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Lecture — 23
Hydrodynamically developed and thermally developing flow through circular pipe
with uniform wall temperature

Hello, everyone. Today, we will consider Hydrodynamically developed and thermally
developing fluid flow through circular pipe with uniform wall temperature. So, this is

also known as Graetz problem.
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So, you can see that we are considering hydrodynamically developed and thermally
developing; that means, you can see that your thermal boundary layer is growing. This is
the thermal boundary layer thickness 6+ and in developing region we need to find what is

the temperature distribution.

You can see that your temperature at inlet is T; and up to x = 0 from the inlet it is
adiabatic. So, the wall temperature and free temperature will remain at temperature T;,
but from x = 0 uniform wall temperature is applied at the wall. So, you can see at the

wall T, is applied. So, there will be formation of thermal boundary layer. In this region
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we are considering fully developed hydrodynamically developed flow; however, you

have thermally developing temperature profile.

So, here you can see the radius of the tube is ro and r is measured from the central line.
So, these are the assumptions already we have discussed only one important assumptions
we are taking that it is uniform wall temperature condition and you are neglecting axial

heat conduction.

So, with that boundary conditions, you can see that your temperature the energy equation

will be UZ—T = gai(r 2—1-) because we have neglected the axial heat conduction and as it
X ror r

is hydrodynamically developed flow so, v is 0.

So, your one convection term related to v% =0and fully developed velocity profile is

this one which is parabolic and boundary conditions you can see that x = 0, you have

temperature T = T; at r = 0. So, it is axisymmetric flow. So, 88_T:0 and at r = 0 we have
r

imposed uniform wall temperature, so, T will be T,,.

In this figure you can see along the axial direction if you go, so there will be change in
the temperature profile. The temperature variation will occur only inside the thermal
boundary layer and in the core region temperature will remain at temperature T;.
However, when x —oo; that means, thermally developed flow, then your axial or central

line temperature will vary with x.

Now, today we will find the temperature distribution which is valid in both developing

region, as well as developed region as well as we will find the Nusselt number.
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Again let us discuss about the Sturm Liouville equation in last class we have already

discussed in details. So, this is the second order ordinary differential equation
d dg, ) B ’- . .

i p(x)d— +[q(x)+/1nw(x)}¢n—0, where A7is the eigen values and ¢,is the
X X

solution of this ordinary differential equation and these are the eigen functions associated

with each A, and w(x) is the weighting function.

So, it is very important in this particular case when will apply the orthogonality condition
it is required. In this analysis also we will use method of separation of variables. So,
when can we use the separation of variables method? When the governing equation is
linear and homogenous, and in one direction you have two homogenous boundary
conditions. And, in homogenous direction it should give the characteristic value problem

or harmonic solution in homogenous direction.

So, we can see what is homogenous direction? If the value of that variable is 0 or the

gradient of that variable is O or combination of this two is 0. So, you can see

dg,

homogenous boundary condition ¢, =0 or ™ =0 or combination of this two where B is

the constant is 0. So, in this form if you get the boundary condition then these are the

homogenous boundary conditions.
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So, we can use separation of variables method if in the homogenous direction if you get
characteristic value problem. Now, you see the boundary condition in today’s problem
we have seen that in r direction it is we can make as homogenous using convenient non-

dimensional quantity.

So, one important property of this Sturm Liouville problem is orthogonality. So, we can

see the two function ¢, and ¢, are orthogonal in the range a, b with respect to weighting

b
function w(x) if I¢n(x)¢m(x)w(x)dx=0for n #m. And today, we will use another

b
important property where n = m you will get I @ (X)W(x)dx = ¢ 4y
2 o4, dx )

a

(Refer Slide Time: 06:33)

Hydrodynamically developed and thermally developing flow
through circular pipe with uniform wall temperature

tepult = & &) ~
un-w panasnatink T'
nl‘_}_ L pedkial cosnskimnte
ﬂ.hn —animh .
3= Res Pn
u(q) - ",“_\ﬂ nL(“"l\'>

__‘. . T Tu 4 0e-Ta) @
o) I o

\ 2 sl T‘T" _3_
Pep e 2(0-7f") (T-T0) m-"x%% ST 1(

A2 (m2e
L3 = FR R <
on ) - xm Rm
5 Rﬁ-"x

'?-. N e S '/'l‘,.\‘
wf o ()
T

» s
s
~

Vethel 5] Sap

l,xJ:E

g_‘.mgﬁ.\ > x.é'-l ("'Idk)

