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Coming to the next topic which is, Permutation or the Alternative Symbol
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|6. Permutation or Alternator Symbol

+  Also known as Levi-Civita symbol

+ In three dimension it is defined as
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So, this is also called the Levi- Civita symbol ok. And in three dimensions it is defined as
following expression which is given over here. It is represented by the symbol epsilon and it

has three subscript; i j and k ok. In some of the literature you can find that instead of epsilon



they also use e ok. So, it is not a standard symbol epsilon, but for this course we will stick to

this symbol.

So, this permutation or the alternator symbol has 3 values ok. It is plus 1 if i j k is in this order
1230r231o0r312ok.Ithas a value of minus 1 ifij k are in this particular order 32 1 1 3
2 or 2 1 3. For all other values of 1 j k if i is equal to j or j is equal to k or if k is equal to i. If

any of the index is same as the other index, then the value of this permutation symbol is 0 ok.

If i j k form an even permutation of 1 2 3 which is shown here in this particular picture ok.
So, you can see we have written 1 2 3 in a particular order. And ifij k is 1 2 or 3 they follow
this order or their 2 3 1 or 3 1 2, in that case epsilon 1 j k will take the value of plus 1; so this is
called the even permutation. In the odd permutation this order gets reversed ok. So, you can

see here initially it was anticlockwise direction, now the direction has become clockwise.

So, if 1 j k take the values 1 3132 0or3 2 1 or 2 1 3 in that case the value of the permutation
symbol will be equal to minus 1 ok. Another important property that you can yourself figure it
out is that if you have epsilon ij k and if you reverse any 2 indices ok. Say for example, here if
1 interchange 1 with j in that case ok, so you have i ok, so you have j you have k ok. So, you

have this particular order ok. So, the value is plus 1 ok.

Now, if you are interchange so if you are interchange i and j ok. So, what will happen? You
will have j i and k ok. So, what has happened to the order? It has reverse so now, you have
minus 1 ok. So, this was epsilon i j k and this is epsilon j i k ok. So, the value of epsilon ij k is
minus 1, epsilon value 1j k is plus 1. So, this will be equal to minus 1 times epsilon j 1 k and

that is what you have it here ok.

And if you reverse one more time if you are interchange i and k here ok. So, then one more
minus sign will come and these 2 minus signs will become plus. So, epsilon i j k is same as
epsilon j k 1 ok. So, this property is very useful when you are deriving expressions ok and

when you are going through your equations in indicial notation. So, this comes very handy.
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|6. Permutation or Alternator Symbol

* An application of permutation symbol is when one needs to represent the cross product of two
vectors in indicial notation

Example 1: Suppose you have been given the vectors a and b. We wish to write cross product of these
vectors in indicial notation. Then
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So, one of the application of permutation symbol is an one needs to express the cross product
of two vectors in indicial notation ok. So, take for example, you are given two vectors a and b
so a and b are two vectors and now we wish to write the cross product of these two vectors in

indicial notation ok.

So, the cross product of two vectors is a cross b and you know the cross product of two
vectors also gives you another vector ok. So, the way the cross product is written is epsilon ij
k,bj, aj, bk, eiok. So, the coefficient of this base vector e i basis vector e iis epsilonijk, a
J» b k ok. So, that is how the permutation symbol enters the enables you to write the cross

product of two vectors in indicial notation ok.

So, now to verify that this is indeed the case what I suggest you do is; you expand the right

hand side ok. So, the right hand side you can see both i I mean all 3 indices 1 j and k are



repeated index ok. So, which means a summation is implied over these indices. So, what you
can do is you can expand this in using the concepts that we discussed in the last slides. And
then you can indeed show that this single expression on the right hand side is indeed what is

given by a cross b ok.

So, that is a task for you. You expand the right hand side and show that the right hand side is
indeed a valid expression ok. So, if you do this you will come to note that and you will
appreciate that how indicial notation helps you to or write concisely very long expressions ok.
So, another very important relation is the relation between the permutation symbol and the
Kronecker delta ok. So, this relation is shown here and this is also called as the epsilon delta

or the e delta identity ok.

So, what this identity says? This identity says that if you have a product of two alternative
symbols in which at least one of the indices is common ok. So, if you look here the first
permutation symbol has i and also the second permutation symbol has i at the same place and
the other two indices in the first alternative symbol are j and k while in the second alternative

symbol it is 1 and m ok.

