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So, welcome back we were discussing following topics. So, we had completed strain and we
were midway through Polar decomposition theorem. So, today we will finish the remaining
part of the Polar Decomposition theorem and we will see how to relate the volume and area
elements in the material and spatial configurations ok. Today we will see how to do left polar

decomposition ok.
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7. Polar Decomposition Theorem

* Question now is how to carry out the polar decomposition? Now, lets look how to carry out the left

polar decomposition b - ;‘ F_?

Step 1: Compute the eigen values ?{ A3, A2 and eigenvectors ™1, 2, M3 of

b
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e

So, that is what we want to do today left polar decomposition. So, we will start with the left
Cauchy Green tensor which is given by F F transpose. Now, you have been given the
deformation gradient tensor F and now you can compute b. So, the steps to carry out the
polar decomposition remains same as discussed previously ok; when we saw how to do polar

decomposition using right polar decomposition theorem ok.

Now, the first thing we have to do is; we have to find out the eigenvalues ok. So, make a to
make a distinction between the eigenvalues of ¢ and b we put a over bar over the eigenvalues
ok, but still we denote the eigenvalues of b as lambda 1 bar square lambda 2 bar square
lambda 3 bar square which means; we retain the square term for the obvious reasons that later

on we have to take a square root.



So, let these be the eigenvalues and let us smalln 1 n 2 n 3 be the eigenvectors; why small?
Because b resides in the spatial configuration ok; so by convention all quantity which are in the
spatial configuration we denote by lower case letter. Its not always the case, but most of the
time spatial configuration quantity that denoted by lower case letters. So, once we have found
out the eigenvalues and eigenvectors of B we can use the spectral decomposition theorem and

express b in terms of the eigenvalues and the tensor product of the eigenvectors.

So, once we have expressed b in terms of its eigenvalues and eigenvectors and we know that
V square equal to b. So, V will be square root of b ok. So, basically what it means we have to
take the square root of the tensor b. So, that would be nothing, but V equal to lambda alpha
bar n alpha tensor product n alpha ok. So, the eigenvectors have not changed, but the

eigenvalues are now square root of the eigenvalues of'b.

So, once we have V we can compute the orthogonal tensor R as V inverse F ok. So, once we
compute R we have done the polar decomposition ok. We have determine in step 3 the left

stretch tensor V and the step 4 we are determine the orthogonal tensor R ok.
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7. Polar Decomposition Theorem

+ Physical interpretation of the right polar decompostion:

Ri (F = RU)

ight polar decomposition

*@ dy, Uk
4.

-

Now, we move to get a physical interpretation of right polar decomposition. So, deformation

gradient tensor F maps the material vector d X to the spatial vector d small x that we know.

Now, the polar decomposition right polar decomposition gives you F equal to R into U.

Therefore, if you substitute for F here if you substitute for F here we will get the spatial vector

d x equal to R U times d capital X the material vector d X ok.

So, U times the material vector d X I can express as d Y and then I can write the spatial vector

d x as R d y I can write it as R d y ok. So, how this looks like? Ok. So, first we have

computed d y which is nothing but U d x ok. So, initially if you have a time t equal to 0 you

have a material vector d X. So, we have not shown the body we are just showing the material

vector.



So, what U d x does is; it stretches the material vector d X by certain amount without actually
rotating the material vector which means that the vector P Q is parallel to vector P dash Q
dash. So, that is the P dash Q dash is not the final configuration its the intermediate just for

our conceptual purpose.

So, U d X just stretches the material vector d X by a certain amount and then the final spatial
vector is R d y ok. So, R d y means; now the rotation or the orthogonal tensor R rotates the
vector d y without actually doing any stretch. So, U causes stretch and R causes the rotation.
So, you can see here we have the stretch without any rotation and then we have rotation

without having any stretch ok.

So, let me rub yeah. So, now, we can show so we have asserted that the length of the vector d

y is same as the length of the vector d x ok. So, this we can actually show.
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7. Polar Decomposition Theorem

« Physical interpretation of the right polar decompostion:

Ri (F = RU)

ight polar decomposition

dw__Rdyf‘t’
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L~ Xy, 11 Xo, 2
de-de = dy-dy
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i.e., the length remains unchanged during the rotation

So, we know that d x dot d x that would be nothing, but. So, I mean sorry we want to show
that the length of vector d y is same as the length of vector d x ok; because that is where
rotation is involved. So, we start with the scalar product of the spatial vector d x dot d x and

now d x is nothing but R dy d x is R d y; so substituting that we get R d y dot with R d y ok.

