Computational Continuum Mechanics
Dr. Sachin Singh Gautam
Department of Mechanical Engineering
Indian Institute of Technology, Guwahati

Discretization
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Discretization

So, today we are going to start the topic of Discretization.
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So, in this topic we are going to cover after a brief introduction the discretization of various
kinematic quantities ok. This is very essential for getting the final finite element form ok;
then we will get the discretized version of the continuum equilibrium equations in finite

element form. And, finally, we discretize the linear linearized equilibrium equations that we



derived in the previous lectures ok. So, each of these topics is very involved and I suggest you

work it out on using pen and paper.
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1. Introduction

+ In the previous lectures we have established the equilibrium equations and obfained their
ing linearizations - both i ial I ial
corres| rizations ~ both in material as well as spatial form,

+ As stated earlier either of the@nr escriptions can be used to derive the finite element
e D —
discretized equilibrium equations and their corresponding tangent matrix.

+ However, it is much simpler to establish the discretized quantities in the spatial configuration.
e

+ |t should be remembered that the derivation of the of the components of the tangent matrix is very
involved.

+ The components of the tangent matrix gets its contribution from the constitutive relations, initial

yStress, and exte
+ Once the @Wis obtained the Newton-Raphson solution technique can be established.

force (fhough it is not discussed in this course).

So, in the previous lectures we have established the equilibrium equations and also we had
obtained their corresponding linearizations — both in the material or the Lagrangian
configuration and the spatial or the Eulerian configuration. And, as stated earlier in the
previous lectures either of the material or the spatial descriptions can be used to derive the

finite element discretized equilibrium equations and their corresponding tangent matrices ok.

However, it was also mentioned that it is much simpler to establish the discretized quantities
in the spatial configuration ok. Also, we like to point out at this point of time that the
derivation of the components of the tangent matrix is very involved process and this will take

a lot of time to understand and get used to.



So, the components of the tangent matrix get their contribution from the constitutive
relations, from the initial stresses and also from the external forces, ok; external forces
because if you have pressure dependent loading of follower loads in that case you will have a

contribution to the tangent matrix which comes from these external forces.

But, we have mentioned in our previous lectures that we will not going to consider these kind
of forces in this course ok. So, in this course we are not going to discuss those kind of forces.
So, we will not have contribution to the tangent matrix because of external forces. We will
only discuss the contribution of the tangent matrix because of the constitutive relations and

the initial stresses.

And, once we have derived the tangent matrix we can set up the Newton — Raphson solution

technique to get the desired solution.
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4

2. Discretization of Kinematics Quantities

+ Before we can start linearizing the equilibrium equation and its linearized expression we first have fo
1 the discreizat

* In the current course we_use the isoparametric elements to interpolate geometry and primary

variables.

Now, let us come to discretization of kinematic quantities. Before we can start linearizing our
equilibrium equation and also discretizing their linearized expressions, we first have to

discretize the various kinematic quantities.

Now, in the present course we use what is called isoparametric finite elements, which means
that the shape functions used to describe the geometry and also the shape function used to
describe the primary variable in our case which is displacement are one and the same. So, we

use the same shape function to characterize the geometry as well as the primary variable.

So, let us consider a typical finite element at finite element e at time 0 and let the volume of
this element be dV 0 ok, not to confuse with the volume of the body if you are confused just

put a subscript e ok. Then after deformation let us say this element deforms and gets this final



shape and this volume is dV you can put dV e if you wish I will not use that and let us say d

capital A is the area on which the external forces act ok.

So, it might be pressure loading it might be any kind of other kind of surface loads, but this is
the area on which the surface forces act and this area deforms and you get the small a, ok.
Remember this is one finite element of the entire finite element mesh of the body and xi 1, xi
2, xi 3 are the natural coordinates. Now, let us consider two nodes p and q and if you are very
consistent we can put capital P and capital Q and after deformation these nodes go to this

location p and q.

Let del v p subscript p means it is a virtual velocity of node p ok. So, p and q are the nodes of
these elements and del v p is the virtual velocity associated with node p. And, let u subscript q
be the displacement corresponding to node q. In 3-dimensional usually these are 3 cross 1
arrays ok , they have three components in finite element they will have we will write them as

a vector of 3 cross 1.

So, with this setup in hand the first thing you will want to do is you want to discretize our

various kinematic quantities that we discuss in the course till now ok.
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2. Discretization of Kinematics Quantities

The initial geometry in term of the partcle defining the inital position of the elemental nodes of an

element & as nai
-‘-@*l’. _@ @ L\ Ee. ()
W n:4d

Ny = Ny (&, &2, &) is the nodal shape function of the p™ node of e!ement ein terms of natural
"-"V_‘-._____. \——\.f'-‘-'-\-._,_.a

coordinates &, £, & g . T\"q

+ Eq. (1) can also be written as

So, first we take the initial geometry that is the geometry of the body at time t equal to 0. So,
the initial geometry in terms of the particle defining the initial position of the element
elemental nodes of an element e is given by X equal to N 1 X 1 plus N 2 X 2 all the way up to
N n X n and in terms of summation sign I can write this as p equal to 1 to n N p X p where N

1, N 2, N 3 all the way up to N n are the shape function.

