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Module - 3
Solution of Nonlinear Equation of Motion
Lecture - 3
Linstedt-Poincare Method
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Points to be learned from this lecture

* What is a solution/equilibrium point”
* Types of equilibrium points
* Representation of solution

» How solution of a lincar and nonlincar system
differs?

* How to determune solution ?

Welcome to today’s class of non-linear vibration. Today’s class we are going to study
about this Lindstedt Poincare method for finding the solution of non-linear equation
motion. So in the previous two classes, we have studied about this graphical methods or
this qualitative analysis we did, and we know what is a solution or equilibrium point,
types of equilibrium points, and representation of the solution, how solution of a linear
system differs from the non-linear systems and how to determine the solutions. So, to
determine the solutions, we studied some qualitative approach and quantitative approach.
In this quantitative approach, so last class we have studied about the straight forward
expansion method and today we are going to study about this Lindstedt Poincare

technique.
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Different Types of Nonlinear Equation

Duffing Equation
Y+o'x+2oi+ax =¢gf cos i

Van der Pol's Equation
Y+x=u(l-x")x
Hills Equation X+ p(7)x=0

Mathieu's Equation X +(& +2&cos2/)x=0

So, also | told you about these numerical methods. So, these are some of the non-linear
equations we are going to study or you, by this time know about these systems. So, first
one is the Duffing equation. So, in case of Duffing equation, we can take this term equal
to O for free vibration or for force vibration, we can this term equal to epsilon f cos
omega t. So, these equations may be strongly non-linear or weakly non-linear depending

on the coefficients of the non-linear terms.
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For example, if I will take an equation, so let me take an equation in this form, that is x
double dot plus 4 x plus 0.1 x cube. So, this is equal to 0.1 cos omega t. So, in this case, |
can use the scaling parameter and the book keeping parameter to order this equation. For
example, | may use, let x equal to alpha y. So, if I will substitute this equation, in this
equation, so then this will becomes alpha y double dot plus 4 alpha y plus 0.1 alpha cube
y cube, so this will be equal to 0.1cos omega t. So now, | can write this equation again in
this form, y double dot plus 4 y plus 0.1 alpha square y cube equal to 0.1 cos omega t.
So, in this case, this if | want to make this strongly non-linear or coefficient of u cube, if
I want to increase, so | can put this 0.1 alpha square equal to 4 and I can find this alpha
square equal to 4 by 0.1. So, this is equal to 40 or I can find this alpha root over 40. So,

which cannot be neglected.

In this equation, one can neglect this 0.1 with respect to this 4 and consider this equation
as a linear system. But if 1 will keep this term alpha equal to root over 40, so this term
cannot be neglected with respect to this 4. So, this way, one can order the system. So, by
ordering the system, so one can make a weekly non-linear system to that of a strongly
non-linear system and also one can use this book keeping parameter. For example, in this
equation, so if 1 will put a book keeping parameter epsilon, which is equal to 0.1. Let me
take epsilon equal to 0.1. So this equation, I can write in this form. So, x double dot plus
4 x plus, | can put this is epsilon x cube equal to, so this for this 0.1, I can write this is
equal to epsilon, so epsilon cos omega t. So, here the coefficient of x cube, so will be
equal to, if this epsilon I represent this is a small parameter and this coefficient will be 1,

so which is comparable to this one, this 4.

Here also, the coefficient of cos omega t, so I can write this epsilon into 1 into cos omega
t, so this will also be comparable to 1 or if | will take a term, which is less than this, let
me take epsilon equal to 0.01. So, if | will take epsilon equal to 0.01, then the same
equation | can write in this form, x double dot plus 4 x plus, so here, if | will divide this
thing by 0.1 by 0.01, so then it will be epsilon into 10 x cube will be equal to, so epsilon
into 10 cos omega t. So, one can change this value, that is the coefficient by substituting
different type of epsilon, different book keeping parameters and one can write this
equation in a different way. So, these coefficients can be varied by taking different

epsilon or the book keeping parameter or different scaling parameter like this alpha. So,



after getting a non-linear differential equation of motion, so we know, by using this

qualitative approach, so we can solve this equation.
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Qualitative Analysis of Nonlincar Systems

For the nonlinear system # + f(u)=0
T . . e —
Upon integrating one may write

I(:’u’i +0if (u))dr = h

or, %:&2 +F(uy=h, F(u)= If(u)du

v=x=2(h-F(x))

—

For example, here we use this qualitative approach. So, in this qualitative approach, if
this equation is u double dot plus f u equal to 0, so one can write this velocity or x dot

will be equal to root over 2 into h minus f x, where f x is the potential function and h is

the total energy.
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Example Find the Phase portrait for the following system
: 3
X+x-0.1x" =0
Solution
1

F(x)= If(.r)u[r =j'(.r ~0.1x")dx = %x: - X'

Optimum value x =0 or ++/20

v=x=2(h-F(x))

i

= 2./2(h—(0.5x* —0.025x"))




We have solved some example, that is this equation we have taken, x double dot plus x

minus 0.1 x cube equal to 0 and we got this.