So, first let us define some suitable non dimensional quantity, so that we get in r

direction both boundary conditions as homogenous. So, if you see we have written our

energy equation as pC uﬁzﬁg(rﬁjnow we are introducing the non-

OX ror\ or

dimensional parameters non-dimensional parameters.
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So, 77_— So, this is the radial coordinate non-dimensional radial coordinate and we

o
X
o

will introduce ¢ =
Re, Pr

. So, this is your axial coordinate. So, we can write the velocity

Uy )_u(r) 2(1-n*)and  we  are  defining  the  non-dimensional

m

temperature 6(&,77) = _-:: _I_W .

w

Now, you can see using these non-dimensional parameters in r direction at r = rp and

T=T,, S0, 0 will become Oandatr=0, d—gwill become 0. So, you will get homogenous
n

direction in r direction or n direction. So, if you put all these in these energy equation

what you are going to

T =T
get?pCpumZ(l—nz)(T -T )#66 K (-T.) 0 (00 . This we have
r,Re,Proé rnp 1, On

carried out in last class as well . So, just after rearrangement you can write

as(1-7° )% 1o 849 . So, you carry out this algebra. So, you put the values of
o¢ non\"on

Rep and Pr and you cancel out some parameters, then you will get finally, this equation.

Now, you see this equation is homogenous as well as linear and in r direction, you have
two homogenous boundary condition. So, we will be able to use method of separations
of variable now we will use separation of variables method where we will find the
solution of this equation as theta which is product of two solution x and r, where X is

function of & only and R is function of n) only.

So, we can write 6 method of separation of variable . So, 8(&,77)= X (£)R(7), so, now,

00 dX 00 drR o 06 d dR
you can see — =R——you can writt —=X— and—|n— |= X —|n—|. So,
o0& d& on dn on\ " on dnl " dpy

all these you put in these equation and write.
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Finally, after rearrangement you can write ——=-——-——
X d¢  (1-7°)nR dp

see left hand side is function of & only and right hand side function of n only. So, this

dx 1 d ( dR]
n— |. So, you can
dz

will be equal to some constant and the sign of that constant you have to chose such a way
that in r direction which is your homogenous direction you will get characteristic value

problem; that means, it is solution will give you harmonic solution.

And, if you can constitute this equation such a way, that in r direction you will get the

equation similar to Sturm Liouville equation. So, you will get solution as characteristic

value problem. So, we will chose here is equal to —A? because what different values of

lambda you will get different solution X and R here A’ is your eigen values.

So, you can see you can write d;((“ =-22d&. So, the solution you can see this will be

n
exponential right, some constant intoe ™. And, the other equation you will

d( dr
et-L| 0 |4 22p(1-52)R =0,
g dn[ndn] n(1-7°)R,

Now, you compare this equation with the Sturm Liouville equation. So, you can see p =n

, g = 0 and weighting function isn(l—nz). So, now, and also in n direction you have two
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boundary conditions as homogenous. So, boundary conditions if you write so, at n=0
9 o,
on

So, if 2—0:0, so, obviously, S—R:O and at n=1, 6=0; that means, R, should be 0 at n=1
n n

and at &=0, 6=1 . So, now, you can write the solution right, but you can see that for

different values of A, you will get a different solution X, and R, and as the governing

equation is linear, you can super impose all the solutions right.
So, you can sum all the solution for different A, and it is possible as it is linear equation.

So, we will write the final solution 6 as the complete solution8(¢&,7) = ZCn Rne‘iﬂzg :
n=0

So, now, we need to find what is the value of this constant C,. So, we will apply the
boundary conditions and R,. What is R,? R, is the solution of this second order
differential equation and you need to use some numerical technique to find the

eigenfunctions of this second order differential equation and you can find the solution R,

So, this equation you need to use some numerical technique to find the eigen functions
R, and once R, is known then you can write the complete solution asC, Rne“"z‘f. So, this

is very important because these equation you need to solve and it is eigenfunction are R,

and in the complete solution this is coming as R.,.

Now, let us apply the boundary condition at &=0 , 6=1 . So, if you put it here you will
get1:ZCan . S0, what we will do now? So, we will use the orthogonality condition to
n=0

find this constant C,,.

So, we will multiply both side with R, into the weighting function; in this case it

1 1

isjry(l—nz)Rmdn = jicnn(l—nz) R,R.d7.

0 o n=0

So, now, you use the orthogonality condition. In the right hand side you can see the

summation n =0 to o. So, in this particular case you can see if you apply the
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orthogonality condition for this Sturm Liouville equation, then all the terms will become

0 except n =m . So, for n = to m the integral all will be 0.

(Refer Slide Time: 19:13)
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So, if you keep only n = m, then using orthogonality condition so, you can

erte'[nl 77)Rd77 IZCnnl 77)R dn.

