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5. Cauchy’s Stress Principle

+ To obtain the local expression for the balance of linear momentum it is first important that we obtain

volume integrals and thus can be written for any sub-body E

+ However, the external applied traction term fm@A is written across the outer surface of the body.

Hence, it is not clear how something over the outer surface can be written for an arbitrary sub-body
E inside the body B
- —

+ This was addressed by Cauchy in the year 1822 through his famous stress principle which is at the
-

heart of the field of continuum mechanics
il bl v

+ Cauchy realized that there was no inherent difference between the external forces acting on the

actual surfaces of the body and the internal forces _acti insi 00y Tadmor, Miler Eliot 2012

So, the next point we discuss is the Cauchy Stress Principle, ok. So, we have discuss the

global form of balance of linear momentum. So, that was in integral form.

So, now we wish to obtain a local expression ok, for balance of linear momentum, ok. And for

this it is important that we obtain an expression like this ok, for an arbitrary internal sub body



E of body B, ok. So, you have this body B and then B consider a sub body of body B that is E.

And now we wish to obtain a similar expression like this here for the sub body E, ok.

Now, it is not a problem to get a similar expression for these two for the sub body E, because

they are volume integrals and then they can be written as well for the sub body E.

However ok, so that is what I have stated here. This is not a problem for body force term or
the inertia term as they both are volume integrals and thus they can be written for any sub

body E, ok.

However, the problem comes for the traction term that we have; the second term on the right

hand side, which is this term over here.

Now, remember this t bar over here is a externally applied traction, ok. So, here it is a
externally applied traction. So, this is applied on the physical surface of the body, not on the
surface of sub body E, ok.

Now, at this point it is not clear to us how which is an integral, which is written over the outer

surface can be written for an arbitrary sub body E, which is inside the body B.

So, this issue that how do we write this integral, surface integral on the physical surface in
terms of the surface integral on the surface of sub body E was address by Cauchy in the year
1822, when he gave his famous stress principle which lies at the heart of the field of continuum

mechanics.

So, what Cauchy realized was that, there was no inherent difference between the external
forces acting on the actual surfaces of the body and the internal forces acting across inside the

body, ok.

So, what he realize that, it does not make any difference ok; the way the tractions would act

on the outside surface of the body, the traction would act in a similar way on any inside



surface of the body ok, sub body E, ok. Then the magnitude of the traction maybe different,

but the nature in which they are applied is same.
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5. Cauchy’s Stress Principle

+ Cauchy theorized that both can be described in terms of traction distributions

+ This made sense since in the end the exteral fractions characterize the interaction of a body with

its surroundings like other bodies and the internal tractions characterize the interactions between

the two parts of the body across and internal surface.

This led to the famous Cauchy’s stress principle as

7The interactions of the material across an intemal surface in a body can be described as a distribution of
tractions in the same way that the effect of external tractions on the physical surfaces of the body are described

A\

« This rather simple and innocuous sounding statement appears today as a trivial observation.
—————— ———
However, it paved the way for continuum theory of solids and fluids.

Tadmor, Miller, Elliot, 2012

So, then Cauchy theorized that the both can be described in terms of traction distributions, ok.
And this would make sense, because in the end external tractions characterize the interaction
of a body with its surrounding like other bodies and the internal tractions characterize the

interactions between two parts of the same body across the internal surface.

So, what this means is the way the external tractions ok, happened between the body and the
surrounding which may be another body; in the same way the traction happen in internal

tractions between two different parts of the body interact in the same way, ok.



So, this led to his famous Cauchy stress principle which is stated here. And it states that, the
interaction of the material across an internal surface in a body can be described as a
distribution of tractions in the same way that the effect of external tractions on the physical
surfaces of the body are described, ok. So, you can describe the internal tractions in the same

way as you would describe the external tractions on the physical surface of the body, ok.