(Refer Slide Time: 06:34)

v. Ru)

So, this is the potential function and these are the phase portraits. So, corresponding to
this maximum value of the potential energy, so we have a saddle point and
corresponding to the minimum value, we have a center. So, corresponding to minimum
potential energy, we have a center and corresponding to this maximum potential energy,

we have saddle point.
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Numerical method to solve nonlinear
differential equation

Runge-Kutta 4% order Method

*  For numerically solving the differential equation. one may
wnite the differential equation m the first order form

*  Then apply this Runge Kutta 4% order method to find the
solution




So, in this way we did this qualitative analysis. After carrying out the qualitative
analysis, also we have studied in the last class by using this Runge-Kutta 4™ order

method.
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For an imtial value problem
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So, in which, the algorithm can be written in this form. So, given a first order differential
equation d y by d x equal to f x y, where the initial condition y a equal to y 0, so a
belongs to a b. So, in that case, the k plus 1th solution is related to the kth solution,
which is derived by this Taylor series by this equation. So, y k plus 1 equal to y k plus k
1 plus 2 k 2 plus 2 k 3 plus k 4 by 6, where k 1 equal to h into the functional value of f at
x kand y k. So, k 2 also, k 2 equal to h into the functional value of f at x k plus x by 2
plus y k plus k 1 by 2. Similarly, k 3 equal to h into functional value of x k plus h by 2
and y k plus k 2 by 2 and k 4 equal to h into f x k plus h k by 2 and y k plus k 3 by 2.

So, one can write a program taking this value k 1 k 2 k 3 k 4 and substituting in this
equation and taking different time increment, so one can find this y k plus 1 in terms of y
k and one can iterate it till one obtains a steady state solution.
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So, to use this differential equation for our purpose, so for example, in our case, our
equation is, let it is x double dot plus x double dot plus omega 0 square x plus alpha x
cube equal to f sin omega t. So, in this case, first we have to reduce it to that of a first
order equation and after reducing this thing to a first order equation, and then only one
can apply this 4th order Runge-Kutta method to find the solution. So, one can write the,

to reduce it, one can write this, one can take this x dot. So, this is the first equation.

One can take x equal to, let z 1 equal to x and one take z 2 equal to x dot, so thus first
equation one can write z 2 or d z 2 equal to d x dot. That is your x dot and then this x
double dot d z 1, so thisisd z 1, so d z 1 equal to x dot and d z 2, that is the
differentiation of this x dot, that is x double dot can be written. So, thisisd z 2. That is, x
double dot, that thing can be written in this way, f sin omega t minus omega 0 square X
minus alpha x cube. So, taking these two equations, so one can, so these are the first
order equations. So, this x dot, and this is equal to z 2 d z 1, that is equal to derivative of
X, that is x dot. So, that thing equal to z 2 and d z 2, that is x double dot, can be written in
this form. So, this is f sin omega t minus omega 0 square x minus alpha x cube. So, after
getting these two first order equations, one can use this method to find the solution. Last
class, we have seen the solutions for different cases and we have plotted the time
response and phase portrait for these cases.
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Methods for Finding Solution of
Nonlinear Equation of motion

# Straight forward Expansion W
» Harmomc Balance method

» Lindstedt Pomncare” Method

» Method of Averaging

» Method of Multiple Scales

» Intrinsic Harmomie Balance method

» Generalized Harmome Balance method
# Muluple ime scale- Harmonie Balance

»  Modified Lindstedt-Pomcare method 12

So, in case of the quantitative analysis, already we have seen the straight forward

expansion method.
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THE STRAIGHT FORWARD EXPANSION

