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Lecture — 33
Basics of finite difference method

Hello, everyone. So, we have already solved analytical solution for external flows and
for internal flows, for fully developed condition we could get some analytical solution,
but if you have developing internal flows then obviously, it is very difficult to study
because we cannot have the analytical solution, but we can solve the governing equations

numerically.

So, using computational fluid dynamics technique we can solve the Navier—Stokes
equations as well as the energy equation with viscous dissipation or with heat generation
term in the energy equation. So, in this module we will study the solutions of Navier—
Stokes equations and energy equations using numerical technique. There are three
different types of discretization method — finite difference method, finite volume method
and finite element method. In this course we will use finite difference method to

discretize the Navier—Stokes equations and energy equation.

So, in today’s class we will study the basics of finite difference method. So, before
starting the basics of finite difference method let us know the classification of partial
differential equations because ultimately we are going to discretize the partial differential
equations and before using some numerical skills it is very much needed to know the

classification of these PDEs.
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Partial Differential Equations

Knowledge of the mathematical character, properties and solution of the governing
egquations s 1eqmred.l

Classification of PDEs
Physical Classification Mathematical Classification
g e
Equilibrium Marching  Hyperbolic Parabolic Elliptic
Problems Problems PDEs FOEs  POEs
o > o o -

So, knowledge of mathematical character properties and solution of the governing
equations is required. So, you can see we can classify the PDEs as physical classification
and mathematical classification. In physical classification we can have equilibrium
problems and marching problems; and, in mathematical classification we have
hyperbolic partial differential equations, parabolic partial differential equations and

elliptic partial differential equations.

(Refer Slide Time: 02:52)

Equilibrium Problems

* Inwhich a solution of the a given PDE is desired Ina
closed domain subject to a prescribed set of boundary |/f\ \

conditions. [ Domam l
* These are boundary value problems. || 2 |
* BCs must be satisfied on B, 2 N7 Bundury,
* PDES must be satisfied in D, 8
For example:

V¥ = 1), Steady state temperature distributions
V¥ =0 Incompressible inviscid flows

* Mathematically, equilibrium problems are governed by elliptic PDEs.
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So, first let us discuss about the equilibrium problems. Let us say that we have a domain
D and this is the boundary B. So, obviously, whatever partial differential equation you
need to solve you will solve inside this domain and apply the boundary condition at the
boundary. So, these problems are known as boundary value problem like you have

steady state temperature distribution.

So, the equation is heat conduction equation V°T =0or incompressible inviscid
flows V3 =0. So, these you can see that these equations you can solve in the domain

and with proper boundary condition you can apply in the boundary. So, mathematically
equilibrium problems are governed by elliptic partial differential equations.

(Refer Slide Time: 03:43)

Marching Problems

* Initial-boundary value problems,,

* Opendomain and marches in some direction (e.g., time)

+ Subject to initial as well as boundary conditions.

* Translent or transient like problems in which solution in PDE is defined in any open
domain subjected to a set of initial and boundary conditions.

Mathematically these problems are governed by wekiss hyperbelic or parabolic PD::'S

(Marching) Unsteady heat conduction prablem eary

-y -
'-"—::1\_:(.,

oL DE must be BC must be
Boundary Layer Fiow without separation catisfied in ' - satisfied on
{marching in x direction ) doman boundary
5 a =1 — x
A= SR L Initial condition @:=0 il
éx Oy &y’ e | Deastain \

D [\ Boosdury, B

Marching problems: so, marching problems are also known as initial boundary value
problems. In marching problem so, you have domain where you need to solve the partial
differential equations and at the boundary you will apply the boundary conditions, but it

will march in some direction maybe in time or maybe in space.

So, if it is a unsteady problem obviously, it will march in time and at time T = 0 you
need to specify the value of that variable inside the domain. So, you can see here. So, this
is the domain. So, governing equation at each time level will solve in this domain and
also you will apply the boundary condition at boundary B and you can see att = 0, you

will apply the initial condition and you will march in time or in some direction.
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So, differential equation must be satisfied in the domain and boundary condition must be
satisfied on boundary. So, these are tangent or tangent like problems in which the
solutions in PDE is defined in any open domain subjected to a set of initial and boundary
conditions. So, mathematically these problems are governed by hyperbolic or parabolic

partial differential equations.