Now, R d y is vector an R, so this is nothing, but dot product of two vectors and I can write
this as d y transpose R transpose R d y. Now, we know that R is a orthogonal tensor which
means R transpose R will be nothing but identity tensor ok. So, once R transpose R is identity

what we are left with is d y transpose d y which is nothing, but d y dot d y ok.

So, we see that these square of the final length d x dot d x is same as square of the stretched

length ok; which was obtain by stretched; which means that R does not cause any stretch it



only causes rotation. So, the final length remains unchanged during the rotation that is how

you can show. Now, coming to the interpretation of the left polar decomposition ok.
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7. Polar Decomposition Theorem A~

I
+ Physical interpretation of the left polar decompostion: /kj)\

dr = FdX
Left polar decomposition F =VR ﬁ :N
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So, in left polar decomposition we have F equal to V R. So, substituting this here so the
spatial vector is nothing but V R d X, which is nothing but V d Y d capital Y. So, how can we
interpret this? Ok, so first there is only rotation because d Y is sorry this a vector. So, one

under bar R d X ok.

So, as in the previous slide we can show that the length of the material vector d X remain
same as the length of the vector d Y ok. So, in the first step what we get is rotation ok. So,
this material vector gets rotated without change in length which means that the length of

vector P Q is same as the length of vector P dash Q dash ok.



Now, next thing is we get the spatial vector V d Y ok. So, this means now we get the stretch.
So, the rotated vector which is d Y is now stretched without rotation. So, you see that P dash

Q dash is parallel to P Q which is the final position of points P and Q ok. So, the overall

deformation F can be split into first rotation and then stretch.

In right polar decomposition the total deformation can be split into first stretch and then

rotation ok; that is the physical interpretation of left and right polar decomposition ok.
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7. Polar Decomposition Theorem :

« Relation between U and V:
Right polar decomposition F = RU

Left polar decomposition F=VR
Equating hoth sides VR = RU

Post multiplying both sides by RT we get

Since R is orthogonal we have

Finally we get
\—___—-

V = RUR"| & Eq. (55)

Now, we derive certain relations which will be useful later on. So, first we see; what is the
relation between U and V ok; the right stretch tensor and the left stretch tensor. So, the right
polar decomposition gives you F equal to R U whereas, the left polar decomposition gives you

F equal to V R and because F is same we can write equating both sides V R equal to R U.



Now, if you post multiplying both sides by R transpose we get V R R transpose is R U R

transpose

Now, we know that R is orthogonal which means R R transposes identity tensor ok. So, this
term over here becomes identity ok. And then finally, we can relate the left stretch tensor V to

the right stretch tensor U by this equation V equal to R U R transpose ok.
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7. Polar Decomposition Theorem

+ Relation between the eigen values and eigenvectors of Uand V:

Using spectral decomposition we can erite
= 3 LN.ON, & Eq. (56)
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So, now next is we want to have a relationship between the eigenvalues and eigenvectors of
the right and the left stretch tensors. So, recall from our previous discussions that using
spectral decomposition we can write the right stretch tensor in terms of its eigenvalues and
eigenvectors given by equation 56 ok. In similar manner we can write the left stretch tensor in

terms of its eigenvalues and eigenvectors which is given the equation 57 ok.



So, now just over a previous slides we had derive this relation V equal to R U R transpose.
Now what we do we substitute V and U that is not we are doing substitute V and U from
equation 56 and 57 in equation number 55. So, once we do that what do you get? So, left
hand side let us keep it same on the right hand side we have R the term in the bracket times R

transpose.

So, now I can take R transpose inside the bracket and N alpha tensor N alpha can be written
as; N alpha N alpha transpose. And if we multiply pre multiply by R and we post multiply R
transpose the right hand side would become R R transpose ok; so that is what we have here

we have R alpha and N alpha transpose R transpose.