¥+ax+ax +ax’' =0 —)

o(.l - [‘!"
xlrg)=ax (1) + &% x, (1) + &' x, (1) +V _@
Ol i +oix,=0 —03

Order £° ¥, +o,x, = =-a,x; .--"‘6

So, in case of this straight forward expansion method, so we have seen, so given a
equation, let this is the original equation motion, x double dot plus alpha 1 x plus alpha 2
x square plus alpha 3 x cube equal to 0, in which we have taken this alpha 1 equal to
omega square, omega 0 square. So, in case of the straight forward expansion, we have

expanded this response, that is x which is a function of t and a book keeping parameter



epsilon equal to epsilon x 1 t plus epsilon square x 2 t plus epsilon cube x 3 t in the
original equation. After substituting this equation, let this is equation 1, equation 2, and
substituting equation 2 in equation 1 and ordering them of the order of epsilon, so one
can obtain this equation, equation 3 is for order of epsilon and equation 4 is for order of

epsilon square and equation 5 is for the order of epsilon cube.

So, after getting these equations, so one knows the solution of this. So, x double dot plus
omega 0 square x 1 equal to 0, so the solution of this equation. So here, as the

acceleration is proportional to displacement x 1, then the motion is simple harmonic.
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In case of the simple harmonic motion, so the solution can be written as a sin omega t.
So, one can put the solution equal to a sin omega t. One can take this initial displacement
and velocity in polar form and write. So, one can write s 0 equal to a 0 cos betaOand b 0
equal to minus a 0 omega 0 sin beta 0 and substitute it in this equation and one can find

the solution.
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The general solution of (3) can be written in the form X, = aCOS(m_’ 'l"/J')
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So, after getting the solution of x 1, one can substitute that thing in equation of x 2 and

one can get the solution in this form.
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After getting the solution of x 2, one can substitute it in this equation of x 3.
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One can obtain this equation, so in which one can get this x 3 double dot plus omega 0
square x 3 equal to alpha 2 square a cube by 3 omega 0 square into 3 cos omega 0 t plus
beta minus cos omega 0 t plus beta into cos 2 omega 0 t plus 2 beta minus alpha 3 a cube
into cos cube 3 0 cos cube omega 0 t plus beta. So, which can be also written as, 5 alpha
2 square by 6 omega 0 square minus 3 alpha 3 by 4 into a cube into cos omega 0 t plus
beta minus alpha 3 by 4 minus alpha 2 square by 6 omega square a cube cos 3 omega 0 t
plus 3 beta.

So, one can observe that, due to the presence of this term cos omega 0 t plus beta, so the
solution of this term, this part will contain a secular term. So, as the cos has a, so this
term has a frequency omega 0 and here you have this omega 0 square x 3. So, this will
lead to a secular term, which will have a solution in this form. The solution will be 10
alpha 2 square minus 9 alpha 3 omega 0 square by 24 omega 0 cube into a cube t, so a
cube into t into sin omega 0 t plus beta. So, as this time term is multiplied with this term,
so with increase in time or as t tends to infinity, so one can get the response to be

infinity.

But, in actual case, we have observed that for minimum potential, so the response of this
type of system will be periodic solution or the response or the solution is that of a center.
So, in this case, the solution should be periodic. But by doing this straight forward

expansion method, we are getting a solution, which shows that it will increase with time



or the system becomes unstable as the time progresses. So, the solution what we obtained
is not correct. So, one has to modify this procedure to correct the solution or to get a
correct solution. So, for this purpose, Lindstedt and Poincare, so they have proposed a
method.
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Lindstedt Poincare”™ Method
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So, in that case, one can take, so this one, in the first step, one can take this time, non
dimensional time tau equal to omega t and where omega is an unspecified function of
epsilon and that omega can be written in this form. So, omega epsilon equal to omega 0
plus epsilon omega 1 plus epsilon square omega 2. Like previous case, here also one can
take x t epsilon equal to epsilon x 1 tau plus epsilon square x 2 tau plus epsilon cube x 3
tau plus. So, one can take as many term as possible. But it is difficult to take higher order
terms. So, for that purpose, one can write a symbolic code to find the solution. So, in this
Lindstedt Poincare method, the first stage step is to convert this equation by using this
non dimensional time tau equal to omega t. Then substitute; write this omega in terms of
epsilon. So, that is where epsilon is a book keeping parameter. So, using this book
keeping parameter, so omega epsilon is written as omega 0 plus epsilon omega 1 plus
epsilon square omega 2 and this. So, this is the basics of this Lindstedt Poincare method.
By substituting this equation and proceeding in the previous way, one can find the
solution of the system.
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So, for example, in this case, so if we have the equation d square x by d t square plus
alpha 1, so plus alpha 1 x plus alpha 2 x square plus alpha 3 x cube, let us take up to 3
terms equal to 0. So, where one can write this alpha 1 equal to omega 0 square and then
substituting this equation, so substituting the expression for omega epsilon and x epsilon
in this equation, so one can write this equation. So, if you differentiate this, so d square x
by d t square, so one can write this as d by d tau of d x by d t. So, into d tau by d t, so this
becomes, so we have to substitute this equal to omega. So, d tau by d t equal to omega.
So, one can put this equal to omega and then it can be written as d by d tau. So, inside

also one can write this d x by d tau into d tau by d t into d tau by d t.