. . . T
So, you can have the example like unsteady heat conduction equation. So, %—t =aVT.

So, you can see that in this case you will march in time, but if you have a boundary layer
flow without separation then you can have the boundary layer equation. So, this equation
is also parabolic and it you will march in the direction x because at x = 0 you will specify

the free stream velocity infinity and in the x direction you will march.

Now, let us discuss about the mathematical classification. First let us consider a second

order partial differential equation.

(Refer Slide Time: 06:03)

Mathematical Classification

Consider 2 second order differential equation

A, +B¢ +C9, +D§ +LE¢ + l"&:(i'(x.y)..

* If A B.C,D,E,F are either constants or functions of only (z, ), then the PDE is called linear equation,
* If those contain ¢ or its derivative, then the PDE is called as non-lingar eguation,
* If & = 0, the above equation is homogensous otherwise it is non-homageneaas,

8 -44C =0 the equation is parabolic
i -44C <0 the equation is elliptic .
B =440 >0 the equation is hyperbolic

* Laplace/Poisson equations are elliptic equations.  °L , *7 _g-
dx*  ay? Boundary Layer Equation
ai ]! du i
* 1-D unsteady heat conduction eguation is parabolic, ‘:_r = .,‘;_t. o Y b} e
ar x*

dr oy &y’ 32
* Second order wave equation is hyperbolic. — . 27" .,

|.,- f‘Y'

So, consider this equation Ag, + B¢, +Cg, + D¢, + Eg, + F¢=G(x,y). So, you can see

these coefficients A, B, C, D, E, F if these are constants or function of only x, y, then this
partial differential equation is called as linear equation. If these coefficients contain ® or
its derivative, then the partial differential equation is called as non-linear equation and if

G =0, then this equation is homogeneous otherwise it is non-hnomogeneous.
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So, for this equation if you find the discriminant so, if B?-4AC = 0, then
mathematically this equation is known as parabolic equation; B?-4AC < 0, the

equation is known as elliptic equation and B?-4AC > 0, then the equation is

hyperbolic. So, you can have some example.

So, you can have this Laplace equation, heat conduction equation. So, if you find
B> -4AC < 0, then it is elliptic. 1-D unsteady heat conduction equation, this is if you
find you will get B>—4AC = 0. So, it is parabolic; this is equation also is parabolic.
And, second order wave equation is hyperbolic. So, this equation if you find

B?-4AC > 0 and this equation is hyperbolic in nature.

So, the detail of mathematical and physical classification you can study from any CFD
book. Now, let us introduce the finite difference method. So, in finite difference method
we considered the partial differential equation and its derivative we expressed in terms of
its values using Taylor series expansion. First let us consider any function f which is a

function of x.

(Refer Slide Time: 08:29)

Finite Difference Method

* Discrete points in the domain known as grid points. t
* Finite Difference representation of derivatives are derived
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So, you can see this is the function f(x) and x we are plotting in x-direction. If you take
this variation of f with x and at this point let us say this is the discrete point i and this is
i+1 with a distance Ax and in left side if you take another discrete point i - 1. So, this
distance is also Ax. Let us say Ax is uniform. So, everywhere AXx is same.
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So, now if you want to find the derivative at this point , the derivative of f at this point

what you will do? Just you will draw one tangent. So, that is the exact determination of
this derivative. So, this tangent will give you the 2— Now, if you use two points to find
X

it is derivative, let us say we are using one forward point forward point means i + 1, at
point i we want to find the derivative. So, this point and this point we are using as you

are using forward point so, it is a forward difference.

So, if you join this line then you will get a forward difference approximation; if you use
one backward point so, we want to find the % at this point and we are using another

point at i -1 which is your backward point. So, if you join these two points, then you will
get backward approximation and if you use one forward and one backward point and if

you join then, you will get the central approximation to find the derivative.