So, using this you can convert; using this identity you can convert the expression containing
two alternative symbols with at least one repeated index in terms of the Kronecker delta ok.
So, that is how you do it epsilon i j k epsilon i 1 m is delta j 1, delta k m, delta j m, delta k 1 ok.
So, the proof of this identity we are not discussing in this course ok, but you can very well fine

and if you have any question on how to do it you can always approach me ok.

So, the way to remember this identity and this identity comes very handy ok. So, the way to
remember this identity is see; j is what? Ok. So, we write j k and we write ] m ok. So, this we
call outer, this is inner, this is inner, this is outer. So, on the right hand side if you see: delta j 1
which is outer inner and delta k m which is inner outer, minus delta j m which is outer outer

and delta k 1 which is inner inner ok.

So, this is like outer inner, inner outer minus outer outer inner. So, that is one way you can

remember this identity of course, when you repeat I mean when you do a lot of examples this



becomes very easy to remember ok, but initially you have to remember in this way; this way it

helps ok.

So, now let us look into one of the applications of the permutation symbol and how it helps us
to prove certain vector identities ok. So, suppose you have been asked to simplify this
expression; a cross b cross ¢ ok. Now, you can do this very well using the concepts that you
have discussed I mean that you know from your school days, but here we will like to address
the simplification through indicial notation ok. Why we like to do this is because we want to

practice our indicial notation ok.

So, let us start first we notice that b cross ¢ is also a vector d ok. So, let us say let b cross ¢ be
a vector d ok. So, then we can have a cross d ok. Now, this can be written as in indicial
notation as epsilonijk, a j, d k and for this particular proof we will not write the base vector e
i1 ok. So, because whatever is true for one component of a vector of or this quantity will be
true for all other component. So, we will just take one 1 th component. So, this is what is the 1
th component ok. So, this is the i th component ok. Now, let us say the first is equation 1 the

this is equation 2 ok.

Now, what will be d k? Ok. So, from equation 1 d k will be epsilon k because this correspond
to the k th component epsilon k and because in expression 2 i is the free index I cannot use i
here and j in expression 2 j is already occurring twice. So, I cannot use j also. So, what I will
do? I will use 1 and m ok. So, this becomes epsilon k I m and b 1 ¢ m. So, using expression 1 so

now, I can put 3 in expression 2 ok. So, what I get? I get epsilonijk epsilonklm,ajblcm.

Now, there are two permutation symbols and I see there is a common index k ok. So, this I
can write epsilon 1j k epsilon and now you have k 1 m you have k 1 m. I can write this as I m k;
Imkajblcm. And now I can apply let us say I will just rub this, let us change the index of
the first permutation symbol ok; 1 j k will be same as k 1] k 1j ok. So, I will write epsilon k i j
epsilon k Im a j b lc m ok. Now, I can apply the e delta identity or the epsilon delta identity

that we just discussed ok.



So, why I have done this is; is because I want to match the repeat an index in my expression
with 1 which I mentioned above in the e delta identity ok. So, the two permutation symbols
can be written in terms of the Kronecker delta as epsilon i k outer inner ok. No, sorry so let
me rub this. Yeah epsilon i1 outer inner inner outer which is inner is j outer is m for delta j m

minus delta inner inner i1 outer outer jmajblc m ok.
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|6. Permutation or Alternator Symbol

+ An application of permutation symbol is when one needs to represent the cross product of two
vectors in indicial notation

Example 1: Suppose you have been given the vectors a and b. We wish to write cross product of these
vectors in indicial notation. Then
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So, now let me make some space here I will rub this and I will continue from the top ok. So,
now, | have the Kronecker deltas and I can open up the brackets and use the substitution
property of the Kronecker delta. So, this I will leave it to you. I will write directly the final

expression, you expand the brackets open up the bracket and use the with substitution

property.



So, what you will have is; b 1 a m, ¢ m minus you will have sorry this is 1 1 i m ok. Sorry this is
ok, let me rub this has become the same; a a l, b 1, and then ¢ i. So, what is a m, ¢ m? This is
now I will write this so I have simplified now, but this is an indicial notation. So, I have to

now write in direct notation.