So, this is rather very simple statement, but and also it may seem a very trivial observation; but

back in the day this paved the way for the continuum theory of solids and fluid.
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5. Cauchy’s Stress Principle

+ Now consider a cylinder shaped body P inside B as shown in the figure
+ The balance of linear momentum for this body P can be written as

s

Note: There is no overbar over the traction t which are now the
internal traction evaluated at the surfaces of P which is regarded as

the sub-body of B @
)
(!
%

+ Then the surface integral can be split into integrals over @

the top, bottom and cylindrical surfaces of the body P to

give the expression for linear momentum as
w’ fap tda + fap tda + fap Jpytds Eq. (31)

@ @ @ Tadmor, Millr, Elliot, 2012

So, now let us consider a cylindrical shape body B as shown in the figure. So, you have a body

B at time t and now let us consider a small cylindrical shape body P.



So, this is point P and this is an infinitesimal small cylinder ok, we consider, ok. So, the top

surface is given by top, there is a bottom surface and there is a cylindrical surface, ok.

So, the normal to the top surface let us say it is n, and the normal on the bottom surface is
minus n and then the height of this cylinder is given by h, ok. With this we can write the
balance of linear momentum for this body using the Cauchy stress principle as the inertia
contribution, ok. So, the inertia term equal to the total body forces inside the body P plus the

tractions on the surface of body P, ok.

Just notice that we have not put any bar on top of traction t, which means that t bar is an

external traction and this t is a internal traction, ok.

So, as you take out the cylinder from the body, if you can imagine, if you cut the body P and
take it outside; so the internal forces which were there before the body was extracted, will
now become the external traction for the cylinder, ok. So, these external tractions on P are

actually internal tractions on body B. So, we denote it by symbol t.

Now, we can split this integral on the surface of the, cylinder P into three terms, ok. So, we
just take the inertia in the body forces on one side and then this surface integral can be broken

into three parts; the first part, the second part, and the third part.

So, the first part is the integral over the, what we call the top surface, ok. So, let me rub this

here.
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5. Cauchy’s Stress Principle

+ Now consider a cylinder shaped body P inside B as shown in the figure

+ The balance of linear momentum for this body P can be written as

4
Jo@pdV = [bpdy + Eq. (30) @

Note: There is no overbar over the traction t which are now the
internal traction evaluated at the surfaces of P which is regarded as Ah/v %

the sub-body of B
-n

rio
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+ Then the surface integral can be split into integrals over
the top, bottom and cylindrical surfaces of the body P to

give the expression for linear momentum as
x

[o (& = b)pdV) = fapmtda + fop,, tda + faPmtda Eq. (31)
N —— A A
@ @ @ ‘Tadmor, Miller, Elliot, 2012

So, the first term is over the top surface, the second term is over the bottom surface and the
third integral is over the cylindrical surface, ok. So, this cylinder has three surface; top, bottom
and the curved surface. So, I can split the surface integral into three part, ok, which is shown

in equation 31, ok.
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5. Cauchy’s Stress Principle &

+ Next,as h — 0 the integrals over the volume and the cylindrical surfaces vanish and we get
—

[ypy, to + f\% tlo=0 =5 vt I\«}?{VJ; 0 Eq.(32)

+ Now we apply the mean value theorem for integrals which states that the definite integral of a
Ll Gl L el gL SEITE AR e,

continuous function over a domain is equal to the value of the function at some specific point inside

the domain times the size of the domain
T UOTAITIE e e CORN COA

For a surface integral | the mean value theoremis [ = = f(m*)é) where nd a
is the total area of the domain S

+ Thus, application of the mean value theorem gives

G+ tlop,, Eq.(33)

=0
=

where Aa is the area of the top and bottom surfaces.

Tadmor, Miller, Elliot, 2012

Now, I can make the cylinder go to this height of the cylinder to go to 0; which means I start
bringing the top and the bottom surfaces closer to each other. So, what would happen? The
cylinder will become at the infinitesimal limit will become a surface and this cylindrical surface

will go away, ok.

So, cylinder will become a 2 D surface. So, also this term, the volume integral will go to 0;
because as I approach h to 0 volume goes to 0, therefore, all volume integrals will also go to
0, ok. And also the integral over the cylindrical surface; because there once h tends to 0, there

is no cylindrical surface left ok, therefore that also goes away.



So, in equation 31 on the right hand side only two terms remain, which is the integral over the
top surface and integral over the bottom surface, ok. And that should be equal to 0, because

that is the volume integral, ok. So, the volume integral is 0.

Now, we apply the mean value theorem of integrals ok, which states that the definite integral
of a continuous function over domain is equal to the value of the function at some specific

point inside the domain times the size of the domain, ok.