So, what it means is inside the element e the material position of any point can be interpolated
in terms of capital X 1 capital X 2 all the way up to capital X n where capital X 1, X 2 are the
nodal material coordinates. So, this small n denotes the number of nodes the element has. So,

n denotes the total number of nodes belonging to the element e ok.

So, in case if you have a brick element which is like a cube so, your n will be equal to 8. In

2D if you have a triangular element n will be equal to 3; in 2D if you have a square element or



quadrilateral element your n will be equal to 4 ok. If you have a 3D and a tetrahedron in that

case you have you have n equal to 4 like this n can vary.

So, the material point inside an element ok. So, this is the element ok; so, this is a finite
element e and any material point inside this its position can be interpolated in terms of the
nodal positions X 1, X 2, X 3 all the way up to X n where N 1, N 2, N 3 are the shape
functions associated with node 1, node 2, node 3 and these shape functions are for the p-th
node of the element e and they are written in terms of the natural coordinate xi 1, xi 2, xi 3

ok.

So, for better description I can write equation 1 as so, this is X. So, this is the material
location inside the element and that can be written in terms of N 1 times the material location
of node 1 plus N 2 times material location of node 2 all the way up to N m into material
location of node n ok. So, here X 1 1 means the X 1 coordinate of node 1, X 2 1 means X 2

coordinate of node 1, X 3 1 means X 3 coordinate of node 1 ok.

So, equation 1 explicitly can be written like this. So, this is the only time I am writing like
this, in coming slide I will not write ok. So, you can understand what actually equation 1
means ok. If we remember we have equation which is analogous to equation 1, we can

understand that this is what we mean.
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2. Discretization of Kinematics Quantities

+ Equation (1) can be written in usual matrix vector notation as

where

N is the shape function matrix given by
e ——— |

ﬁ@ .‘\"3 0 1) aag i
N= Ny @Nﬂ 0o
@ N 0N ...

So, in traditional finite element equation 1 can also be written in terms of matrix vector
multiplication given as X equal to matrix and multiplied by a vector X e ok, where X remains
as it is. It is the material location of a point inside the element and X e is nothing but the
vector or formed by the material location of all the n node. So, this is X 1 is node 1 and these
are 3 entries. So, X 2 is for node 2 and also these are 3 entries like this you have node n and

these are 3 entries. So, all in all this is 3 n cross 1 ok.

So, the matrix N can be written in this particular form you can do for yourself you can
substitute it here and you can substitute this here and you will see that you can get equation 1
back. So, N is called the shape function matrix because it is composed of entirely of the shape

function and you can also notice that there are lot of Os here.



There are lot of Os present. So, in fact, out of nine entries six entries are 0. So, there are two
third 0 out of total entry two thirds are 0. So, if you use equation 2 you will in computational
setting you will be having a lot of zero multiplications and you understand that multiplying
any quantity by 0 gives you 0. So, equation 2 basically leads to a much more computationally

expensive process though it does not change the result.
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2. Discretization of Kinematics Quantities

+ The current geometry in terms of the current particle position of an element e is discretized as

R
A 010000 v = 50

+ Equation (3) can be written in usual matrix vector notation as

ok Eq.(4)

where
.XI.
I ('El)p

W/I = & I, = |(02)y %:

Iy (23)y

Now, the current geometry in terms of the current particle position of an element e can be
discretized as given by this equation ok. So, small x is the current spatial location of material
particle x. So, x is psi of X comma t ok. So, this is your t here and then the current spatial

location can be interpolated in terms of the current spatial location of the nodes of element e

ok.



So, it is X equal to N 1 x 1 plus N 2 x 2 all the way up to N n x n or in short N p x p; x p
which is a function of time t ok. So, as usual I can write this in matrix vector notation as x
equal to N x ¢ where the form for various arrays is given here ok. Again, n has the same form

is a shape function matrix which are described in the previous lectures or the previous slide.
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2. Discretization of Kinematics Quantities

+ The current velocil_; can be obtained by taking the time derivafive of Eq. (3) as
| P

b
29 ;
T Eq. (5)

+ Equation (5) can be written in usual matrix vector notation as

Eq. (6)

where

ol . Elﬂ.-t ])

Now, we can differentiate equation 3 with respect to time and we will get what is called the
velocity. So, velocity is del x by del t and we can get the expression for a velocity at a point
inside the element in terms of the velocity of the nodes v 1, v 2 all the way up to v n are the

velocity of node 1, node 2 all the way up to node n ok. And, in short it is N p v p.

And, this is the usual matrix vector notation expression and these are various ok. So, this is a

component of the velocity of the point and these are the component of the velocity of node p



and v e is nothing but the velocity vector composed of velocity of all the n nodes; as usual

this is 3 n cross 1 array.
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2. Discretization of Kinematics Quantities

+ The virual velocity can be obtained as

dv = Nydvy + Nodva + ... 4 Npdv, = ﬁ: Nyv, Eq.(7)
Rl S e~ \i'_i_],'.w_.__/

+ Equation (7) can be written in usual matrix vector notation as

& Eq.()

where .
iy (0ug)p w’ 4,
\/5u= vy %ﬁ,; (dua), v =
dug M!‘:s);.
vy

Now, the virtual velocity can be obtained by taking the virtual of equation number 5 ok. So,
virtual variation you will take, you will get the virtual velocity of a point in terms of the
virtual velocity of the nodes and this is nothing, but N p del v p and as usually the matrix

vector notation helps us to write equation 7 more concisely as given in equation number 8.