So, this is omega and this is omega. So, this will become omega square into d square x
by d tau square. So, the first term can be, so with respect to this, when one differentiate,
so this becomes omega square into d square x by d tau square. So, by substituting that
thing, so one can have omega 0 plus epsilon omega 1 plus epsilon square omega 2 whole
square into d square by d tau square. So, this is x x equal to epsilon x 1 plus epsilon
square x 2 plus epsilon x cube plus higher order terms plus m equal to 1 to n alpha n. So,
one can substitute these things, epsilon x 1 plus epsilon square x 2 plus epsilon cube x 3
plus higher order terms to the power n equal to 0. So, this term one can expand for n
equal to 1. So for example, one can write this part for n equal to 1. So, for n equal to 1,
this becomes omega 0 square into epsilon x 1 plus epsilon square x 2 plus epsilon cube x

3 and for the second term, so that is alpha 2. So, alpha 2 into, so it will be epsilon x 1



plus epsilon square x 2 plus epsilon cube x 3 plus higher order term whole square plus;
let me take up to 3 terms, so then it will be epsilon x 1 plus epsilon square x 2 plus

epsilon cube x 3, so to the power cube.

Now, expanding this one, the second one, so this is alpha 2 into, so if I will make it
square, then this will be a square plus b square. So, this is a plus b plus ¢ whole square.
So, it will be a square plus b square plus ¢ square plus 2 a b plus 2 b ¢ plus 2 ¢ a. So, |
will have this epsilon square x 1 square plus epsilon 4 th x 2 square plus epsilon 6" x 3
square plus 2 into epsilon cube into X 1 x 2 plus 1 into epsilon 4 th into x 1 into x 3 plus
2 into epsilon to the power 5 in x 2 into x 3. Similarly, one can expand this x 1 plus. So,
epsilon x 1 plus epsilon square x 2 plus epsilon cube x 3. But in this case, if we are
limiting our analysis to up to this 3rd order, then we can take only the first term, that is
your epsilon x 1 cube. Higher order terms one can neglect because the higher order
terms, this term will come, epsilon to the power 6 x to the power 6 x to the power cube
and this term will come, x to the power 9 into x to the power 9 x to the x to the power x 3

to the power 3 and similarly, higher order terms will come.
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So now, arranging of the order of epsilon, so one can write this. So, this is order of
epsilon. For example, for this order of epsilon one can have, so omega 0 square into, so
this is d square, this is d square epsilon x 1 by d t square. So, order of epsilon, this first

term will come. So, this will become, so taking that omega 0 square out, so here also we



have a omega 0 square epsilon x 1. This is the term, first term and this is the first term
and this corresponds to the first term. So, one can write this equation in this form, d
square x 1 by d tau square plus x 1 equal to 0. Similarly, for the second term order of, so
this is order of epsilon square. So, in case of the order of epsilon square, one can write
omega 0 square d square x 2 by d tau square plus x 2 will be equal to minus 2 omega 0

omega 1 into d square x 1 by d tau square minus alpha 2 x 1 square.

Similarly, for order of epsilon cube, one can write this omega 0 square into d square X 3
by d tau square. So, this is d tau square plus x 3 equal to minus 2 omega 0 omega 1 d
square x 1 by d tau square minus 2 alpha 2 x 1 x 2 minus omega 1 square plus 2 omega 0
omega 3 d square x 1 by d tau square. So, the solution of this equation is well known and
one can write the solution of this equation. So, x 1 will be equal to a cos tau plus beta.
So, by substituting this, where a and beta are constant, so by substituting this x 1 in this
equation, so one can write, so omega 0 square d square x 2 by d tau square plus x 2 will
be equal to minus 2 omega 0 x 1. So, differentiating this thing twice, so it will become
minus a cos tau plus beta minus alpha 2 and x 1 square. So, x 1 square will give a square

cos square tau plus beta.
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One can expand this cos square term, cos square tau plus beta equal to, so 1 plus cos 2
beta 1 plus cos 2 into tau plus beta by 2. While substituting that thing, one can get this