So, what it means is, if you have an integral over the say, area which is I of a continuous
function f x ok; then this integral will be equal to the value of the function at some point x star

which belongs to the surface times the total area, ok. So, that is the mean value theorem.

So, this I can apply to our two terms in equation 32, ok. And when I apply this, let us say t
star is the traction ok, value of the traction at that point x star, times the total area of the top
surface which is let say is delta a plus the value of the traction at the bottom surface at some
point x star ok, times the area of the bottom surface which is same as the area of the top
surface that is delta a and that should be equal to 0, ok. So, delta a is nothing but the area of

the top and bottom surfaces.
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5. Cauchy’s Stress Principle A

+ Now, asthe area Aa— 0 we get

t* ‘avmp i ;ﬁ% Eq. (34)
N ™

+ Now let us consider the internal fraction ¢ more carefully

The internal traction tis clearly a function of the position x and possibly time £,

Since, the tractions are defined in terms of the surfaces they must be related to the particulars of

the surface i.e. its position x and normal n

4
Consequently, writing mathematically we can wiite ¢ = t (z, n) Eq. (35)
—_—

This means that at any position x and_nor
The totality of these is called the t the point. The stress state at a point characterizes

the internal forces at X

3l direction n there are an infinite number of tractions.

Now, what I do is, I now start making this area go to 0, ok. Now as I start making this area
go to 0, what I get? So, here you can realize delta a as it goes to 0 what happens; your
traction at the specified point on the top surface will be equal to the negative of the traction at

the specified point at the bottom surface.

So, now let us consider this internal traction t more carefully, ok.

So, clearly this internal traction t is a function of the position x and possibly time t, ok. And
tractions are specified in terms of the surfaces they must be related to the particulars of the
surface; therefore the tractions must be related to the surface on which they act and the
quantities that define those surfaces are its position which is x and the normal to the surface

which is n.



Therefore, I can write mathematically that the traction is a function of both the position of the

surface on which it acts and also the normal.

This means, what this means is that any position, at any position x in the normal n there are
infinite number of such tractions, ok. So, at any point X, you can have infinite number of

normals; therefore you can have infinite number of tractions.

So, the totality of all these is what is called the stress state at that particular point. So, the
totality of all the stress vectors at that point for all possible values of n is called the stress state
at that point, ok. So, the stress state at a point characterizes the internal forces at the special

location x.
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5. Cauchy’s Stress Principle

« From the expression (tlyp,, = — t*|3p,..) We can see that the traction on the top is equal to the
negative of that of the bottom Size linder is taken as zero. This means that in terms of

coordinates x and normal n we have
—-———-—__\______

2) i, =tz,9)

%7 tlop,, = t(@ =n) }

+ Thisleads to t(z,n) = ~t(z, -n Eq. (36)




So, now coming back to our expression t star at the top surface is equal to minus of t star at
the bottom surface. From this we can see that the traction on the top is equal to the negative
of the bottom as the size of the cylinder is taken to 0. Which means that in terms of the
coordinate x and normal n, the traction at the top surface will be function of position x and the
normal to the top surface, which in our case is n. And then the traction at the bottom surface
will be equal to the position x and then the normal to the bottom surface, which in our case is

minus n.

And then using these two expression, here in this particular expression, ok. So, if I can

substitute these expression here, then what I get.
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5. Cauchy’s Stress Principle 2

+ From the expression(t”bpmp - t*|apb(,;) we can see that the traction on the top is equal to the

negative of that of the bottom size of cylinder is taken as zero. This means that in terms of

coordinates x and normal n we have
—-—-——-—__\__,___
P lyp,,, = tE, 1)
29 tlo,, = e

+ This leads to t(z, n) 2t (z, -n) Eq. (36)

e

+ Thus, we see that the tractions on the opposite sides of a surface are equal and opposite. This is

referred to as Cauchy's lemma.

+ The above expression can also be treated as statement for Newton's third law of motion.

+ However, the Newton’s third law of motion can be considered to be a consequence of Cauchy's

stress principle.




Let me rub this. So, what I get is the traction at the top surface is minus of traction at the

bottom surface.

So, the t as a function of X comma n is same as minus of t as a function of Xx comma minus n,

ok.