So, finite difference representation of derivatives are derived from Taylor series
expansion and from this graph you can see that central approximation is more closer to
the exact because you see in backward and forward it is more deviated, but central is

Y " . of
almost parallel to the exact. So, that means, it gives determination of this Z—close to the
X

exact solution.

Now, let us consider the Taylor series and expand it. So, if,

0 A n n
f (x+Ax) = f(x)+;%(zx: . So, if you take one forward point and if you go in

forward direction Ax, then you can write,

So, now if you want to find the first gradient this derivative,

of f(x+Ax)— f (x)_%azf _(Ax)2 o f
ox AX 21 ox> 31 oxd

So, you can see that these derivative we have expressed in terms of the discrete points

using a forward point at i + 1 that is f(x+Ax). So, the approximation using finite
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f (x+Ax)— f ()
AX

difference method of this derivative is

and these higher order terms

you can neglect. So, these terms are known as truncation error.

So, if you see if Ax is very small then A x > (Ax)2 and(Ax)3<<(Ax)2. So, anyway you

can neglect the higher order terms and this is whatever you are actually neglecting that is
your truncation error. So, what is the definition of truncation error? You can see from
this expression the truncation error is the difference between the partial differential
equation and the finite difference approximation.

If you see the order of x in the leading term of truncation error and that is known as order
of accuracy. So, if you can see in this truncation error the leading term is this one and
here the order of x is AX, so its order of accuracy is Ax and it is first order accurate

approximation.

Similarly, now if you use one backward point and if you use f (x—Ax), then you can

write from the Taylor series expansion as,

2 0 3 43
f(x—Ax)= f(x)—Ax@+(AX) ot —(AX) of F e, .
OX 21 ox? 31 o

So, now if we want to approximate this gradient Z—iusing one backward point then you

f(x-M)-F(x) axa*f _(&x)° &°f
AX 200¢ 3

f(x—Ax)-f
difference approximation of this oa is (x=Ax)- f(x) .
OX AX

can write% = +....... S0, you can see the finite

So, you have represented these Z—]; using two discrete points f(x) and f (x—Ax) and this

is your truncation error and in the leading order term the order of A x. So, this is order of

AX. So, order of Ax is 1. So, its order of accuracy is order of Ax.
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First-order Forward Difference Approximation

n
e b A'\] =L W i+l
. 2% 37‘ ka'\) B L "T ." o @ =
R "T\A ¥ 7 S T & 3 HCA
Ax Ar
. - ~ = o
o7 Taj— 5 _ 2 Ll \\" < %I‘). :\*L T
ey QY2 === Zy ' J

1] | Tmim % oL~
S‘A«,;_’ 2 A Ph

Now, let us consider the derivative of t with respect to x and the discrete points are i, j;

i+1, jand i -1, j. So, let us consider these pointsi, j; i+ 1,jand i- 1, j and you have a

uniform grid. So, the step size is Ax and we went to find the derivative Z—T where T is
X

the temperature.

So, you can use the Taylor series expansion. So, you can

2 5 3
write T, ; =T, ; +Ax?;| (2') g-l;|ij+(A:;) o
I ox™~ ! '

. : " oT .
So, if you want to find the derivative a—|ijso, you can rearrange and write,
o

aTl Tai—T,; AxaTl (Ax )83T|
AX 21 ox? 3 oc T

So, you can see your 68_1 so, you can represent using forward point T, ,andT; ;. So,

what will be the order of accuracy? So, if you neglect this truncation error then order of
accuracy is Ax. So, it is a first order accurate discretization and it is known as first order
forward difference approximation because we are using one forward point and order of

accuracy is first order.
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T.. —-T.
And, you can see the distance between T, ; and T, ; is A X; so, L1 So, it is the