So, R N alpha is nothing, but a vector and N alpha transpose R transpose again is vector. So, I
can write this as lambda alpha R N alpha R N alpha transpose and this because these two
quantities are vectors I can replace this relation over here with the tensor product. So, I can

write lambda alpha R N alpha tensor product R N alpha ok.

Now, I can relate both sides now I can compare both sides ok. So, I can compare this quantity

over here to this quantity over here.
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7. Polar Decomposition Theorem

« Relation between the eigen values and eigenvectors of Uand V:

Using spectral decomposition we can gvrite
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@ has rotated the material vector triad into the spatial vector triad ) LAY

And I can find a relationship between the eigenvalues and eigenvectors of the right stretch and

the left stretch strain tensors. So, this is given by.

So, you can see lambda alpha bar is same as lambda alpha which means that the eigenvalues of
U and V are same ok; while the eigenvector of V is equal to the R times eigenvector of U. So,

N alpha is R N alpha. So, that is the relation that we come up with.

So, what is R done here? What the rotation tensor has done? The or the orthogonal tensor R;
so we also call it orthogonal rotation tensor. So, R has rotated the material vector triad into
the spatial vector triad. So, this R has rotated this material vector triad from N alpha to spatial

vector triad small n alpha. So, here alpha would be 1, 2, 3.



So, lambda 1 bar is same as lambda 1, lambda 2 bar is same as lambda 2, lambda 3 bar is same
as lambda 3. And n 1 is same as n 1 is equal to R capital N 1, n 2 is R capital N 2, n 3 is R
capital N 3 ok.
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7. Polar Decomposition Theorem

« Relation between the stretch and the eigenvalues of U

Taking a material vector dX; of length dL, in the direction N, we have

dX] =N1
— [

Then, the push forward of the material vector is given by ‘ifgl_ = iy

d]?l = FXm
Snce F = RU =M
e ) . \2 'i\ . }3]'“)
We get S i = Rb@ﬂl = dl,R{UN) YN
0
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So, once we have this relation let us now move to finding the relation between the stretch and
the eigenvalues of the right stretch tensor and from here we will notice why U is called the

stretch tensor.

So, now let us take a material vector d X 1 of length d L 1 in the direction of N 1. So, N 1 is
your material vector is the eigenvalue is the eigenvector. So, d X 1 will be is a vector so it is
will be magnitude of a vector times the unit vector in that particular direction ok. So, d X 1 is

dL 1 N 1 ok. So, the lengths ofd X 1isd L 1 ok.



Now, the push forward of the material vector which means d x 1 is given by F d capital X 1
where d x 1 the spatial vector d x 1 is its length d 1 1 times n 1 ok; the unit vector in that

particular direction.

Now, since from the right polar decomposition F is R U we know that F is R U. So, we can
substitute this F here and we can write d x 1 as R U d X 1 ok and now d capital X 1 can be
writtenasd L 1 N 1itsd L1 N 1 ok. So, because d L 1 is a scalar quantity I can take it on the
left of this expression. So, d L 1 into R times U N 1 ok.

Now, because N 1, N 2, N 3 are the eigenvalues of U and from the eigen N 1, N 2, N 3 are the
eigenvectors of U. So, we know that U N 1 is same as lambda 1 N 1 U N 2 is lambda 2 N 2
and U N 3 is lambda 3 N 3 because lambda 1 and N 1 are the eigenvalues and eigenvectors of

U; so, we can have this relation. So, let me rub this.
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7. Polar Decomposition Theorem

« Relation between the stretch and the eigenvalues of U

Taking a material vector dX; of length dL, in the direction N, we have

Sn

Then, the push forward of the material vector is given by ﬁ_:

dl‘l = FXm
Since
dey = RUIX,; = RU(LYN —dLRUN Ly R(N
We get \,L 1 @ 1 ( 1) o ‘_Q_Jq
Since UN, = &1.,..,]\]1 Weget dz; = (MdL))RN, = (@
RN, =, )Z‘ e
A Comparing with dx; = dln, Eq. (60)
dl i
) =
@‘ = } 40 Eq. (61)
Hence, Stretch gives io of current lengt igi !

So, we can substitute U N 1 as lambda 1 N 1. So, we can substitute U N 1 as lambda 1 N 1.
And now once we have lambda 1 N 1 here we will have d L1 R lambda 1 N 1 capital N
because lambda 1 is a scalar I can take on this side. So, we are left with R times N 1. So, R N
1 is nothing, but small n 1 ok. So, using this we will get the spatial vector d x 1 as lambda 1 d

L 1 equal to R N 1 which is nothing, but lambda 1 dl 1 equal to lambda 1 d L into nl ok.