Thus we see that the tractions on the opposite sides of a surface are equal and opposite and

this is referred as Cauchy’s lemma, ok.

So, the traction on the same point inside the body, ok. So, the traction on one side will be

equal to the negative on the traction on the opposite, 180 degree opposite side.

So, the above expression can also be treated as a statement for Newton’s third law of motion
ok; that is there is an, when two bodies are in contact, there is an equal and opposite reaction,
ok. So, this is equal and opposite reaction. So, the magnitude are same and they are in

opposite direction, ok.
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5. Cauchy’s Stress Principle B

+ Now, we can obtain the expression for traction boundary condition.

+ Consider the case when one face of the cylinder, say the top face, is on the physical surface of the

body then.
S8 (e n)(io))

But we also have shown t(z,n) = —t(z, —n)

Therefore,

+ This expression relates the external applied tractions to the internal stress state.

+ Finally, the complete expression for the traction boundary can b e. wntlew a0

bz, n) = 1(2) Eq. (37)
= ——

Now, we wish to obtain the expression for the traction boundary condition.

Now, let us consider now that some part of the sub body E now coincides with the external
physical surface of the body, ok. Now, what happens ok? In that case, when one face of the
cylinder, say the top face, is on the physical surface of the body, ok. So, we had the cylindrical
shape body.

Now, let us say the top face of that cylindrical shape body coincides with the physical surface
of the body, where you have certain traction. In that case, we have the externally applied

traction at that point should be equal to minus of't x comma minus n, ok.



And now, I know from Cauchy’s lemma that this quantity over here is also nothing, but t x
comma n from the previous slides we know that ok; that is what we already know from

Cauchy’s lemma.

Therefore the traction t inside the body at position x, whose normal is in the direction n is
equal to the externally applied traction at that point. What it means is on the physical surface,
say the bottom is your body and the top is the outside of the body. Now the applied traction at
the outside will be equal to the traction at that point inside the body, ok. So, that is your
traction boundary condition and this expression relates the externally applied tractions to the

internal stress state, ok.

So, finally, the complete expression for the traction boundary condition can be written as, can
be written as; for any point which is on the surface of the body, the traction inside the body at

that surface should be equal to the external traction acting at that point on the body, ok.
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6. Cauchy Stress Tensor &

* To develop the idea of a stress tensor, let t;, t,, and t; be three traction vectors associated with the

ree Cartesian directions e, e,, and e, respectively.

+ In component form they can be expressed in terms of e,, e,, and e; as

G2~ mfb‘hod'
- 2h
= e = Jf_z_ MR
X303 % iy 2 om
% tles) = 03161 +£72_2t32 I @3 Eq. (38) « PL(IM; -4'1.4_

2 tles) = ouer + omer + ogses
by — - — ~—

In short we can write

3
t@ = Yoje  Eq.(39)
L =

Now, let us come to the most important concept which is the Cauchy stress tensor, ok. Now,
to develop the idea of a stress tensor, let say t 1, t 2, t 3 are the three traction vectors which

are associated with the three Cartesian directions e 1, e 2, e 3 respectively, ok.

Now, let us consider a cube which is shown here. So, this red shaped object is one cube ok,

whose surfaces are along the x 1, x 2 and x 3 directions respectively, ok.

So, we have taken a cube, whose vertical faces are perpendicular to the Cartesian directions e
I, e 2,e 3. So, el is this, e 2 is here and this is your e 3 direction. And let us say we have

tractionst e 1, t € 2, t e 3 which act on these planes.



Now, let us say if I take this particular plane. So, this vector, traction vector can be resolved
into three directions ok, it can be written in terms of the component. So, this is a vector and

this is in a particular direction. So, this vector acts on this vertical surface, ok.

Let us say I will just say A, B, C, D. So, t e 2 acts on A, B, C, D in a particular direction;
therefore since this is a vector, I can resolve this vector into one component along the x 1
direction, let us say sigma 1 2, one component along the x 2 direction let us say sigma 2 2 and

one component along the x 3 direction which is sigma 3 2, ok.

So, here the second indice 2 is common in all the components, and this signifies the direction
of the normal on the plane on which the traction acts. So, the direction of normal here is in the
e 2 direction; therefore we have the second subscript as 2. And the first subscript denotes the

direction in which the component of the tensor acts, ok.