And, these are the virtual velocities of a spatial point inside the element; this is the virtual
velocity of node p and del v e is the virtual velocity composed of all the nodes of the element

€.
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2. Discretization of Kinematics Quantities 2

+ The displacement at a spatial point x can be obtained as

u = Ny + Noug + ... + Nyu, =( gl N, ) Eq.9)

+ Equation (9) can be written in usual matrix veclor notation as

Eq. (10)

-'I_ll

where

uz

| Un

Next the displacement at a spatial point can be obtained as u equal to N 1 u 1 plus N2 u 2 all
the way up to N m u n or in short summation over the nodes N p u p ok. In matrix vector
notation the displacement at a point can be written in terms of the shape function matrix and

the elemental displacement vector ok.

So, this is the element displacement vector; u is the displacement of a spatial point inside the
element and u p is the displacement of the node p ok. So, each node will have three

displacements in three directions ok.
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2. Discretization of Kinematics Quantities i
( The spatial gradient of the displacement at) f The spatial gradient of the velocity at a spatia}
spatial point x ined as point x can be oblained as
%) 0
A J B ﬁ@ e
b
= i E )
n N
= = Z v ® U__;
._'Lfl..r'—*-_n-'
L= Z v, @ VN, Eq. (12)
L= p=1
s A /

Next we come to the spatial gradient of the displacement at a spatial point x. So, the spatial
gradient of a displacement at a point inside the element can be obtained as del u by del x and
we know that u is summation over all the nodes N p u p and therefore, the gradient will be del
by del x of this summation over all the nodes ok. So, if I bring that inside I can write this as

up tensor product del N p by del x ok.

And, then I can use the Nabla symbol and I can write in short this as u p tensor product del N
p and we will see how to compute the gradient spatial gradient of the shape function.
Remember N p are given in terms of xi 1, xi 2, xi 3 natural coordinates to carry out the spatial
gradient of these shape functions with respect to natural coordinates with which are a function
of natural coordinates we have to do a special procedure which will come later ok. So, that is

equation 11 which gives you the spatial gradient of the displacement at a spatial point ok.



Now, the spatial gradient of the velocity vector at a spatial position x which is nothing, but
the velocity gradient tensor 1 is given by | equal to del v by del x. Now, I can substitute v as
the interpolation of the velocity vectors of the nodes which is shown here ok. So, then the
velocity gradient will be del by del x of this quantity in the bracket. So, again if I open up the
bracket I will get v p tensor product del N p by del x or in short I can write v p tensor product

gradient of N p ok. So, that is my velocity gradient tensor.
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2. Discretization of Kinematics Quantities

7 ~

7 . A )
+ The deformation gradient tensor F over an |+ In indicial notation the deformation gradient
element e can be obtained by taking the || tensor F can be written as

) . . |
differentiation of the spatial position # j= A ? '

with respect (o the initial coordinates as Fp=5% @p: 5 (x;) Eq. (14)
p . B —Pml i P=1

- A
(" In matrix notation the deformation_gradient ]

ol

< tensor F canbewritenas ..4 J=1.
’2 e J b :.Z‘." )r
w T #( 2wy
= z Xp ® E Ia 7] '5;:
p=1 e "6’—!‘-
n Eq. (19)
E - le,. &aVoN) <& Eq. (13)
V=
S A

Next comes the deformation gradient tensor. So, how can I write the discretized version of the
deformation gradient tensor? So, the deformation gradient tensor over an element e can be
obtained by taking the differentiation of the spatial position that is equation 3 with respect to
the initial or the material coordinate ok. So, that is what we know F is nothing but del x by del

capital X the differentiation of the spatial position with respect to material position ok.



So, x is nothing but N p x p and then I take the material derivative of the summation over all
the nodes N p x p. So, if I open up the bracket it becomes x p tensor product del N p by del X
ok. Now, in short I can write this as del 0 N p ok. Remember del by del x can be written as

delta and del by del capital X can be written as del 0.

So, the deformation the discretized version of the deformation gradient tensor is given by
equation number 13 ok. So, in indicial notation the equation 13 can be written as F j J equal
to the j-th component the j-th coordinate of the node p times t capital J-th value of the
gradient of the shape function or more explicitly it is x j p del N p by del X J and in matrix

notation the deformation gradient tensor ok.

So, here j goes from 1 to 3 and capital J goes from 1 to 3. So, therefore, deformation gradient
tensor as you know is a 3 by 3 can be written as a 3 by 3 matrix and that is how you will get.
For example, F 11 is j equal to 1 and capital J equal to 1 which will mean from equation
number 1 F 11 is summation over p equal to 1 to n the x 1 of node p into del N p by del

capital X 1.

Now, this has to be done over all the nodes ok. So, in case of brick element that is cuboid if

your n will be equal to 8 so, this will be sum of 8§ terms.
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2. Discretization of Kinematics Quantities

W

Using chain rule we can write 1
1 ON, 0%, | 0N, 0Ky | 0N, 0K, “?aj X X, a)..
0X1 3{. dx. 05 Xy ag. 0 % % a_f‘ 3)41
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+ Now we have to obtain the discretized equation for the material gradient of the shape m_%@_hln_

'\

a?.uT\ 5
USIHQ matrix notation - @mu |p|y|ng both sides i{, We get
FooIEh Gohes 0

Eq. (16)

Now, we have to compute the material gradient of the shape function matrix N p shape
functions N p ok. So, you have it here we have to compute del N p by del capital X that is the
gradient with the material gradient of shape function N p. So, how to do that?