Now, we can compare this relation with this particular relation because we have a scalar times
n 1 in both the expression and the left hand side of both the expressions are same therefore, the
scalar multiple of n 1 should be same ok. So, comparing with d x 1 equal to dl 1 n 1 what we
get? dl 1 is lambda 1 d L 1 or which gives us lambda 1 as ratio of d 1 1 divided by d capital L 1
that is the final length of the vector d x 1 divided by d capital L 1 and this is nothing but the
stretch.



If you remember in our previous lecture we have defined stretch as the current length divided
by original length and because lambda is the lambda is the eigenvalue of U and this is nothing,
but the stretch that is why U is also called the stretch tensor because it has stretch built into it

ok.

So, now if you see F equal to R U you want to recognize now that the total deformation the
stretch is entirely present in U and the rotation is entirely in R. So, what we have actually
achieved by polar decomposition is the deformation is now, split into what is called rotation

and stretch.

Why this is important is because we will come to it later that the stresses can develop only
when there is certain stretch rotation cannot develop stress ok. So, if you have body and you
just rotate it there will be no stresses generated inside that body ok. And I am of course,
speaking that you rotate it pretty slowly. So, if you just rotate it pretty slowly there will be no

stretch generated. So, rigid body rotations will not generate any stress.

Therefore, once we have to compute increment in the stress because of deformation we have
to take out the effect of rotation ok. So, here we have split the total deformation into a
rotation part and a stretch part. And then when we are going to find out the increment in the
stress during the course of deformation we can know that we have to use U to somehow

compute our strains ok.

And if we use U and U only has stretch when we are discussing the physical interpretation of
right polar decomposition we saw it only causes stretch and no rotation. Therefore, the strain
when computed from U and from that strain when we compute stress you will have stress
increment only because of stretching and rotation effects will be taken out of the

consideration.

So, this stretch gives the ratio of current length to original length ok. So, now, we know why
U is called the stretch tensor because the eigenvalues of U are denote nothing, but the

principal stretches. So, these are also called the principal stretches ok.
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7. Polar Decomposition Theorem

+ Deformation gradient tensor in terms of principal stretches and principal directions

Right polar decomposition F =R

3
Also Y AaNo®N, &
1

a=

e
Using expression for U'in the first expression we get

F = RY XWN.®N,

F= Y £, (62

=l
This expression clearly show the two-point nature of the deformation gradient tensor as it contains the
eigenvectors from both the initial as wel ions !

Now, we can write the deformation gradient tensor in terms of the principal stretches and
principal directions. Why this is important is; why we are doing this is; it will clearly being
route that F is a two point tensor. If you remember in the previous lecture I said F is a 2 point
tensor, but its nature why its two point was not clear which will become clear now in this slide

ok.

So, right we will start with right polar decomposition F is given by R U and now using
spectral decomposition U or the right stretch tensor can be written in terms of its eigenvalues
and eigenvectors. So, now if we substitute U from the second expression in the right polar

decomposition what we get F is R times this quantity.

And if I take the orthogonal tensor R inside the summation sign we have R N alpha tensor

product N alpha and I know that R N alpha is nothing, but n alpha so this we have derived.



So, once we have this relation I can write R N alpha is small n alpha. So, finally, F the
deformation gradient tensor is nothing, but lambda alpha N alpha tensor product capital N

alpha.

So, now, you can clearly see that F the deformation gradient tensor F is made up of the
eigenvectors in the spatial configuration which is given by N alpha and the eigenvectors in the

material configuration which is capital N alpha ok.

So, you can clearly see the two point nature of the deformation gradient tensor as it contains
the eigenvectors from both the initial as well as the current configurations. So, F has the effect
of both the configurations built into it that is why its called a two point tensor ok. So, this

expression number 62 will make it pretty clear ok.
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7. Polar Decomposition Theorem
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Now, there are certain task for you. So, the first task and these are certain proofs that I will
request you try yourself and in case of any problem you can always drop me a message or
email and I will be happy to help you out ok. So, these are certain proof that you can try
yourself they are very basic ok. And they can be done easily using the concepts that we have

discuss till now and this will also strengthen your understanding of the kinematic quantities ok.

