surfaces.

Basically, what does it tells let us say these are the double-curved surface and this is ¢, we

have moved very small, and what is this change in arc ds square?

So. | ds|" =dr.dr=E|da| +2F|da)|df)+G|dp)
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FIRST FUNDAMENTAL FORM
g i v s e y
(ds) =dr-dr=FE(da) + 2F(da)(df)+G(df)

+E, F,and G are called the first fundamental magnitudes. -~
+ Along the parametric curves fhemselves, differential length of arcs take the

form r
di,={Eder alonga curve of constant 3 AS
ds, =G along a curve of constant & s
3 ’ L
* r,andr,, aretangent to curves of mnstanllgm] /F respectively. ds,

+ If parametric curves form an orthogonal net, i.e. r.'q and r are perpendicular @
— _ = =0

to each other, then T —,'-“ -::_: =() : {orthogonal curvilinear system). LA

« Then equation 9 becomes\(ck| = A (der) + A3 (dff) N:l

where \JE =|r. |=A and JG=r,,|=A, .
§di

The quaniities A and A, are also termed the Lame's parameters. Lame —_—

paramelers are qUanies WIch Telate @ change i arc Tength on the surface to .E:t L

the corresponding change in curvilinear coordinate.



Again, if we say that E F G is called the first fundamental magnitudes. So, 4, , that arc length

ds, = \J’Edﬁt

along one direction . So, over this the arc length as and as, .Arc length in one

direction, arc length in the second direction, can be represented by JEda . Arc length in the

ds, =[Gdp

second direction can be represented by and ' are the tangent to the curves

of the constant @ and P so basically for these curves if you make a grid, over that ¢ and B

: o . r, :
If the parametric curves form an orthogonal net then ' is perpendicular to ~, then this 2 F

will be 0, because ° F=r,r,=0 . If you talk about rectangular coordinate system, i.j is 0, i.i

is 1, similarly j.j is 1. So, i.j is 0, it is 0 because when 1 is perpendicular to j. Same way, if
tangent vector 1 is perpendicular to tangent vector 2, then we can say F is 0 and it reduces to
a very simple form 2 dimensional.

For the orthogonal system: * ds| = A (da] + 4,1 dp) .

JE = |r;||= A = |r;J

= 4, .. . y;
*. Because, it is defined in such a way that k square,

Where

% square. These A and * are lame’s parameters. Sometimes, we call it distortion

parameters, why we call it distortion parameters you see that if it is a flat case.
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FIRST FUNDAMENTAL FORM 2\ w
Vi doaE(daY + 3F (dg) Ru| ¥
(ds) =dr-dr=F(de) + 2F(da)(df)+ G(dp) \
\
+E, F.and G are called the first fundamental magnitudes. «~ Pn.
+ Mlong the parametric curves themselves, differential length of arcs take the

form

ds,=\Eda alongacurve of constant /3 AS
ds,=Gdff along a curve of constant @‘
- . =
& and r,, ae tangent to curves of constant :.f:pl.d /F respectively. o{sl

+ If parametric curves form an orthegonal nel, ie. r, and r,, are perpendicular

to each other, then T —,'-“ -::‘_. =() : {orthogonal curvilinear system).

+ Then equation 9 becomesl(d ) = A? (dar)' + A} ()

where [ =|7. |1=A and yG=Ir,,|=A,

The quaniities A, and A, are also termed the Lame's parameters. Lame
paramelers are quaniiiies Which refate a change In arc 1engih on the surface to
the corresponding change in curvilinear coordinate.

Let us say dx and dx, . Now, you are saying dx is slightly modified like that, changing
something. So, we are interested to that this change is changing basically arc length along 5,

arc length along 5 So, this is your ds and this is your dr.

So, this tells you this distortion in this case is 4, . 4 is a distortion parameter or measure of

Fi
Fy

distortion, “* is also a measure of distortion arc length along the second direction. So, we

can find out the arc length of a curved surface. And, 4, and 4, are very important
parameters to define the shell surfaces.

So, the governing equations or the shell theories are developed in terms of i), 4, , and 4,
these are the four parameters or sometimes you may say that K, and K, . So, we need a
radius of curvature, then we need lame parameters. So, lame parameters are found out
through the first fundamental form of surfaces, and if our curvilinear parameters are
orthogonal. So, it may be orthogonal it may not be orthogonal. Generally, for the structural

application, we use that orthogonal curvilinear system, where this F can be 0.

So, with this, I end our second lecture. In the next lecture, I will explain the second

fundamental of surfaces which is related to the curvature.



Thank you.