So, using chain rule you can write del N p by del xi 1 as del N p by del X 1 into del X 1 by
del xi 1, del N p by del X 2 del del X 2 by del xi 1 plus del N p by del X 3 del X 3 by del xi 1.
Similarly, you can write del N p by del xi 2 del N p by del X 1 del X 1 by del xi 2 like this the
other two terms; del N p by del xi 3 you can write del N p by del X 1 into del X 1 by del x1 3

like and then the other two terms ok.

So, you can write the gradient of the shape function of in terms of the natural coordinates xi
1, xi 2, xi 3 as following three equation ok. So, now, you can put this in matrix form ok. So,

the vector you can put these in this vector. So, this is a vector of the gradient of shape



function with respect to the natural coordinates and you can put this as a matrix into a vector

of the gradient of shape function with respect to material coordinate ok.

And, this is a matrix transpose del X 1 by del xi 1 del X 1 by del xi 2 del X 1 by del xi 3
transpose ok. So, there are other two rows ok. So, in short I can write this as this is nothing,
but del N p by del xi ok; xi is a now xi is a vector xi 1, xi 2, xi 3 ok. So, the first array here is
nothing, but del N p by del xi equal to this matrix I can write that as del X by del xi transpose
and this I can write this as del N p by del capital X.

So, that is our spatial gradient that we require and we know N p in terms of xi 1, xi 2, xi 3.
So, N p just after equation 1 we have written N p is function of xi 1, xi 2, xi 3. Once you have
chosen a finite element you will know these function and this will not change during the
course of simulation ok. So, this will be always constant during the simulation ok. So, you

will always have del N p by del xi ok.

Now, I need this. So, what I do? I pre multiply both sides by del X by del xi inverse transpose
and that is what we are going to do, pre multiply both side by del X by del xi inverse
transpose and this term over here. This is nothing, but a into a inverse ok. So, this is nothing,
but second order identity and then this becomes identity therefore, I get my material gradient
of the shape function of node p that is del N p by del X as del X by del xi inverse transpose
del N p by del xi. Now, as I said del N p by del xi is known to us because N p is given in

terms of xi 1, xi 2, xi 3.
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2. Discretization of Kinematics Quantities

Using Eq. (1) we can write

In matrix notation

-—“—"7%1

2

0Xs
L d&

ox,
(2133
X,
(3]
(7133

oy
(3]
ox,
(3]
0y |

Eq.(17)

In indicial notation we can write Eq. (17) as

And, now I have to compute del X by del xi, how do I calculate that? So, del X for computing
del X by del xi I just substitute X from equation number 1 what was that it is a X is a material
coordinate of any point inside the element that can be written in terms of the linear

interpolation or the interpolation with respect to the nodal position.

So, N p X p summation over all the nodes ok. So, I can take xi inside and this becomes X p
tensor product del N p by del xi ok. So, I already know del N p by del xi, I know the nodal
position and if I carry out these operation I will be able to find out my del X by del xi.

Once I have del X by del xi I can substitute that here I can take the inverse and I can take the

transpose I can get this matrix and then what I can do? I can multiply by del N p by del xi to



get my vector del N p by del X that is how we will obtain ok. Once you have this you can find

out the expression for the deformation gradient tensor.
So, this del X by del xi in matrix notation is nothing, but given here. So, where X i can be
interpolated in terms of the X i value of all the nodes p ok. So, in indicial rotation equation

number 17 can be written as this.
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2. Discretization of Kinematics Quantities

* Once the deformation gradient tensor has been discretized we can now discretize other kinematic

quantitates like the right and left Cauchy-Green deformation ten c,”
Right Cauchy-Green tensor N\ Left Cauchy-Green tensor )
b = FR!
- 33 dovlovaP
p=lg=1
= Yoy - Volo) (8 %,
- ',z:;{ 0i¥p “_U__‘v){xr@ )
Eq. (21
In indicial notati / In indicial notation
- ZAN %

So, once the deformation gradient tensor has been discretized we can now discretize the other
kinematic quantities like the right and left Cauchy — Green deformation tensor. We can have

b and C discretized ok.

So, how do we discretize C which is the right Cauchy — Green tensor? C is F transpose F and

I know F is x p tensor product del 0 N p and then the other. So, this is my F and this is a



transpose and is the other F ok. So, I put that as X cube tensor product del 0 N q and

summation over p and q ok.

So, if I simplify further I can write this as ok. So, this I can write as x p dot x q del N 0 p
tensor product del 0 N q ok. Now, x p dot x q these are the nodal position of node p and node
q belonging to element e. So, and we already have calculated the material gradient of shape

functions N p and N q ok. So, this can be calculated very easily.

And, then in indicial notation equation 20 is nothing, but given like this ok. So, in actual
setting you will calculate F and then using that F you can use this formula to directly compute

C 1J all the components of right Cauchy — Green deformation tensor.