I+lj

AX
S L . . oT
finite difference approximation of the first gradlenta—|i i
x'
(Refer Slide Time: 18:06)
First-order Backward Difference Approximation
A =Ly L) i+l
A Ar
T ! =T i ) (c‘l) o8} Ao
B - B e Bl L
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2% 1Yy prii—— -

as

Now, similarly if you consider one backward point i - 1, j then you can find the

derivative of T with respect to x as. So, you use Taylor series expansion,

o oy (@yer

Tiaj =T~ 21 &M 3 o

So, now if you want to represent this first gradient then you can rearrange it and you can

T .-T. .. A A 3
write, gli.z 1 i ( X)5'|2'|I ( X) 8'I3'|I
: AX ol 2 M 3l ol it

. 8T Ti j _Tiflj . . .. .
So, you can wrltea—|ij :T' So, you can see this is the finite difference
X X

approximation of this first gradient using one backward point and order of accuracy is Ax

so, this is known as first order backward difference approximation. Now, use one

backward and one forward points and find the approximation of this first derivative 2—1

0T
and the second derivative pv
X
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Second-order Central Difference Approximation

Tonj = T4 *“?—L*‘,\.,J»*“R’?.’{,l il S I

31 MUAT v | E N A}
Ti-\,a =W - u. “’0 k (!?”,\‘4 L‘;“ 3 ] s 4 o A A
Saubinad e ““"‘“ e '5"'" s

- AR 2.\“7 T
-Tua“t\l] = 2O% T J _’,‘_ hs}\)
}__\ ALY j"-r\ 9 ey 3'\’ <
LY = — 3
)| — Ty o g
Toa L =T, a2
%l‘;‘ - "\_AJ___;__J + oft Y.
“a.m*w*«ﬂ"f"'* 2 @) a*r),* .

""a-«"'x',; 22T 4 1“2‘ "\a* T ™y
‘h Tia, =2 g * Ty a.LA‘*) L,)
M = ‘”"L_T‘;df"——l
3| . T -aTjaT ou“)J

by T Cany-

So, using Taylor series expansion you can write
oT |

AX)" &2 AX)’ Ax)" o*
Ti+1j:Tij+AX_ij+( ) 8I|ij+( ) 83'2|”+( ) 61;|ij+ ..... and other term
’ ’ oX 2! ox° v 3 ox® " 41 ox*

N . So, we are

2 3 4
AX)" o? AX)" &° AX)" o*
and T, =T, x| V0T (A oy () oy
A ox o2t a3t x4 ot
writing the Taylor series expansion. So, you can have the higher order terms. So, what
you do? So, you first subtract the second one from the first equation. So, we want to find

theg—l. So, if you subtract the second equation from the first.

So, if you subtract what you will get? You can see you will get,

AX
T'lj_T'—lj: ﬂl'i‘ ( ) asTl
1+1, -1, ax (] 3! a 3 Ij

. . L . ... 0T L
So, now if you write the approximation of first derivative e So, you can see it will
X

6T| _Ti+l,j _Ti—l,j (AX) 3T|

be —I; , = - So, ou can
ox ! 2AX 3 ox ' Y
T i — T
writea—T|i = M+O[(Ax)2} . So, it is a second order accurate.
ox 2AX
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So, it is second order central difference approximation because we are using one forward
and one backward point and we are finding the derivative at i, j and you can see these
T T

BT of (e’

. i T
two points are separated by a distance 2 Ax. So, a—|i i =
ox 2AX

Now, you add these two equations so, and find the second derivative of T. So, if you add.

. . . (M) 02T (ax)" 6T
So, if you add it you will get T, , . +T,_, , =2T,  +2 TR | +2 TR .,

So, now you can see you can represent this second derivative using three points,

4
82T N :Ti+1,j _2Ti,j +Ti—l,j _2(AX) 84T o
ox> ! (Ax)* 41 ox* M
So, you see the finite difference approximation of the second derivative about point i, j as
azT o Ti+1,j _2Ti,j +Ti—1,j
oxz ™! (Ax)2

+O[(Ax)2] It is second order. So, generally whatever

equations we will consider we will have first derivative and second derivative. You can
see that in Navier—Stokes equations, as well as in the energy equations you will get the
first derivative of temperature and the second derivative of this temperature.