So, I will write a m, ¢ m is a dot ¢ into vector b minus a dot b into vector ¢ ok. So, that is
what this expression a cross b cross ¢ simplifies to ok. So, following so you can see how very
nicely I can use the concept of indicial notation and permutation symbol to verify certain

vector identities.
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|6. Permutation or Alternator Symbol

Task: Prove the following identities. Here, u, v, w, and x are vectors while other quantities are scalar

(a)(uxv)-(wxz) = (w-w)(v-z) - (u-z)(v-w)
b)V.z=3 L TH
(¢) V x (du) = Vdx u + ¢(V x u)

1
(A) 2(69) = (V20) v + 6(V%) + 2960y U Y ?--3’11‘,

(e) V- V(ot) = ¢V + 2Vo- Vi + YV

So, next you can try to prove some of the following identities here which I have given. So,

there are five identities that you have to prove ok. So, you can try it yourself and if you have



any doubt you can always contact me ok. Just remember delta here is ei del by del x 1 and

because 1 is repeated so there is a summation which is involved ok.

And del square the fourth one del square is nothing, but del dot del which is nothing, but del
square by del x 1 del x 1 ok. So, using these concepts you should be able to prove this five

identities ok.
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7. Definition of A Second Order Tensor

+ Tensors can be defined either by using the functional approach or using the operational approach

+ In the functional approach tensors are defined without referring to any coordinate system
transformation. Thus, it required basi ing of concepts of linear algebra like mapping.
Thus, the tensors can be defined in alstandalone manner/

- Mot discussed in this course but can be found in advanced text on continuum mechanics

* In the operational approach tensors are defined using how they operate on other tensars, Hence,
this approach requires other tensors

= This approach is followed in the present course

+ Using the operational approach a “second order ensor” A or simply “tensor” is defined as a linear
mapping that associates a given vector u with a second vector v as

A v
K/

v = Au

So, next we move to our main topic which is; what is meant by a second order tensor? ok. So,
before defining a second order tensor you need to notice that there are two approaches to
define tensors one is called the functional approach and the other one is called the operational
approach ok. So, in functional approach the tensors are defined without referring to any

coordinate system ok.



So, that is it requires basic understanding of the concepts of linear algebra like you need to
know mapping ok. And the advantage of this approach is that the tensors can be defined in a
standalone manner ok. So, tensors can be defined in a standalone manner you do not need to

take any other tensors or vectors help to define the tensors ok.

But this approach is not discussed in this course this is not approached discuss in this course
because it is a little more involved and because of time constraint we like to go for the second
approach which is called the operational approach. So, in operational approach as the name

suggests we go for defining tensors per how they operate on other tensors ok.

So, in this approach we require some other tensors to define tensors other tensors ok. So, this
is the approach that we follow in this course. So, using this operational approach a second
order tensor a ok. And, when we say a second order tensor sometime we interchangeably use
the word tensor ok. So, and when we say tensor many time people mean only second order
tensor ok. So, a second order tensor a or simply tensor is defined as a linear mapping that

associates a given vector u with a second vector v ok.

So, what happens? A second order tensor it operates on this vector u and it gives you another
vector v ok. So, it is operating on another vector is also a tensor a 1st order tensor because it
has 1 index. So, this is called the operational approach of defining a second order tensor it

operates on a vector to give you another vector ok.
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7. Definition of A Second Order Tensor

+ Linear in the previous expression means that given two vectors u, and u, and arbitrary scalars a
and b, then

Alaw + fmj = adu; +bAu,

(T3 = ahwAbhle

+ Example 2 'E ad +6-U\y

(a) Identity tensor u =@u

(b) Transformation tensor @ which rotates vectors in space such a way that the standard Cartesian
base veclors e,, e;, and e, become

‘e:zQe;] E=N1NIN
—

Now, let us see what is meant by the linear mapping ok. So, we saw in our introductory
lectures what is meant by linear functions ok. So, similarly a linear mapping is a mapping such

that given two vectors u 1 and u 2 and arbitrary scalars a and b ok.

The resulting vector obtained by taking the linear combination of u 1 and u 2 given by a u 1
plus b u 2 ok. And when this vector let us say c; when this vector ¢ is mapped through this
tensor A you get another vector d and this vector d will be same as A times a u 1 which is the

first plus b times A u 2 ok.