For the left Cauchy — Green tensor b is F F transpose ok. So, F is nothing, but x p tensor
product del 0 N p and this F is x q tensor product del 0 N q and then you have to put a
transpose and then when you simplify you get del 0 N p dot del 0 N q and x p tensor product

x q ok. In indicial notation this is how you get ok.

So, natural computational setting you will find out the deformation gradient tensor and using
that deformation gradient tensor you can actually find out all the values of components of b
that is the left Cauchy — Green deformation tensor. This is just for computational this is just

for understanding, but actual computational setting you will do this.
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2. Discretization of Kinematics Quantities

+ Next, the small straffi and rate of deformation Eamm fensors can be discretized as follows
A

-

Small Strain tensor Virtual Rate of Deformation tensor
1 -
;ﬁ'] € = E(V + (Vu)") .,.+ VN, 8 6v,)
: Eq 24)
= l):(u @ VN, + VN ’%‘u}
= @ p& ¥p ip &y
L gL A= Eq. (22) ) ﬁpaualemdnentofs ape Function

i | 2L Eq. (29

Rate of Deformation tenso
g 9 [a
- o) 2 a5 o)

1 z iz L N,
a = . \% \, + =g E T et &'
— [vl'\: eVl ’ @X@ 0IEJ.‘ I I(“'—J)l’ 3&1‘

. Eq. (23 =
X u,,__, q[)\ J

(d:c =

Now, next the small strain that is epsilon and the rate of deformation gradient tensor rate of
deformation tensor d can be obtained as follows. The small strain tensor you know that
epsilon is 1 by 2 del u plus del u transpose. Now, del u we have already seen is nothing, but u
p tensor product spatial gradient of N p plus del u transpose is nothing but spatial gradient of

N p tensor product up.

And, the rate of deformation tensor d is the symmetric part of the velocity gradient tensor and
this is given by 1 by 2 summation over all the nodes v p tensor product spatial gradient of

shape function N p plus spatial gradient of shape function N p tensor product velocity of node

p-

So, the virtual rate of deformation tensor del d is nothing but the virtual velocity of node p

tensor product the spatial gradient of node p shape function of node p plus the spatial gradient



of shape function of node p tensor product the virtual velocity associated with node p

summation over all the nodes ok.

Now, the spatial gradient so, we have a lot of spatial gradient of the shape function and the
spatial gradient of the shape function can be derived like this ok. So, remember this material
gradient of the shape function was of the similar form is just the same where the material

coordinates x has been replaced by spatial coordinate small x ok.

So, del N p by del x is del x by del xi inverse transpose into del N p by del xi and del x by del

xi is nothing, but x p tensor product del N p by del xi and this is the indicial notation ok.
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2. Discretization of Kinematics Quantities H
+ Now we have to obtain the discretized equation for the material gradient of the shape funclicnﬁJFj?
b
Using chain rule we can write a%z =
B o i
0 AR R O
“H " % | |6 % 0| |on
Z dry 08 Ory 0 dry 06 | |06 0 B | | O
3 Ory 0y Omy Oy Ory 0y /‘4‘: g3 | 06 08 05 Low
e——

o

Using matrix notation re-multiplying both sides _ T We get

-

060 D 200

So, how we have derived this is shown here and this follows the similar steps as done for the

material derivative of the shape functions ok.



So, here we have del N p by del xi 1, del N p by del xi 2, del N p by del xi 3 is del N p by del
x 1 del x 1 by del xi 1 del N p by del x 2 del x 2 by del xi 1 del N p by del x 3 del x 3 by del
xi 1, like this we can do for the other two equations and we can write this in matrix notation
matrix vector notation and this one over here is nothing, but del N p by del xi and this is
nothing, but del N p by del x you can see that we are following the similar procedure as we

did previously for the material gradient of the shape function ok.

So, in matrix notation this can be written as this equation and now pre multiplying both side
by del x by del xi inverse transpose and then recognizing that this 1 is equal to identity I
eventually get the spatial gradient of the shape function as del x by del xi inverse transpose

del N p by del xi ok, that is the derivation for you.
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3. Discretization of Equilibrium Equations

+ Recall that the total spatial virtual work expression is ai

Spatial virtual work - [ a:oddvV - 0 Eq.(26)
expression e L.lf-r-d
+ Eqg. (26) can be expressed as
MJ = Wi (9, 0v) - énm{w bv) _u Eq. (27)
Internal virtual work expression Wi (1, 0v) cr .sm Eq. (28)
External virtual work expression We (0, bv) = "P”m force + Went OWext bodyy Eq. (29)

External traction vi ion

Eq. (30)

External body virual work expression Eq. (31)




Now, we come to the discretization of the equilibrium equation ok. So, right now we have the
equilibrium equation in the continuum setting, we like to get the equilibrium equation in the
discretize setting that is in the finite element setting ok. So, like divergence of sigma plus b
equal to O that is the equilibrium equation in the continuum setting. Now, what is the

counterpart in the finite element setting is what we have going to look next.

So, recall that the total spatial virtual work expression is given by this equation. So, this is the
total spatial virtual work which is a function of deformation mapping in the virtual velocities
and the first term correspond to the internal virtual work; the second two terms correspond to
the virtual work because of the external tractions and the body forces ok. So, this is the
external virtual work external traction virtual work and external body virtual work ok. So,
these are two ok. So, these are these two expressions and this is our internal virtual work

expression.