2

. T . )
So, we have  derived (2—2 so  similar way  you can  write
X

azT _Ti,j+1_2Ti,j +Ti,j—l

T ()

derivative.

+O[(Ay)2} because in the y-direction you are taking the
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Steady Heat Conduction Equation

ufemgd  AM#H
AX
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Now, we have learned how to use the Taylor series expansion to find the first derivative
and second derivative. Now, let us consider steady state heat conduction equation and
discretize using finite difference method. So, you can see we have this equation 2-
dimensional steady state heat conduction equation these are the discrete points. So, this is

known as grid.

So, we will discretize this equation about this point i, j. So, we have i +1, j; i -1, j these
aretheindexand i, j + 1 and i, j -1 we have a uniform grid Ax in the x-direction and in y-
direction Ay. So, Ax may not be same as Ay and grid aspect ratio we are defining

AX
=y

So, if you use the second order central difference approximation then you can write

2 2 T,.—-2T +T.,. T ..,-2T +T

ngg:o and —-%J Wl e W W2 -0, If you rearrange it you
ox" oy (AX) (Ay)
canwrite, T, ;= 2T, + T+ B° (T, ., — 2T, +T, 4)=0.

So, these equation is your discretized equation. So, this is your algebraic equation. So,
that we have discretized about this point i, j. So, this is the equation we have written for

this i, j. So, you can write similar equation for each point. So, you will get a system of
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algebraic equations. So, once you get the system of algebraic equation at each point, then

you will you need to solve using some iterative method.

(Refer Slide Time: 28:48)

Two-dimensional Unsteady Heat Conduction Equation
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Now, let us consider two-dimensional unsteady heat conduction equation. So, this is the
unsteady heat conduction equation with your heat generation term and we will use
explicit approach; that means, there will be one unknown. So, we will use forward time

discretization.

So, now, we need to march in the direction of time. So, we will march in time from n to
n+ 1. So, n is your previous time and this is your current time or present time. So, we are

just marching in time from nto n +1.

So, these  derivative now we are using forward  time. So,

n+l n n n n n n n m
Ti,j _Ti,j _ Ti—l,j _2Ti,j +Ti+l,j Ti,j+1_2Ti,j +Ti,j—1 +q__
At (Ax)* (Ay)’ pe

So, now you can write you can see here you have one unknown term n + 1 and all are at

time level n. So, you are you can express,

T" +T" +'I'i'”j71

i-1,] i+1, ]

alAt (

aAt N
(%) "

(Ay)z i,j+1

n+l _
T =

2aAt  2aAt |, q"At
) - 2 2 TI it )
(a0 () ) e
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So, this is your equation and it is you see you have only one unknown and all are known
from the previous time level and this is known as explicit approach, but limitation of
using the time is you will get from the stability criteria and here AT you have to choose

from this stability requirement. So, At < [ ! :
1 1 }

“Lx " (ayy

So, obviously, you can see if you refine the grid then Ax Ay will be smaller and
accordingly, you have to decrease the time step AT and when you are going from n to

n+1 so, this is the time step AT.

(Refer Slide Time: 31:14)

Two-dimensional Unsteady Heat Conduction Equation
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Now, we will use backward time and in that you will get more than one unknown and
you will get a system of linear algebraic equations and this method is known as implicit
method. So, the same equation we are considering two-dimensional unsteady heat

conduction equation.

Now, if you discretize using first order this IS your

i-1, j i+1, j i j+1
At o v

-I-I’n;rl_-l-l'n] _a{TnJrl _2-I-I’nj+l+-|- n+1 -I-n+1 _2T|?1+1+-|-IT]J+_11 +q_",
(Ax) (ay)
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So, if you rearrange it so, you will get in the left hand side we have written all unknown

terms you see n + 1 and in right hand side T,"is known and the source term is also

known from the known heat generation per unit volume term.