0 n=0

n(1-n")R,dn

So, now, you can write from here what is the value of constant.C, = .
n(1-n*)Ridn

O ey - O e

So, now we will use the second order differential equation of R, and we will integrate it
then we will find. So, first let us integrate the second order ODE of R,. So, you can see

R, j = —ann(l—nz) R.,.

dn

. d (
our equatlon IS—
dn

1 1
So, now, if you integrate it, so, you will getfd(n ?;"j:—j,l,fn(l_nz)Rndn. So, you
0 0

1
can see this integral then you can Writejﬂfn(l—nz)Rndn = —{ dr, } J{n dr, } :
0 d77 n=1 dﬂ n=0
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last term will become

So, now, we apply the boundary condition at n=

R, |

W 1 90,

1
0. So, this i _,- S0, you will get onlyjﬂjn(l—nz)RHdn:—
0

you can see in this constant C,, so, in the numerator you can replace. So, now, this

ldR

AZyou can take it outside. So, you can wrlte'[n 1 n )R dn=- 1 90, these
value this integral value you can put it in the numerator because this is the integral.

(Refer Slide Time: 23:15)
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So,C, = . Now, apply the other important properties of orthogonality at

n(1-n°)R2dn

O ey

n =m . So, already we have written for the Sturm Liouville equation. So, if you write it

1
for n =m . So, you can write_[ R2n(1-7*)dn :i(aR“ dR”]
J 22,\ 0, dn )

411



So, if you put in the denominator . So, this you see this is the left hand side this integral.

1 dR,
A2 dp "

1 R, dR,
1R

2, 04 " dp

2

So, you can write the constantC_ = . So, this and this we will get

2 1
l. ill get——
cancel. So, you will get X 8R|

oA "

So, your temperature distribution, so, you can write C, you know. So,

o Reﬂ»nst
)= —r— 6R|

nOi

n=1

So, if you can find the eigen function of R, and its derivative with respect to the

eigenvalues if you can get at n=1, then you will be able to find this temperature profile 6.
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So, you can see the first three eigen functions Ry, R; and R, how it varies; first three
eigen functions with n. So, the boundary condition you know . So, atn=1 R =0. So, you
can see that here you are getting at n=1 and R = 0 and this is the R variation, this is the
R; variation and this is the R, variation . So, these are the eigen functions; first three
eigen functions Ry, R; and R».
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Now, we are interested to find the Nusselt number. So, to find the Nusselt number we
have to find the difference we need to find the temperature difference between mean
temperature and the wall temperature. So, for that first we need to find what is the mean

temperature. So, you can see that Dbulk mean temperature mean

1

IU Ondn
temperature , =< :
[undn
0

So, now if you write the denominator you integrate first . So, it will be

1 1 2 at
[2(1-7*)ndn=2](n—5*)dnand it will be just{%—%} . So, if you put the limits
0 0 0

. 1
you will get —

2
. . . . h = Re¢
And, the numerator if you find the integration; so, _([2( ) 22 dR N ndn k.
"di,
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So, if you see if you find this integral, so, these you can see it is not function of n. So,

whatever is function of n that you put inside the integral. So, you can

efﬂ'nzg 1
write 4ZTIU(1—UZ)Rndn.
n=| Ol n 0
"da, "

So, you can see that this integral already we have found right. So, this you can write as

e he 1 dRr,

42 dR { ?dTln_l}'

n= Oﬂ L]_l n n
"dA,

© —%5 d
77 .
So, now if you see, so, you can rearrange it as 42 R, .So, now, you can find
oA "
the O, .
So, what we will do? We will now define another constant,
dRr, |
_dp "™ _ C, dR . B 2
G, = 5R| = | . So, you can see the C,. Thisis the, C, =— Tl
"oa, " oA
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% ~AE
. . : e
So, you will get the final expression for mean temperature 6, =8§ G, - So, now, to
n=0 n

calculate the Nusselt number we need the temperature gradient at n= 1; that means, at the

wall. So, we need the temperature gradient at n=1.

© - 23
So, we know theta which is@ = —ZZRgeT
n=0 ﬂ'n aln L]:l
2. dR
¢ n
s e
So, now-nqﬂ:_nz:(‘; . @| |
oA

So, this if you write in terms of G, then you can write —ZZGne‘ﬁﬂzg . We are now in a
n=0

position to find the Nusselt number. So, first you find what is the surface heat flux. So,
surface heat flux g, = Ki—IL_rO. So, what we are telling that q we are taking in the

negative direction of r. So, it will become positive.