So, when that second order tensor a maps the vector u 1 and let us say that vector is d 1. And
when a u 2 a tensor a maps u 2 let us say we get vector d 2. So, d will be equal to a times d 1
plus b times d 2. So, if this property holds then the mapping is called a linear mapping. And

some of the examples of second order tensor are the identity tensor for example; I is denoted



by symbol I and this is a tensor second order tensor which maps the vector back to it is itself
ok. That can always happen you take a vector u and the tensor maps it to itself that tensor

second order tensor is called a identity tensor.

Another tensor we have already looked into is called the transformation tensor which rotates
vectors in space such that the standard cartesian base vectors e 1, e 2, ¢ 3 become ¢ i dash
equal to Q e 1 where i goes from 1, 2, 3 ok. So, the Q is called the transformation tensors ok,

transformation tensor.
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8. Sum, Product, Inverse and, Transpose of A Tensor

+ Sum of two tensors: Given an arbitrary vector u, the sum of two tensors is defined as

(4 + Bju = Au + Bu
+"Note: Sum of two tensors is a tensor !
+ Product of two tensors: Given an arbitrary vector u, the product of two tensors is defined as

Directnotation  (ABJu = A(Bu)  Indicial notation Hu@a}“f% A Byyw))
Note: Product of two tensars is a tensor !

+ Inverse of a tensor: Inverse of a tensor A written as _.-1_" is a tensor which satisfies the following
property o

Directnotation AA ™' =1 Indicialnotation ~ Aix Al = by

Note: Inverse of a tensor is a tensor |
+ Transpose of a tensor: Given arbitrary vectors u and v, the transpose of a tensor is defined as

D hed u-Av=v-ATu
Note: Transpose of a tensor i¥/a tensor ! \

Now, there are some operations on tensors the first one is the sum of two tensors. So, thus
because we are following the operational approach we will define these operations through

how they operate on vectors ok. So, given an arbitrary vector u the sum of two tensors A and



B is defined as A plus B into u is same as A u plus B u ok. You remember some of two

tensors is also a tensor product of two tensors.

So, given an arbitrary vector u the product of two tensors A and B is defined as A into B u is
same as A into B u ok. So, this can be written in indicial notation which is given over here ok.
So, A into B can be written as A ik, B k I and then you have u 1. So, you can take these two

terms in the bracket and you can write A i k B k 1u 1 which is nothing, but B u.

So, will show what is the direct notation and what is the indicial notation for operations ok.
So, remember product of two tensors is also a tensor. What is the inverse of a tensor? So,

inverse of a tensor is usually written as A inverse. So, you have given A tensor A.

So, it is inverse is written as A inverse and this is a tensor which satisfies following property
ok. So, A A inverse gives you a second order identity tensor I that is the indicial I mean direct
notation. And the indicial notation is A i k A k j is delta i j. The delta i j is your Kronecker

delta ok. So, inverse of a second order tensor is also a tensor.

Now, another important concept is transpose of a tensor ok. So, given arbitrary vectors u and
v the transpose of a tensor is defined as u dot A v just look closely you have u dot A v that is
how it is defined that is how we say the transpose of a second order tensor A is defined. So, u
dot A v is v dot a transpose u. So, if a tensor for any arbitrary vectors u and v satisfy this

property then this is called the transpose of the tensor A ok.
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8. Sum, Product, Inverse and, Transpose of A Tensor

Task: Show that the transpose of the identity tensor is the identity tensor itself

Proof:  Given two vectors u and v the definition of transpose of a vector gives

e
‘Jj{u_ﬁ-"@ ]'1:_:.1}

Therefore

Task: Repeat the above proof by starting from u - I'v
Task: Repeat the above proof using indicial notation

So, transpose of a tensor is also a tensor now we look into one proof ok. We will try to prove
that the transpose of identity tensor is the identity tensor itself ok. So, let us start from the
right hand side or the previous expression; take two arbitrary vectors u and v and we write let
I transpose let I transpose be the transpose of the identity tensor ok. So, I can write v dot I
transposed u. And now using the definition of transpose of a tensor I can write this expression
as u dot I v ok. So, this is using the definition of the identity I mean transpose of a second

order tensor.

Now, using the definition of identity tensor I can simplify I v ok. So, identity tensor is a tensor
which maps a vector to itself so I v will be same as v so. Now, you have u dot v now I can

interchange ok, so now, I can use the property of dot product of two vectors. So, a dot b



same as b dot a so I can write u dot v as v dot u. And now I can write u as [ u I can write

because I u will be equal to u. So, I can use this expression and right v dot u as v dot I u ok.