Now, equation number 26 can be expressed as the total virtual work ok. So, the total virtual
work can be split into the internal virtual work minus the external virtual work and the
internal virtual work is the virtual work of the internal stresses and the external virtual work
is the sum of the external virtual work because of the body forces and because of the surface

tractions and equations 30 and 31 give you those expression ok.

Now, what we do is we use the discretize kinematic quantities that we had discussed in the
previous slides and we can substitute those in equation number 26 and we can get the

corresponding finite element discretize our equilibrium equation ok.
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3. Discretization of Equilibrium Equations

+ Now, we consider the virtual work contribution caused by a single virtual nodal velocity@of a

typical node P of an element e, r
e — .

+ Also, we consider the discretization of the elemental internal virtual work expression first

Wi
Internal virtual ion J“@(wb‘ dv) = %ﬂ :oddv [INE 2 Eq.(28
far an element e f::' 2 |

1L
Now from Eq. (7) and Eq. (24) we have n 9w éw 8 ‘1’,5\1'

= Q.‘ S é]"f
Virtual velocity 6v @@ b ¢l \_/ Eq.(7)

: Iy
Vitual rate of deformation tensor 8d id = 5 Z @x‘+ vy, %@ Eq. (24)
p=1

So, we then consider the virtual work contribution caused by a single virtual nodal velocities
del p of a typical node P of an element e ok. So, what we do we take a node P of element ¢ at

time t and we consider what is the contribution to the virtual work because of this node.

So, the virtual velocity associated with that node is del p and then we take equation 26 and we
first consider only the internal virtual work expression for an element e and inside that
element we use equation number 7 and equation number 24. So, equation 7 corresponds to
the interpolation of the virtual velocities in terms of the nodal velocities virtual velocities and
equation 24 corresponds to the virtual rate of deformation tensor. And, that is also in terms of

the nodal virtual velocities and the spatial gradient of the shape function ok.

So, what we do we write equation number 28 which is the virtual work coming from element

e. Remember, see this the integration is also volume integral is performed over the volume of



the element. So, the total virtual work will be nothing, but the sum of the virtual work let us

say n e or the virtual work of all the elements.

And, now we choose one element and in that element we choose one node p and we try to see
what is the contribution to the total virtual work because of this node p ok. So, now I
substitute ok. So, this del e again is p equal to 1 ok. So, this del w e is p equal to 1 to n del w
e of p and this is nothing, but del w e of psi comma del v p ok. This del v p and this del v p is
nothing, but N p into the nodal virtual velocity ok.
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Substituting Eq. (7) and (24) in Eq. (28) we ge
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Therefore we can write the above expression as - - g
65
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Now we know the fo dhperty of a second order tensor ol
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Eq. (34)

So, once we do that if we substitute equation 7 and 24 the internal virtual work contribution
of node p belonging to element e is nothing, but integration over the element volume Cauchy
stress double contracted with the virtual rate of deformation tensor and that integrated over

the current volume of element e.



Now, we know that the Cauchy stress is symmetric and then also we recognize that this term
inside the bracket is a second order tensor which is nothing, but the symmetric part of another
second order tensor del v p tensor product del N p. Now, we know that this is our tensor let us
say this is tensor A and this is B plus C, where B is the symmetric part ok. So, this is B and

there is a anti-symmetric part. So, B is A minus C remember this is our B.

So, sigma double contracted with B A sigma double contracted with A minus sigma double
contracted with C. So, this term sigma double contracted with C, C is the anti-symmetric
tensor will be equal to 0 because C sigma is a symmetric tensor. So, sigma contracted with B
is same as sigma contracted with A. So, this is our A. So, I can write equation 32 now as

sigma double contracted with del v p tensor product del N p.

Now, I can use the following identity ok. Let S be a second order tensor and u and v are two
vectors. So, S double contracted with u tensor product v is nothing, but u dot Sv in indicial
notation I can write S ij u i v j which is nothing, but ui S ij v j and direct notation this is u dot

S v ok.

So, if I see equation 33 and 34 I can recognize S is same as sigma my u is same as del v p and

my v is spatial gradient of shape function. So, this is here.
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Using Eq. (34)in Eq. (33) we get

oW .{.:: (1, Nydvy) =I@ oV N, dV Eq. (35)

Since the virtual nodal velocities are independent of the spatial configuration they can be taken out of

the integral sign and we get
. Eq. (36)
s

Q. S

W) (4, Nyvy) = bv, - 20 Eq. (37)
A —

or e can write

where the elemental internal force vector assumate_vmmnuw

@ f fV o Eq. (38)

So, then using equation 34 equation 33 can be written as del v p dot sigma del N p dV. Now,
the virtual velocities are independent of the configuration this we said at the start of the
previous module. So, I can take virtual velocities outside the integral sign and I can write the
internal virtual work contribution coming from note p of an element e as del v p dot sigma del

N p integrated over the current volume of element e.

In short, I can replace this integral by this vector ok; remember, sigma is the 3 cross 3 matrix
and this is a 3 cross 1 vector. So, eventually what I am going to get is a 3 cross 1 vector and
this is that vector I denote this as F subscript int comma p superscript e ok. So, what this
means is this is the internal force vector corresponding to node p of element e ok. So,

equation 36 in short can be written as equation number 37.