So, this you can see this you if you write the system of equations you will get a printer
diagonal matrix. So, that you need to solve using some method and the advantage of this
implicit method is that it is unconditionally stable. If you do the 1-dimension stability

analysis you will get it is unconditionally stable.

So, what is the order of accuracy of this discretization? So, the order of accuracy for this

explicit method and implicit method is order of AT because it is first order accurate in

time and second order accurate in space, (Ax)2 and(Ay)z. Because you can see this is
order of(Ax)2 , this is the order of (Ay)2 and this is the order of AT. So, this is the order

of accuracy of this method.

Using the finite difference discretization method we have converted the partial
differential equation to system of algebraic equations. So, that, you need to solve at each
discrete point.

(Refer Slide Time: 33:24)

Iterative Methods

# Drawback of direct methods is that it takes more time,

# Sa the use of terative methods are now becoming very famous in the CFD community.

# Iterative muthods are also known as point-by-point method.

# Iterative methods are said to be converged if the error ¢ < Convergence criterion {10%)

So, there are many iterative methods are there. So, one is direct methods are very time
consuming. So, direct methods like Cramer’s rule, Gauss elimination or LU
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decomposition. So, generally these are not used in CFD. In iterative methods you have
Jacobi method, Gauss-Seidel method and successive over election method. So, these are

mostly point by point method.

And, also nowadays you can use some advance iterative method like conjugate gradient
or by conjugate gradient method, and using these iterative methods you need to solve
those algebraic equations. So, you can see iterative methods are said to be converged if

the error epsilon is less than the convergence criteria.

So, you have to set the convergence criteria let us say 10 or 10 and this ¢ you need to

calculate from the value of the discrete points. So, at each point if you have,

Il
<

1
-1

(Ti,kjﬂ_Ti,kj )2

£E= . Then, you find the ¢ if it decreases with time and when it will
(M —-2)(N-2)

—_
Il
=

N

N

go below the given convergence criteria let us say 10, then your iteration will stop.

Now, we will discuss about the variable storage, say when you are solving Navier—
Stokes equations and the energy equation how many variables you have? You have
velocity u, v, w in 3-dimensions and temperature and you have pressure p because

pressure is appearing in momentum equations.

So, obviously, you have total five unknowns; three velocities, pressure and temperature.
So, where will you store or where will you solve these variables? So, depending on the
storage variable storage we can have staggered grid and collocated grid.
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Staggered grid: Strong coupling between pressure and velocities

So, first let us discuss about the collocated grid or non-staggered grid. So, you can see
you can divide the domain into discrete points. So, that is known as grid and these are the
grid points and in each grid point if you solve all the variables in two-dimension you

solve u, v, pressure, temperature or any other species like mass fraction.

So, if you solve at same grid point then this is known as collocated grid. So, all the
variables you are solving at the same point. But, it is having some disadvantage. So, that
is known as pressure velocity decoupling. So, when you are solving the Navier—Stokes
equation and energy equation, you will get pressure velocity decoupling; that means,

pressure and velocity will not talk each other.

So, if you see here the let us say this is the pressure distribution. So, you have discrete
points and at discrete points you have the pressure distribution 100, 200, 100 and 200.
So, for some physical situation it may arise that your pressure is varying like this. Now,

at this point if you want to find the pressure gradient using collocated grid for the

Navier—Stoke equation, then you will findg—z :

So, Z—s is the if you central difference you can see%. So, it will become 0. So,

you can see pressure gradient is 0, but pressure gradient is the driving force for the
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velocity, but here pressure gradient is becoming 0. So, that is known as pressure velocity

decoupling.

So, you can see for a checkerboard kind of pressure distribution or velocity distribution
in collocated grid velocity fields with checkerboard pattern would be seen by discrete
continuity equation as uniform flow field and pressure fields with checkerboard pattern
would be seen by momentum equation as uniform field because it seems like a uniform
field so that you do not have the pressure gradient. But, you have pressure gradient, but it

IS varying.
So, similarly continuity equation you see if we apply Z—I)J( here it will become 0. So, it

will field that it is a you have a uniform flow field, but you have a velocity variation. So,
that is the disadvantage of collocated grid, but you have some way to overcome this
problem and you can use momentum interpolation like Eddie and Joe proposed the
moment of interpolation. So, that, you can use to overcome these velocity pressure

decoupling problem.