So, we started with v dot I transposed u and we have ended it, ended at v dot I u. So, if we
compare both the expression on the left hand side and one on the right hand side we can see
that I transpose is same as I ok. So, this proves that the transpose of the identity tensor is the

identity tensor itself ok.

Now, the task for you is again you start with the following expression u dot I v and try to
prove that I is equal to I transpose, I have proven I transpose is equal to I you prove that I is
equal to I transpose ok. And another thing is we have done this using direct notation try to
repeat the same proof using indicial notation. Again, if you have any question query or doubt

you can always get in touch with me ok.
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9. Symmetric, Skew-symmetric, and Orthogonal Tensor

+ Any arbitrary second order tensor is called a symmefric tensor if the following property holds

Directnotation A = A” Indicial notation ~ Aj; = Aj;

Note: A symmetric tensor is usually denoted by the symbol §

+ Any arbitrary second order tensor is called a skew-symmelric or anti-symmetric tensor if the following
property holds

Direct notation A=-AT Indicial notation ~ Aj; = —Aj;

Note: An anti-symmetric tensor is usually denoted by the symbol‘!lﬁ’

+ Any arbitrary second order tensor is called an orthogonal tensor if the following property holds

Direct notation ,;J.?Af,{f' =1 I:} AT = g-l Indicial notation ~ AjeAji = i
,;)A’A =1
Note: An orthogonal tensor is usually denoted by the symbol @ <~

ApiAp; = i




So, some other important class of tensors are called symmetric tensor. So, what is a symmetric
tensor? A symmetric tensor A is 1 where, A is equal to a transpose ok. So, indicial notation
we can write A 1jis A j 1 ok. A symmetric tensor usually is denoted by symbol S ok. What is

meant by a skew symmetric or anti-symmetric tensor?

So, if A is a anti symmetric tensor then A is equal to minus of a transpose or in indicial
notation we can write A 1 j equal to minus A j i ok. So, usually anti-symmetric tensor is
denoted by symbol W ok. And any arbitrary second order tensor is called an orthogonal tensor

is the following property holds ok.

So, if a is a tensor which is a orthogonal tensor, then A A transpose will be equal to identity
tensor or A transpose A will be equal to identity tensor ok, which means that A transpose is
same as A inverse because A A inverse is identity. So, this is the indicial notation for the direct
notation that we have written ok. So, an orthogonal tensor is usually denoted by symbol Q and

that is how you will find in many books that symbol Q is used for orthogonal tensor ok.
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10. Decomposition of A Second Order Tensor

+ Any arbitrary second order tensor can decomposed into other tensors
* Additive Decomposition
Directnotaion A = § + W, Indicial notation ~ A;; = Si; + Wi

A+ AT A-AT

Symmetricpart:  § Skew-symmetricpart: W =

Task: Verify yourself that S and W are symmetric and skew-symmetric tensors !

+ Multiplicative or Polar Decomposition

A=Qs

Orthogonal Tenso: Q" = Q" Symmeticpart:  § = §'

Note: Proof is easy but involved. It can be easily found in any standard textbook on continuum mechanics !

Now, a second order tensor can be any arbitrary second order tensor can be decomposed into
other form of tensors ok. So, one side decomposition is called the additive decomposition,
where if you are given when arbitrary tensor A it can be decomposed into what is called a

symmetric tensor S and an anti symmetric tensor W ok.

In indicial notation A 1jis S ij plus W 1j; where S is given by A plus A transpose by 2 and W
is given by A minus A transpose by 2 ok. So, you can check for yourself that S and W are
indeed symmetric and anti symmetric tensor. If S is symmetric for example, then S transpose
should be equal to S. So, you can take the transpose of the symmetric part and try to verify

yourself ok.

Another decomposition which is a common and will come to it later in kinematics is the

multiplicative or the polar decomposition. So, you have given an arbitrary tensor A. So, you



can decompose that tensor into what is called an orthogonal tensor Q and a symmetric tensor
S. So, A can be written multiplicatively as Q into S ok. So, Q is a orthogonal tensor, so Q
transpose is equal to minus Q Q minus 1 inverse of Q. And symmetric part S is equal to S

transpose ok.
So, this proof is not very difficult ok, but it is little involved and it can be found in standard
texts on continuum mechanics which is skipped in this course ok. So, with this we will end and

we will move to next topic ok.

Thank you.