So, moving ahead we now come to a final two topics out of which the first one is how to
relate the volume change ok. So, as the body deforms from its initial configuration to the

current configuration the volume of the body may change.
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8. Volume Change

« During the construction of the virtual work expression and subsequent finite element formulations we

have to deal with integrals over the current domain (| current configurations) as well as over the

+ Since the current domain as well as over the current areas are not known, we have to transform he
e AU LI -
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integrals to the previous domains and areas (i.e. initial configuration or reference configurations)
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So, how do we relate these volume changes and this is particularly important because when

we a writing the virtual work expression and we are dealing with subsequent finite element



formulation. We have to deal with integral over the current domain which is the current
configuration. So, this is the integral over the current domain as well as over the current areas
ok. So, this is the area integral in the current configuration. So, this integral over here is
nothing, but is a triple integral remember this is a triple integral and this integral over area is a

double integral ok.

So, now you have to and this quantity in the square bracket I have put a dot this can be any
expression ok; we will come to it later there will be different expression, but that particular

expression over the integrant has to be integrated over the current volume and as well as area

ok.

Now, what is a problem with carrying out this integral? Ok. So, the problem is the current
domain; as well as the current areas are not known ok; you do not now what is the current
domain that is what you want to find out. So, if you do not know the integration limits
because you do not know the area you do not know the current configuration you cannot put

the integration limits ok.

So, here in the triple and the double integral you cannot put the limits once you cannot put the
limits you cannot carry out the integrals. So, what is the solution? And the solution is we have
to transform the integrals to the previous domain and areas that is the initial configuration or
the reference configurations ok. So, these integrals which are here that is the volume in the
area integral have to be transformed to the previous configuration which you had already

solved ok.

In the non-linear finite element setting when you are going over certain increments the
previous increment which you already know you can transform all your current integrals to
that previous configuration ok. So, we will like to transform this integral over the known
volume and known areas see we have B 0 here and delta B 0 which means we have to carry
out this triple and double integrals over the initial configuration. And we know the initial
configuration so it is pretty easy to not pretty easy I mean it is possible to carry out this

volume and area integral.



Now, the problem here is how do we relate the volume element d V towards initial volume
element d V 0 and the current area element d a to its initial area element d capital A. So, what

are these relation? And our objective now is to determine these relation ok.
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8. Volume Change

+ Taking material vectors along the X;, X, and X; directions as
dX, = dX,E, dX; =dX;B, dX3 = dX3E; =
X, = 0By 4y = dGE; O = B &=
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The ;pat|a| vectors are then given by da; = FdX, = oK dXy dzy = FdX, = ﬁng &=

N——

The volume in the material or initial configuration is given by
et R e B

dVp = dX; - (dXy x dX3) = dX;dXydXs
—_— ———
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So, first we look into the volume integral. So, the picture here shows; the body at time 0 in
that is in the integral configuration and let us say you have this volume. So, at point P you
have this infinitesimal volume d V and you have material vectors d X 1, d X 2, d X 3 which
are aligned along the X 1 X 2 and X 3 directions respectively. So, in a finite element setting

this dotted lines would actually refer to the one particular finite element ok.

So, now as the deformation happens ok; so as the body deform it occupies at time t a certain
configuration B bounded by area del B and this volume changes to some other volume. So, the

volume changes so let us say this is d V 0 here and it becomes d capital V here. Because



equilibrium equations are written in the deformed configuration ok; so we have our integrals
here, we have our integrals here and you have to transform all those integrals over this current
area a current volume and the areas to integrals over this particular volume that is the initial

volumes and areas.

So, how do we do that? So, d X 1 is aligned along the X 1 direction which means it is
magnitude of the vector times the unit vector in that direction then this capital E 1. Then d X 2
the second material vector will be the magnitude time the unit vector along the X 2 direction
and d X 3 will be magnitude times the unit vector along the X 3 direction ok. We have chosen

the Q such that its 3 sides are along the x 1 x 2 x 3 axis.