Another grid is staggered grid. So, in the staggered grid the velocities are solved in
staggered grid point ok. So, you can see here. So, this is the grid. So, if you see this is the
grid point. In staggered grid, pressure and temperature or any other scalar like mass
fraction these are solved at this main grid point, but velocities are solved in a staggered

point. So, here velocity u is solved and here velocity v is solved.

So, this is the velocity u and this is the velocity v and at these point pressure is solved
and any other scalar like temperature are solved. So, you can see velocities are solved in
staggered way that is why it is not it is known as staggered grid and these pressure
velocity decoupling is avoided using these staggered grid. And, that is why in staggered

grid you will get strong coupling between pressure and velocities.
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(Refer Slide Time: 40:05)

Staggered Grid

T4 T o= 4
] ) N

b

*
)
*
' '
=
'
*

N

So, you can see in the staggered grid you have pressure at these black dot velocity u in
this red dot and v velocity you will have in these blue dots. But, here you can see you
have some problem in book keeping. So, for pressure you can see you have interior
points 1, 2, 3, 4 and if you consider the boundary points then here you have one

boundary point, here another boundary points. So, you have five.

But, when you are considering u so, in x-direction how many points are there including
the boundary points? 1, 2, 3, 4, 5 and in y direction you if you consider the boundary
points so, 1, 2, 3, 4, 5, 6. If you consider v in x-direction if you consider the boundary
point 1, 2, 3, 4, 5, 6, but in y-direction 1, 2, 3, 4, 5 and for pressure in x-direction 1, 2, 3,
4,5, 6 and in y-direction 1, 2, 3, 4, 5, 6including the boundary points.

So, you can see you have total number of points for solving the velocities u v are
different in x and y direction and it is also different than the p. So, this book keeping is
the difficult in staggered grid, but you need to be careful while solving these velocities

and pressure and accordingly, you need to show for the interior grid points.

So, that you need to be very careful while solving the equations using staggered grid.
But, the main advantage of staggered grid that you can avoid this pressure velocity

decoupling and obviously, you will get a strong coupling between pressure and velocity.
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So, in today’s class we have introduced the partial differential equation and we have
discussed about different classification of partial differential equation; physical
classification and mathematical classification. In mathematical classification, we have
elliptic equations, parabolic equations and hyperbolic equations and in physical

classification you have equilibrium problems and marching problems.

So, in equilibrium problems are mostly governed by elliptic equations and marching
problems are generally governed by parabolic and the hyperbolic equations. Then we
have introduced the finite difference approximation using the Taylor series expansion we
have used a forward point and backward point and we have written the expression for the
first derivative and also using central difference we have written the approximation of

the first derivative and second derivative.

So, you can see the forward difference approximation and backward difference

approximation the order of accuracy is 1. So, that is the order of Ax, but when you use
central difference method then order of accuracy is 2 because order of(Ax)z. Then, we

discretize the partial differential equation of steady state heat conduction equation and

unsteady heat conduction equation.

So, after discretizing you have seen that you will get system of algebraic equations and
you need to use suitable iterative method to solve the system of algebraic equations,
because at each grid point if you write that equation then you will get a system of

algebraic equations.

And, for explicit method you will have only one unknown, but A T has the restriction
due to the stability criteria, but in most of the time in unsteadies two-dimensional heat
conduction equation, we have seen that this implicit method is unconditionally stable.

Then we have discussed about the variable storage, depending on that we have classified
the grid as staggered grid and collocated grid. In collocated grid all the variables are
stored at the same point, but it is having the problem of velocity and pressure decoupling.
To avoid that problem you can use staggered grid where pressure and any scalar like
temperature and species is stored at the main grid point and velocities u, v are stored in a
staggered manner. So, in the staggered grid you will get a strong coupling between

pressure and velocity.
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Thank you.
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