So, let us say sigma 1 2 would be the direct component of the traction, component of the
traction t e 2 in the direction x 1, in the direction x 1 on a plane whose normal is in the

direction x 2 that is what sigma 1 2 mean.

So, sigma 1 j for example, would mean that component of the traction in the direction i on a

surface whose normal is in the direction j ok, that is what sigma i j would mean.

Now, coming back to this traction vector, I can write this traction vectors in the component

form.

So, the first traction vector can be written as sigma 1 1 e 1 plussigma2 1 e 1 plussigma3 1e
1. Notice the second subscript is 1 here, because the normal to this particular surface, let us
say E, F. So, the normal to the surface A, D, E, F is in the direction of n 1; therefore the

second subscript is 1.



So, the first vector can be resolved into three direction as sigma 1 1 e 1 plus sigma 2 1 e 2 plus

sigma31e3.

The second vector similarly can be written as sigma 1 2 e 1 plus sigma 2 2 e 2 plus sigma 3 2 e

3.

And the third will be sigma 1 3 e 1 plus sigma 2 3 e 2 plus sigma 3 3 e 3. In short using the
concept of indicial notation, I can write the traction on a plane whose normal is in the

direction j is summation over i sigmaije i
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6. Cauchy Stress Tensor &

+ Now, a relationship between the traction vector t corresponding to a general direction n and the

components of can be obtained by studying the translational equilibrium of an elemental
tetrahedron shown in the figure. Neglecting inertia we can write Xy 1 @

t(n)da + t(—e;)d t(—ey)d t(—e3)d bdv = 0
(n)da + H(ex)don -+ H(~ex)doy + (e + biv %)

[

— S
A D+ i} 0E )i, + B 0 W




Now, I can now develop a relationship between the traction vector t corresponding to a
general direction n and the components of sigma 1 j by studying the translational equilibrium of

an elemental tetrahedron which is shown in the figure, ok.

Say if I have a tetrahedron let us say O, A, B, C, ok. And this tetrahedron may be obtained by
cutting the cube that I showed in the previous slide at an certain angle, so that the normal to

the slanted phase is n.

And let us say t n is the traction which is acting on this particular plane, ok.

So, the traction vectors on the three verticals plane, ok. So, the traction vector in the direct on
the plane O, B, C which is one which is on the back side is t e 1, t minus e 1; because the
normal to that particular plane O, B, C is in the negative x 1 direction, therefore t is function

of minus e 1.

So, the traction vector on plane O, A, C will be t function of minus e 2; because the normal to
plane O, A, C is in the negative x 2 direction. Similarly, the traction acting on O, A, B is t
function of minus e 3 and because the normal to the plane O, A, B is in the negative x 3

direction.

Now, what I can do is and let us say the body forces that act ok, let us say the body forces are

b.

So, the body forces per unit volume is b. Now I can say from the translational equilibrium, the
vector sum of the forces acting on the slanted phase A B C plus the traction or the forces
acting on the plane O B C plus forces on the plane O A C plus the forces on the plane O A B

plus the volumetric force is equal to 0, ok.



So, here we for the sake of simplicity, we have just neglected the inertia forces. We are not
considering inertia; even if it comes, the result will not change that is why for clarity we have

just taken inertia to be equal to 0.

So, the vector sum of forces acting on all the four planes should be equal to 0.
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6. Cauchy Stress Tensor ®

+ Now, a relationship between the traction vector t corresponding to a general direction n and the
components of. can be obtained by studying the translational equilibrium of an elemental
tetrahedron shown in the figure. Neglecting inertia we can write

t(n)da + t(-e;)day + t(—ez)day + t(—e3)das + bdv = 0 9

(O
u

Now q_z& is the projection of are oAt to the plane normal to the Cartesian
direction e;and is given b

(n-ej)da 0
Dividing the entire expression by da J\ — 0
g Av
tn) + 3 t(~e;)(n-;) .@ o @
i~ =1 ¢
T

Using t(e;) = —t(—e;) and noting that the ratio d_v 0 asthe teraheron is made smaller and smaller
o

Now I know that, ok. Now, let us say, I will rub this, now I can shorten the above expression;

so these middle three I can write as a summation, ok.