Now, the spatial vectors will be the push forward of the material vectors; so, d x 1 so d x so
this d X 1 goes to this spatial vector d x 1. So, this is the d x 2 and this is spatial vector d x 3.
So, dx 1is Fd X 1 which can be shown as del phibydel X 1 d X 1, dx 2 is Fd X 2 which
can be shown as del phi by del X 2 d X 2 and d x 3 the spatial vector d X 3 is F d X 3 which is
can be shown as del phi by del X 3 d X 3 ok.

Now, the volume element. So, this volume element which is here in the initial configuration
will be given by d X 1 dot d X 2 cross d X 3 a dot b cross 3 B cross c. So, this vector triple
product scalar triple product will give you the volume and then if you substitute these relations

here you can show that the volume d VO willbed X 1,d X 2, d X 3 ok.



(Refer Slide Time: 37:54)

8. Volume Change

+ The volume in the spatial or current configuration is given by

Substituting for dx, dx,, and dx; we ge

dvV = dll:l (dJiQ X dllg
P
id (i x 1)
0X, 0X
e
+ Then, noting that the triple product is the determinant of F

= £0.63
where J = detF J - Jacobian of deformation Eq. (64)
e~ o e e

Note: 1) When the components of F are constant - homogeneous deformation
2) When J = 1 - isochoric deformation ~ —
\/W

Now, similarly I can write the volume in the spatial on the or the current configuration as d V
equal tod x 1 d x 2 cross d x 3. Now, I can substitute for d x 1 d x 2 d x 3 from the previous
slides we have those expressions and I can write d V as del sorry this is del psi by del X 1 dot

del psi by del X 2 del cross del psibydel X 3intod X 1d X2d X3 ok.

Now, this quantity in this circle is identified as the determinant of F and this quantity here is
nothing, but your d V 0. So, I can write d V as J times d V 0. So, we are denoting the
determinant of the deformation gradient by a symbol J where, J is called the Jacobian of
deformation. So, the spatial volume element is related to the material volume element through

equation 63 whichis d V equalto Jd V 0.

So, the final volume is equal to the Jacobian times the initial volume and J is called Jacobian of

deformation. Certain points to note when the components are F are constant they do not



depend on X 1, X 2, X 3, then this is called the homogenous deformation and when the

Jacobian J is equal to 1 it is called isochoric deformation.

Isochoric means if you substitute J equal to 1 in equation number 63 you will get d V equal to
d V 0; which means the volume of the in element will not change which means it is a isochoric

deformation which is volume preserving deformation.

So, in this course we are not dealing with cases or materials where J will approach 1 ok; that

are in compressible materials we are not dealing in this course.
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8. Volume Change

+ We can now get the relation between the initial and the current densities as follows
Noting that the mass remains constant i..

dm = pdV = ppdVy
SRS I m—

since

From this we can derive the relation between the current and the initial densities as

4_— Eq. (65)

Next we can relate now the densities ok. So, we have related the volumes in the final and the

initial configurations d V equal to J d V 0. Similarly, we can derive an expression for the



densities in the initial and the final configuration ok. So, how do we do that? The first point

we note is that the mass the mass of the element will not change there is no mass loss ok.

In that case we can write the mass of that small q in the final configuration as the density in the
final configuration times the volume in the final configuration which is tho d V and because
mass is constant. So, d m is also same as d rtho 0 d V 0 that is initial density times the initial

volume ok.

Now, if we look to these expressions and we also know that d V is J d V 0 ok. So, this I can
substitute here this is I can substitute here and then I can derive relation between the current
and initial densities as rho 0 equal to J rho ok. So, this is the conservation of mass statement
ok. The mass remains conserved which means that the densities are then related by this
relation the initial density is equal to J times final density at that particular point. So, this will

be again used later.



(Refer Slide Time: 42:36)

9. Area Change

+ Consider an element of area in the initial configuration dA = %N
e e

+ Consider an element of area in the deformed configuration z\lgﬁ = Ja n

+ To compute the infinitesimal volume we copsider arbitrary material and spatial vectors dL and df
respectively. Therefore, we have

Coming to the final point: So, the final point now is how do we relate the areas in the initial
and the final configuration? So, consider again this body the initial configuration is B 0
bounded by surface del B 0 which after deformation we have in the final configuration B

bounded by surface del B.