equation. So, omega 0 square d square x 2 by d tau square plus x 2 will be equal to 2 into



omega 0 omega 1 into a cos tau plus beta minus half alpha 2 a square into 1 plus cos 2
tau plus beta. Now, one can see that these terms or the coefficient of this, so this
frequency equal to 1 and here also frequency equal to 1. So, this will lead to a secular
term. Already we know that the secular term should not be present in the response. So,
the response is bounded. So, there should not be any secular term. So, this term should
be eliminated from this equation. So, to eliminate this term from this equation, which is 2
omega 0 omega 1 a cos tau plus beta. So, as this cos will have a value from minus 1 to
plus 1 and this omega 0 is not equal to 0. So, the only remaining term which should be 0

is equal to omega 1. So, from this we got one condition, that this omega 1 equal to 0.

So, while initially we are assuming the solution in Lindstedt Poincare method or we have
assumed this omega equal to omega 0 plus epsilon omega 1 plus epsilon square omega 2
plus epsilon cube omega 3, in this case only omega 0 is known to us, so which is equal to
or omega 0 square equal to alpha 1. But the other terms we have to find by eliminating
the secular terms. So, in this case, we found that this omega 1 equal to 0. So, by
eliminating this secular term, so we have found this omega 1 equal to 0. So, the solution,
remaining solution of this, that is omega 0 square d square x 2 by d tau square plus x 2
equal to minus half alpha 2 a square into 1 plus cos 2 tau plus beta, so it has 2
components. So, the first component, so you can write or you can have the particular
integral. So, for these two components, one component equal to minus half alpha 2 a
square and the other component equal to minus half alpha 2 a square into cos 2 tau plus
beta.

The solution of the second component can be written or the solution of this first
component will be alpha 2 a square by 2 omega 0 square. So, this thing can be obtained
in this way. So, the particular integral when I am writing, so this equation can be written
d square x 2 by d tau square plus x 2. So, this is equal to half minus half alpha 2 a square
by omega 0 square. So, omega 0 square is divided here. So, this is the equation. So, for
this, when one has to find the particular solution, so this one can write this thing as; so
the auxiliary equation, so one can write this d square plus 1 x 2, so this is the, this is

equal to alpha 2 a square by 2 omega 0 square.

Then, this particular solution x 2 can be written as 1 by 1 plus d square into alpha 2 a

square by 2 omega. So, this negative sign is there, 2 omega 0 square. Now, by taking this



term, now by taking this term to the numerator, so one can write this x 2 equal to 1 plus d
2 to the power minus 1 into alpha 2 a square by 2 omega 0 square with a negative sign.
So, expanding this thing 1 plus d 2 to the power minus 1, so it will be, so for this value,
so one can write 1 minus d 2 into alpha 2a square by 2 omega 0 square. As this term is
constant, so d 2, that is second derivative of this or the derivative of this term equal to 0,
so the remaining part equal to minus alpha 2 a square by 2 omega 0 square. So, this is the

first term, minus alpha 2 a square by 2 omega 0 square.

For the cos component, so for the cos component, one can, so this is cos 2 2 tau plus
beta. So, in this case, one can write this cos 2 tau plus beta, so one can, so as this, one
can write d square x by d tau square plus. So, this is the equation; plus x equal to, so we
can write this equation minus alpha minus half alpha 2 a square into cos.
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So, we have this term cos 2 tau plus 2 beta. So in this case, the particular integral, for
writing the particular integral, | can write d square plus 1 into, so this is x 2, this is x 2, X
2 equal to minus half alpha 2 a square cos 2 tau plus 2 beta. So, this x 2 particular
integral, you can write equal to minus half alpha 2 a square cos 2 tau plus 2 beta by d

square plus 1.

So, in this case, as it is harmonic, so one can substitute this d square by square of these

terms, negative, putting a negative sign, so square of 2, so that is minus 4. So, one can



substitute minus 4 in place of this d square. So, the equation becomes minus 1 by 2 into
alpha 2 a square cos 2 tau plus 2 beta by. So, here one can put minus 4 plus 1. So, by
minus 4 plus 1 and this is minus 3 and minus minus plus. So, this becomes 6. So, this
equation becomes alpha 2 a square cos 2 tau plus 2 beta by 6. So, one can add this term
to the first term. So, one can get 1 minus, so 3 into 2 6, so minus minus plus. So, alpha 2

a square by 6 omega square cos 2 tau plus beta.