So, the elemental internal force vector associated with node p of an element e is given by
following expression. Now, remember the internal force vector can be computed using
equation 38 and here sigma in general will have nine components and not necessarily all of
them will be zero they may be all of them may be nonzero similarly del N p all the terms are
nonzero. So, eventually what will happen? This multiplication over here is between all the

nonzero quantities.

We will come to later we will again revisit this equation later and we will see how this

equation number 38 is much more efficient in the computational setting.
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Now, next we consider the discretization of the external virtual work expressions ok. So, the
external virtual work is the virtual work of the tractions and the virtual work of the body

forces. So, similarly we can write the elemental external force of the traction as the integral



over the elemental volume t dot del v and remember t is the surface traction externally

applied surface traction ok.

And, now some of the finite element maybe in the bulk or the inside the body, therefore, they
may not have any surface traction acting over them in that case they will you will have no
such contribution. So, this integral only takes place over the those elements which are on the

surface of the body ok.

And, now, the elemental traction virtual work expression corresponding to node p of element
e is given by following expression. So, this del v is replaced by N p del v p and therefore, del
v replaced by NP del v p and then I can write t dot del v p as del v p dot t. And, then because
virtual velocities are independent of the configuration I can take them outside and then I am
left with this particular integral and this I will write as this expression ok. This is the external

force vector because of the external tractions of node p belonging to element e ok.

So, this is the elemental external traction vector associated with node p N p t da. Now, the
second part of the external virtual work is because of the body forces and we know the
elemental external body force body virtual work expression is given by following integral and

then for a node p of element e del v is N p del v p ok. So, this expression becomes this.

And, then we can take del v p outside and this I can this integral I can denote by the following
vector which is the elemental external body force vector associated with node p ok. So,
corresponding to the external virtual work we are getting two force vectors one is because of
traction and one which is because of the body forces ok. Remember, these integrals are

carried out over the elemental area and volume of the element e.
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3. Discretization of Equilibrium Equations

* Substituing Egs. (37), (39) and (41) in Eq. (27) we get
OWE (b Nobvy) = %y By oy= 0% o e ) O Fi Eq. (43
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or we can write
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We can express Eq. (44) as

‘,f_‘\
W (g, Nyhv) = bv, (19, - 14,) Eq. (46)
Lo e

Now, I can substitute equation 37, 39 and 41 in equation number 27 ok. Once I do this the
virtual work of node p belonging to element e is del v p dot internal force vector of node p
belonging to element e minus del v p dot the external force vector because of traction of node
p belonging to element e minus del v p dot the external force vector because of the body

forces at node p belonging to element e.

So, I can take del v p outside the bracket and I am left with following quantity inside the
bracket ok. So, these two I can combine together and I can write them as the 1 force vector
that is the external force vector which is nothing, but the sum of the tractions component and

the body components body force component ok.



Once I do this I can get the virtual work contribution from node p belonging to element e as
del v p dot the internal force vector because of node p belonging to element e minus the

external force vector of node p belonging to element e ok.
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(). = fB ..@% v Eq.(7)
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And, then these are the explicit expressions in direct notation and these are the indicial
notations ok. And, we note that the stresses in the internal force vector ok. So, the stresses in

the internal force vector that is here can be found using the constitutive relation.

So, in our case we are using and compressible Neo-Hooekean material for which we have
already derived the Cauchy stress as following relation given by equation 50 or in indicial
notation given by equation number 50. So, what will happen? To compute the internal force

vector you have to first get the stresses ok. To get these stresses what we need to first do is we



need to get the b and J. b and J both you can obtain if you have got the deformation gradient

tensor F ok. Then J is determinant of F and b is F F transpose ok.

So, inside a finite element setting the first thing you will get is the deformation gradient
tensor then you will obtain J, then you will check for the value of J. And, you will do check
whether you have a valid deformation and then you will find out b and using b you will find
out sigma. Once you have found out sigma you can find out the internal stresses. That is F
internal and if that element has some body forces you will find the external body force vector.
And, if that element belongs to the surface of the body then you will find the external force

vector because of the external tractions.
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3. Discretization of Equilibrium Equations 2
+ Assembly of the spatial ic
J MJL ?
W (16, N dv,)
20
Eq. (53)
nd — nt
fop = 3 oy (PEE) B 64)|  fop= D f, (€€ Eq. (55)
em] em]




Then the assembly of the spatial total work over all the elements which are connected to node
p ok. In a finite element setting if you have a node p then a lot of elements e 1, ¢ 2, ¢ 3, ¢ 4

like this a lot of elements will connect to node p.

It may also happen that your node may belong to a corner element in that case p will have
only one element or in general p may have different elements connecting to it. And, then if we
take the contribution to the spatial virtual work because of all the elements which are
connected to node p, then we know add the virtual work contribution over all the elements

from e equal to N p e, where N p e is the number of elements connected to node p ok.

So, the number of n elements connected to node p ok. So, this information has to be there and
then I can substitute the expression here as del v p dot F internal minus F external ok. Now,
virtual velocities I can take outside and this is the integral over all the elements connected to

node p of the internal minus the external force vector.

So, this finally, I can write this as del v p dot F internal total internal force at node p minus

the total external force at node p.