And then we consider at point P a small infinitesimal area d A ok. So, there is small area d A
shown by this dash lines dash I mean dash lines that is the area and the shaded portion is that

particular area which after deformation occupies this I mean this region ok.

So, let N be the normal to this area ok. So, capital N is the normal to the area in the initial
configuration and small n is the normal to the area in the current configuration. So, the area
element d capital A will be nothing, but N d A and the area element in the final configuration

will be n d a where the scalar capital D a is the area magnitude of the area and this small d a



scalar d a is the magnitude of the current area ok. So, d A will be d capital A n and sorry this

1sd an ok.

So, the area vector is magnitude times the normal N is the normal to the area and d a ok, the
current area element will be the magnitude times the normal n ok. So, once we have this we

can compute the volume by considering a small arbitrary material vector d capital L ok.
And how much volume this area infinitesimal area d a and this material element d 1 occupy.
And we see that this material vector is map to the spatial vector dl. So, we know that d 1is F d

capital L ok. So, the deformation gradient maps this vector d capital L to vector d small 1 ok.

(Refer Slide Time: 46:12)

9. Area Change

* Theinitial volume if then given by do = dL-dA Eq. (66)
+ Similarly the final volume is given by dV = dl-da Eq. (67)
N~

+ We know that The using Eq. (66) and Eq. (67) we get
odo = JdL - Eq. (68
/dl do=JiL-dA, q. (68)

¢+ Butwe also have dl = FdL . Using this in Eq. (6} we get
Al = FdL, .Using tis n Eg. (G we g

(FiL) da = JiL-dA

= (iL} (F"da) = dL- (JdA
Al bl A= al: pAY .
+ Since the above equation is valid for any dL, we get Ada:T f Nd/\

Flda = JiA / /
\

Now, what will be the volume? The volume bounded by the area vector d A and the arbitrary

vector d L it will be say d V 0 is d L dot d A that is the volume that is bounded by these two



vectors. Similarly, the final volume will be dl dot d A. Now, we know thatd Vis J d V 0 ok.
So, what we can do now is; from equation number 66 and 67 we can substitute in this relation
the value of the current volume and the initial volume and we will get d 1dotdais Jd L dot d

capital A ok.

Now, we know that d 1 is F d capital L ok. So, using this if you use this in this relation ok; if
you use this in this relation over here ok; so this will be equation 68. So, what we get? F d L
dotdaisJdLdotd A ok. So, we can rearrange and we can write this expression as d L dot
F transpose d a is equal to d L dot J d capital A. And now since d L was an arbitrary material
vector therefore, these terms inside the brackets must be same. So, if they are same then F

transpose d a is same as J d capital A ok.

So, now I can take multiply both sides by F inverse transpose. So, if I multiply both sides by F
inverse transpose I can now relate the area element in the deformed configuration to the area

element in the undefromed configuration. So, d a is J F inverse transpose d capital A ok.

Now, remember that the area integral ok; so when you take the area integral d a is a scalar and
here d a is a vector, but I can write d a vector as n d a and d capital A as N d A ok. So, now, I
have this relation; I have this relation of the initial of the final area element area and relation
with the current or the initial area d a so nd a is J F inverse transpose N d A and this relation

is known as Nansons formula.

So, when you have to transform the area integral from the current configuration to the area
element in the reference of the initial configuration; then you have to use what is called the
Nansons formula ok. So, either of these relation is the Nansons formula both are same so this

is the Nansons formula that you will be using.

So, now we have derived the relation between the volume elements in the initial and the final
configuration and also we have derive the relation between the area elements in the initial and

the final configuration.



So, later on, when we go and write integrals when we are writing the equilibrium equation or
the virtual work expression in the current configuration then we have to transform those
integrals to the initial configuration for the computations because the current configuration is

not known.

I similarly transform my relations integrals in the initial configuration and then I can compute.
In the initial configuration I know my integration limits and then I can compute and to do that

we use these relations d V equalto Jd V 0 and nd a is J F inverse transpose N d capital A.

So, with this we come to end of this lecture. So, we have covered a certain part of kinematics
ok. And what is remaining now is to solve one or two numerical problems ok. So, in the next
lecture we will start with and few numerical examples and then we will discuss about the
linearize kinematic ok. We will discuss what is meant by material time derivative ok. We next

we will meet in next lecture ok.

Thank you.