So, after getting this x 2 equal to this and x 1 equal to, after getting x 2 equal to this and
x 1 equal to this, that is x 1 equal to a cos tau plus beta and x 2 equal to alpha 2 a square
by 2 omega square into 1 minus one-third cos 2 tau plus beta. So, one can substitute
these two equations, in this equation order of epsilon cube and one can write this
equation and one can find that is the equation in this form, that is omega 0 square into d
square x 3 by d tau cube d tau square, so this is d tau square, plus x 3 equal to omega 0
into omega 2 into a minus 3 by 8 alpha 3 into a cube plus 5 by 12 alpha 2 square a cube
by omega 0 square into cos tau plus beta minus 1 by 4 2 alpha 2 square by 3 omega 0
square plus alpha 3 into a cube.

So, one can, so in this equation, one can find, so after writing this equation, so one can
observe now the coefficient. So, this is cos tau plus beta. So, the frequency is 1 here and
here it is 1. So, this will lead to a secular term. So, this will lead to a secular term. So, the
coefficient of this should be equal to 0. So, one can substitute the coefficient of this equal
to 0 to find or to eliminate the secular term. So, in this case, 2 into omega 0 into omega 2
into a minus 3 by 8 alpha 2 a cube plus 5 by 12 alpha 2 square a cube by omega 0 square
equal to 0. Already we know that omega 1 equal to 0 and in this case also, we have to
find this term a and beta, which depends on the initial conditions. So, to eliminate this
equation, so we have to put it equal to 0 and by substituting this equal to 0, one can write

this omega 2 in terms of omega 0.
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So, one can write omega 2 equal to 9 alpha 3 into omega 0 square minus 10 alpha 2
square by 24 omega 0 cube a square. So, in this case, by eliminating the secular term,
that means, by putting this term equal to 0, so one can write this equation in this form,
omega 2 equal to 9 alpha 3 omega 0 square minus 10 alpha 2 square into a square by 24
omega 0 cube. So here, one can see that this frequency omega 2 is a function of the
response a. Unlike in case of the linear system, we have the frequency of response is
independent of the amplitude of the response. So here, the frequency depends on the
amplitude of the system. So, as the response amplitude changes, so here the frequency,

response frequency also changes.

So, by substituting this x 2 x 1 in the first equation, that is x 0 x t epsilon equal to epsilon
x 1 tau plus epsilon square x 2 tau plus epsilon cube x 3 tau, so one can find the
expression for X. So, that is equal to epsilon a cos omega t plus beta minus epsilon square
a square alpha 2 by 2 alpha 1 into 1 minus 3 cos 2 omega t plus 2 beta plus higher order,
where omega equal to root of over alpha 1 into 1 plus 9 alpha 3 into alpha 1 minus 10
alpha 2 square by 24 alpha 1 square into epsilon square a square with higher order terms.
One can neglect the higher order term. By neglecting this higher order term, so one can
have this expression. So, this analysis is followed from the book non-linear oscillations
by Nayfeh and Mook; Non-linear oscillations by A.H.Nayfeh and D.T.Mook. So, there
are a number of variations. So in this case, it is assumed that we are taking small

parameters as the coefficient of the non-linear terms.
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But, for large parameter variation or when the equation is highly non-linear, for example,
if one has a system with very high non-linearity, that means, one can write this equation
plus x double dot plus omega 0 square x plus epsilon x. So, this is a function of epsilon x
and x cube x dash or x dot equal to 0. So, if this function epsilon f x x dot, which is a
non-linear term is small parametory content, small parameters, then one can use this
Lindstedt Poincare type of view solution method. But when this is not or the coefficients
are not small parameters, that time one has to go for some other methods to find the

solution or one can have the numerical solutions to find the solution of the equation.

So, there are a number of modifications to this Lindstedt Poincare method. So, one has
this modified Lindstedt Poincare method for large non-linear systems. Particularly for
large non-linear systems, this equation has been modified or this method has been
modified. Mainly, in this modification, instead of taking this omega as a function of
omega 0 plus epsilon, so one has to write this equation in terms of omega square. So, in
case of the modified Lindstedt method, so one writes these equations in terms of omega
square instead of omega. So, this expansion, one can write omega square equal to omega
0 square plus n equal to 1 to infinity epsilon n omega n. Also, some authors, they have
introduced additional parameters like alpha, which is a function of epsilon. So for
example, Cheung et al, Cheung, Chen and Lau, so this is in international journal of non-