(Refer Slide Time: 52:59)

3. Discretization of Equilibrium Equations

+ Assembly of the spatial total virtual work over all nodes p gives us the total spatial virtual work ag

where

f:,.-?\ iy
Q’mt = met.p Eq[sn Fo)-:‘ = fﬂ(l-l’ EQ- (58]
__p:rul h p=1
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Next I can do the ok. So, next I can assemble the spatial total virtual work over all the nodes
to give us the total spatial virtual work. Remember, this is a total spatial virtual work and this
can be obtained as the total virtual work of all the nodes ok. So, this is the contribution to the

total virtual work for node p and this when integrated over all the nodes ok.

Here n p is the total number of nodes in the mesh you may have thousands of nodes. So, this
n p maybe thousand and when you substitute this expression from the previous slide I can

write in short this as R p, where R p is the residual at node p ok.

And, assembly over all the nodes give me the global internal force vector minus the global
external force vector. And, the difference of the internal and the external force vector is

nothing but the residual R where the internal force vector as you can see here is the assembly



over all the nodes the external force vector is assembly over all external forces of all the

nodes ok.

And, then the residual is nothing, but the difference of the internal and the external forces and
now my objective is to reduce this residual. To bring this residual equal to 0, so that when
residual goes to O the internal forces will balance out the external forces and that is when you

achieve your equilibrium.
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* The explicit expressions for the global internal force vector, external force vector, residual and the

virtual velocity vectors is given by

l(finl.l )t" @) W)
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+ Since the virtual velocities are arbitrary so

from Eq. (56) we get the complete nonlinear

discretized equibrium equations as
a/ unknowns is given in

X) = Fiu (x) - Fou () = arrayformas

where the vector of

So, this is the explicit expression of the global internal forces, global external force, residual
and virtual velocity vector in the previous slides where each of these here correspond to one
particular node. So, this correspond to node 1 and this correspond to the final node in the

mesh that you have.



Since the virtual velocities are arbitrary, so, equations 56 gives us the complete non-linear
discretized equilibrium equation as R x equal to F internal minus F x external ok. So, the
internal and external forces are the non-linear functions of x and then equation number 61
gives you the finite element discretized continuum equilibrium equation that we had which is

divergence of sigma plus b equal to 0.
And, this is the corresponding finite element discretized part and x is the vector of unknowns
that we need to find out ok. So, this is the unknown at node 1 and this is the unknown at final

load N p.
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3. Discretization of Equilibrium Equations

+ We can derive an alternate expression for the Eq. (38) in matrix form as follows

Using gcight notation we can express the Cauchy stress tensor, rate of deformation tensor in array

d“ ﬂ.d”

dy ddy

i , dds
d={d} = g‘(f__j dd = {d} = 2;;}-{3 Egs. (62-63-64)
Neemsd ) 2y

2da3 20y

The virtual rate of deformation tensor in indicial notation is now expressed as

] n ; ) )
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So, we can derive an alternate expression for equation number 38 in matrix form I can write
using Voight notation the Cauchy stress tensor in the vector form like this. So, instead of

writing nine components, [ can express them as six components because the other three are



symmetric because sigma 12 is same as sigma 21, 13 is sigma 31s and sigma 32 is same as

sigma 23.

And, this is the rate of deformation tensor and this is a virtual rate of deformation tensor ok.
So, this virtual rate of deformation tensor which is given by the following expression and this

1s the indicial notation.
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I can write them explicitly as del d 11 as del v 1 p del N p by del x 1 ok; this you can do from
the indicial notation. So, del dd 2 del d 22 is given by this expression; del d 33 is given by
this expression; this is 2 del d 12 this is 2 del d 13 and this is 2 del d 23.
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If I write all these six equations in matrix form I can express my rate of deformation tensor in
vector form as following expression. So, this is what I define. This is a matrix and this is a
virtual velocities. So, this matrix I can write define a matrix called B p ok. So, this is B p; the

matrix B associated with node p into virtual velocity del v p.
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The internal virtual work expression of node p of an element e can be written using Egs. (62) and
(64) as

/_-\
v B {5
Svp- Bp S

ew = bv, Eq. (69)

Using Eq. (67) in Eq. (68) we can write

m"i{.:':’ (4, Npdvy)

of number of zeros in the matrix B, it is computationally more expensive than Eq. (38)

Now, the internal virtual work expression which has given like this the same can be written as
del d transpose sigma and del d from my previous slide is B p del v del v p. So, thisis v B p
del v p transpose this is sigma. And, now del v p transpose this becomes del v p transpose B p
transpose sigma and then I can write this as del v p dot B p transpose sigma. And, virtual

velocities I can take outside the bracket and this is my relation B transpose sigma dV.

And, this is nothing, but this should be same as the internal force vector corresponding to
node p of element e. So, you see here we get an alternative expression for the internal force
vector of node p belonging to element e as integral over the current volume v p transpose

sigma dV.

You note that although this equation is what you find mostly in the books. It can be seen from

equation 67 which is here that there are lot of zeros present over here there are lot of zeros



you see here. So, that due to the presence of a number of zeros in the matrix B equation 70 is
computationally more expensive than equation number 38 ok. So, equation 38 in the actual

computational setting is what we use 70 is what is mostly present in the finite element text

ok.

Thank you.