So, t nd a plus sigma jequal to 1 to jt of e minus jd a j plus b d v equal to 0, ok.



Now, I know that this area, this ith area is the projection of the area d a, ok. So, area of the
slanted phase, let us say is d a; then the projection of this area on the x 1 plane which is O B C

will be nothing, but n dot e 1 d a, similarly for the other two direction.

In general I can write d a j is n dot e j d a that is the projection of the area d a, ok. So this is
the area d a, which is the slanted phase and if I take the projection of this projected area of

phase A B C on the x 1 plane, ok.

If I take the projection on the x 1 plane, I can get the component of d a 1, ok. Similarly I can

get for any jth directiond ajisndotejd a.

Now, I can substitute this expression over here, this particular expression. So, d a j in this

equation can be replace by following expression, ok.

So, and then I can divide the entire expression, this entire expression by d a; because every
term will have d a. So, I can take d a out and I will have the traction on the slanted phase is
equal to the sum of tractions on the projected planes plus body forces into the ratio of volume
of the tetrahedron divided by area of the slanted phase that should be equal to 0. Now if I start
making my tetrahedron go to 0, which means this height h, ok. If the height h start going to 0,
then what happens; d v by d a will tend to 0.

So, h tends to 0, h is the height of the tetrahedron from the centre to the this phase A B C;
therefore and also t e j from the Cauchy’s lemma, we have the traction t of minus e j will be

equal to minus of't e j, ok. And as the volume goes to 0, the body force term will go to 0.
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6. Cauchy Stress Tensor

2

3
We get t(n) - Z €)= 0
=1

Now using in t(n) - 23:
a=1l

33
We get =X ¥ &y

=)
We know (u®wv)
3
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Cauchy stress rule/principle t

@ 0)= S
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Eq. (40)

Cauchy stress tensor

Th jg € Suordt arden
L Eq. (41)
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So, what happens? The third term drops away and

slanted phase is equal to the vector sum of the tractions on the projected vertical phases ok,

which is given here.

Now, if you remember, we had this particular expression; that traction can be at on any plane

e j can be written in terms of the components along the three directions sigma i j e i, that we

already had.

I can substitute t e j by this expression over here. If I do this, what I get. So, if I substitute this

here, what I get traction on the slanted phase is equal to summation over i and j sigma i j n dot

ejeiequal to 0.

then I it will have the traction on the




Now, recall that a diode of two vectors u tensor product v when operating on a vector w, give
you w dot v into u. Now if you see closely here, this is nothing, but like the right hand side of

this expression.

So, because n is w and I can see v is € j and my u is e i; therefore this expression can be
written as u tensor product v into w, uisie i, v is e j into w and w is nothing, but n, ok. So,

what I get is summation over i and j, sigma 1 e i tensor product e j.

And immediately from our definition for a second order tensor, we realize that the expression
in the square bracket over here constitutes a second order tensor, ok. And the basis is ¢ i

tensor product e j, where i and j go from 1 to 3.

So, I can replace the term in the square bracket with a tensor symbol sigma and I can write the
traction on the slanted phase minus sigma times n; n is the normal to the slanted phase is equal

to 0.

So, the Cauchy stress principle finally, gives me the traction on a plane passing through
position x, having a normal n equal to the stress tensor sigma times the normal at that point.

So, more explicitly I can write this as, t X comma n is equal to sigma n n, ok.

So, the traction at position x in the direction n on a plane having direction normal n will be
equal to the stress tensor at that point times the normal n, ok. And that is what is called the

Cauchy stress principle.

Finally, the Cauchy stress tensor can be identified as sigma equal to summation over i and j

sigma 1] e 1 tensor product € j.

So, sigma can be shown that it is a second order tensor, ok. How will you show? In equation
40 you have been given that, t is a vector; which means it is a first order tensor, n is a vector

that is it is also a first order tensor.



So, equation 40 you can write in the transform quadrant, which is we can write equation 40 as
t dash equal to sigma dash n dash; t dash is Q transpose t, n dash is Q transpose n. Therefore,
if you substitute everything and do a little bit of manipulation, you will come to the following
relation; that sigma dash will be Q transpose sigma Q, which would mean that with sigma is a

second order tensor, ok.

So, this proof the sigma is a second order tensor I leave it to you.