So, you can see that Qzl_TW and @, :@. So, this you can see that it will
. K 00 : : : :
beq, =—(T, _TW)a_L]:l' And, in terms of mean temperature now if you write, so, it
o n
. T,-T
will be g, =5M%| .
, 6, on’
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So, now you find the local Nusselt number. So, Nusselt number will be

justNu, = O ﬂ So, you can see—£%| -
T,-T, K 6, 0on"

So, now, g—gln_lalready we have found. So, if you put it. So, you will get,

{—2iene-ﬂf¢}
2 %

8 & ekt
ZG” an

n=0

So, this you can see that Z—Galready we have found. So, if you put the &, expression and
n

69 iGne_ﬁé
= then you will get this expression. Finally, you will get this as —=°

n Zz%e—m
n=0 ﬂ’n

So, now, let us find the average Nusselt number. So, we will use the energy balance

whatever we have derived earlier.
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So, average Nusselt number if you calculate . So, you can write Nu, =

will be and from the energy balance we know T, (x) =T, +(T,; —T,)e

= mC, [T -T, mC
So, from here you can findh(x)=- 5 P In " . So, it will be— 5 “Ing, . So,
X T, X

mi
X
rO

Re, Pr

now, m=pu_zr? and P =2zr,and & =

So, if you rearrange it so, and put it here this Nusselt number you are going to get

mC
Nu, = — 5 £ 2r,In g, after rearrangement you will get as—%ln 6, (&). So, this is the
X
average Nusselt number.

So, now, you can see so, to find this local Nusselt number average Nusselt number and
the temperature distribution you need to find the eigenvalues, eigen function and those
constants C, and G,. Once you find those numerically, then you will be able to find the

temperature distribution and the Nusselt numbers.
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So, you can see for first five eigenvalues and constants from n = 0 to 4 we have written.
So, this is the value of A, this is the constant C,, and Gn; G, already we have written in
terms of C,. So, if C, is known then G, you will be able to evaluate. And, if you see the
local and average Nusselt number so, as x varies. So, for different £ 0 to «, | have

written few terms.

Nusselt number, so, at &=0 it will be almost « and average Nusselt number will be
almost o it will be very high value and as it x —oo, then it will be fully developed
profile. And, if it is a hydrodynamically and thermally fully developed flow you should

get the Nusselt number as 3.66 and that will be same as average Nusselt number 3.66.

So, you can see so, whatever expression we have derived for the temperature profile and
the Nusselt number it is valid for developing region as well as developed region. So, you
can see that if we put at E&—oo then we are getting back the Nusselt number which is

constant and we have found earlier so, that is 3.66. So, you can see from this table.
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So, now, you see the limiting case. Limiting case at &—o. So, Nu =

E—oo considering the first value only for n = 0 neglecting the other terms with n >0,

because all those terms are very small because exponentially decaying.

You can see that it will exponentially decaying, so, for n > 0 this will give very small

2
value. So, you can see that Nu = %and A2 from this table if you see this is 2.7043. So, it
2.7043)°
will be% ; so, it will be 3.66 .

And, another empirical relations given by Hausen empirical relation proposed by

72
Hausen. So, this is, Nu = 3.66+%8622 , Where Gz = L2
1+0.04Gz” Re, Pr

So, you can see the Nusselt number approaches constant value of 3.66 when the tube is

sufficiently long because this term will become 0.
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So, we can see the temperature profile. So, Nusselt number is plotted with

z

local Nusselt number. So, we can see local Nunt is very high value and it is
exponentially decaying and it is becoming constant and it is you see it is almost 3.66 and

it is for uniform wall heat flux boundary condition. So, local Nusselt number and the

average Nusselt number.
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Finally, we got this temperature profile where C, is given by this expression and the

G

local Nusselt number we have derived like this, where G, = 173 ] and also we
nJ,a

have derived the average Nusselt number. So, this is the expression where

T, ()T,
6, :L with this expression.

I w

So, today we considered hydrodynamically developed and thermally developing fluid
flow through circular tube with uniform wall temperature. So, we used separation of
variables method with suitable non-dimensional parameters; we defined the9=_-::_TW :

i w

So, from there we found the eigen functions R, from the second order differential

equation and along x it varies exponentially.

So, with these two solutions product of these two solutions we found the temperature
profile 6. Once we know the 6 then we can find the Nusselt number and Nusselt number
we have defined based on the temperature difference at wall and the mean temperature.
And, Nusselt number based on diameter first we have found local Nusselt number, then

we have found the average Nusselt number.

And, this is the general expression for Nusselt number when we put x —oo then
obviously, it becomes hydrodynamically and thermally fully developed flow. So, we
should get back the constant Nusselt number and we derived earlier it as 3.66. And,
today we have shown that if you put x —oo you are getting back the Nusselt number as
3.66.

Thank you.
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