linear mechanics. So, this is volume 26 issue 3 by 4 page 367 to 378, 1991.
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So, they have proposed a modified method, in which they have taken this omega square
equal to omega 0 square plus n equal to 1 to infinity epsilon to the power n omega n.
Also they have introduced some additional parameters like alpha equal to epsilon omega
1 by omega 0 square plus epsilon omega 1. Epsilon they have written in the form, that is
omega 0 square alpha by omega 1 into 1 minus alpha and they have substituted this
omega 0 square plus epsilon omega 1. So, they have introduced two parameters. One is
alpha and other one is omega 1 and omega 0 square plus epsilon omega 1. This is equal
to omega 0 square by 1minus alpha. So, one can write this omega square equal to omega
0 square plus epsilon omega 1 into 1 plus 1 by omega 0 square plus epsilon omega 1 into
epsilon square omega 2 plus epsilon cube omega 3. So, this thing also they have written
in this form, omega 0 square by 1minus alpha into 1 plus delta 2 alpha square plus delta
3 alpha cube.

Now, substituting this omega square and this x term in the original equation and
separating the order of epsilon, one can get a set of equations, from where one can
eliminate these secular terms to find the response of the system. So, this way one can
modify this Lindstedt Poincare method to find the solution or find the response of the

system.
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YK Cheung. SH Chen. S L. Lau. A medified Lindstedt-Poincare method for
certain strongly nen-linear escillators [arermational Jowrnal of Non-Linear
Mechanics, Volume 26, lsswes 3-4, 1991, Pages 367-378

*SH Chen, YK Cheung. A Modified Lindstodi-Poincare Method For A Strongly
Non-Lincar Two Degree-Of-Freedom System, Jowrnal of Sownd and Vibration
Folume 193, [sswe 4, 20 June 996, Pages 751762

*C. Franciosi. S. Tomasacllo, The use of Mathematica for the Analysis Of Strongly
Nonlincar Two-Degree-Of-Froodomn Systems By Means Of The Modified

Lindstedt  Poincare Method
Jowrmal of Sownd and Vibration, Volume 211, Issue 2, 26 March 1998, Pages 145-
156 3

*GM. AN EL-Latif, On a problem of modified Lindstedt-Poincare for certain
strongly noa-lincar oscillators, Applied Mathematics and Compurtation, lolume
152, Isswe 3, 13 May 2004, Pages 82]1-836

*CIH Yang SM. 7Zhu, S H Chen, A modified elliptic Lindstedt - Posncare method
for certain strongly non-hecar osaillatons, Jowrmal of Sowmd and Vibratton, Volume
273, Isswes 4-5, 21 June 2004, Pages 921-932

So, for further study, so one can see these papers, a modified Lindstedt Poincare method
for certain strongly non-linear oscillation. So, it is in international journal of non-linear
mechanics, volume 26 issues 3 4, 1991, 367 to 78 and then other prepared by Chen
Cheung, a modified Lindstedt Poincare method for a strongly non-linear two degree of
freedom system. So, it is published in journal of Sound and Vibration, volume 193 issue
4 and in 1996, page 751 to 762. Then one can use this paper also by Franciosi and
Tomasiello, the use of mathematica for the analysis of strongly non-linear two degree of
freedom system by means of the modified Lindstedt Poincare technique. So, this is

published in journal of Sound and Vibration, issue volume 211, in year 1998.

Also one can study this thing on a problem of modified Lindstedt Poincare method of
certain strongly non-linear system, which is published in applied mathematics and
computation in 2004. Also a modified elliptic Lindstedt Poincare method for certain
strongly non-linear oscillated, which is published in journal of Sound and Vibration in
2004.
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*Paclo Amore, Alfredo Aranda, Improved Lindstedi-Poincaré method for
the solution of moalincar problems, Jowrmal of Sownd and Vibrarion, 1olume
283, Isswes 3-5, 20 May 2005, Pages 1115-1136

*SH Chen. JIL. Huang K Y Sr, Multidimensional Lindstedt-Poincare
method for noalinear vibration of axially moving beams | fowrnal of Sownd
and Vibration, Volume 306, Isswer 1-2, 23 September 2007, Pages [-11

*Lan Xu, He's paramcter-cxpanding methods for stroagly noalincar oscillators
Jowrnal of Computational and Applied Mathematics, Volume 207, [sswe 1, 1
Cxtober 2007, Pages 145-134

*Turgut Ong, Abmet Yildinm, Determination of peniodic solution for a u'”
force by He's modificd Lindstedt-Poincaré method, Jowrmal of Sownd and
Fibrarion, 1olume 301, Isswes -2, 20 March 2007, Pages 415419

*RR. Puicnpak, Extended Lindstodi-Powmcare mcthod for noa-stationary
resonances of dynamical systems with cubic noalincantses | Jowrnal of Sownd
and Vibration, Folwme 314, lowex 1-2, 8 July 2008, Pages 194-216

x

Some recent papers are also included here by Amore and Aranda, improved Lindstedt
Poincare method for the solution of non-linear problems, which is published in journal of
Sound and Vibration in 2005 and Chen, Huang and Sze, multidimensional Lindstedt
Poincare method for non-linear vibration of axially moving beams, in 2007 it is
published. Another method, so he proposed also a method for strongly non-linear system.
So, one can see this paper by Xu, his parameter expanding method for strongly non-
linear oscillator, so which is published in journal of computational and applied
mathematics in 2007. Other papers also one can see determination of periodic solution
for a, u to the power one-third u to the power 1 by 3 force by He’s method, He’s

modified Linstedt Poincare method.

Another one also, extended Linstedt Poincare method for non stationary resonances by
dynamical systems with cubic non-linearities, which is published in journal of Sound and
Vibration in 2008. So, one can see all these recent publications for modified Linstedt
Poincare technique. So, there are also some other papers where the comparison of the
different methods of Linstedt Poincare technique has been carried out. So, this is a letter
to editor in 2004, comparison of two Linstedt Poincare methods by Who and Cheung,
which is published in journal of Sound and Vibration, volume 278 page 437 to 444. So,
in that case, two different methods have been compared.
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For example, one can take one example and one can solve this equation by using
Linstedt Poincare technique. Let us take this example x double dot plus omega 0 square
x plus, let me take this is equal to 0.1 x cube. So, in this case, one can find the solution
and in this case, first one can compare this equation with our original equation, our
original equation what we have solved. So, that is x double dot plus alpha 1 x plus alpha
2 x square plus alpha 3 x cube. So, by comparing this equation 1 with equation 2, so one
can write this alpha 1 equal to omega 0 square and alpha 2 equal to 0 and alpha 3 equal
to 0.1. So, by taking this thing, so one can find the and so by substituting this thing in our
ordinary Linstedt Poincare technique method, so one can write the solution. So, the
solution can be written in this form or first, one can write the frequency. So, frequency
equal to root over alpha 1 into 1 plus 9 alpha 3 into alpha 1 minus 10 alpha 2 square by
24 alpha 1 square into epsilon square a square. So, in this case, as alpha 2 equal to 0, so

this becomes root over alpha 1.

That means, omega 0. So, omega 0 into 1 plus 9 alpha 3 alpha 1 by 24 alpha 1 square
into epsilon square a square. So, one can see this omega, the frequency of the system is
related to the amplitude and one can plot this omega versus a. So, by plotting this thing,
one can find, so one can write a small code for finding this omega with respect to a. Just
bury a and find different value of omega. So, one can find this thing. So, one can see that
when this is equal to a equal to 0, this omega equal to omega 0. So, when a equal to 0,

omega equal to omega 0.
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In this case, if I will take, let me take this equation omega 0 square equal to 4, so then it
will start from 2. So, if | will bury this omega, so the response for, will be, so if I plot
this response curve, so the response a versus omega will be like this. So, one can find
with increase in a, the response or with increase in omega, the response amplitude
increases. So, after taking this value of a, so one can find the solution x. So, x equal to,
the expression for x equal to, one can write epsilon a cos omega t plus beta minus epsilon
square a square alpha 2 by 2 alpha 1 into 1 minus one-third cos 2 omega t plus 2 beta
plus higher order terms, plus order of epsilon cube. So as alpha 2 equal to 0, so this part
becomes 0 and one has a solution x equal to epsilon a cos omega t plus beta. So, by
taking some initial parameter, initial knowing, initial displacement and velocity, so one
can find this parameter and one can see this a is burying with omega and one can find the

response of the system.

So, in this way, by using Linstedt Poincare technique, one can find the response of the
system. But the method what we know now is, depends on whether the system is
strongly or weakly non-linear system. So, if it is weakly non-linear system, one can use
this Linstedt Poincare method. But if it is strongly non-linear, one can go for the
modified Linstedt Poincare method, which I told very briefly. In the next class, | may tell
you about this modified Linstedt Poincare method and another method, and that is

method of multiple scales. Thank you.



