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Non-multiplicative result relation
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Welcome to the course Introduction to Uncertainty Analysis and Experimentation. In this
lecture we will look at examples of uncertainty calculations and we look at uncertainty in a
result. So, there are some special forms of the result formula that is what we will look at
today and also look at some issues that come up that could lead to possible errors. The first

example is on non multiplicative result relation.



So, far what we have done is we have seen multiplicative relation as a function which has
only parameters raised to various exponents and some constants there. So, this is the result
formula. So, this form of the result with the multiplicative relation, there is no addition or

subtraction in this. Now what happens if the formula has addition or subtraction.

So, that is what we will look at. The example taken here is temperature rise when a fluid

flows through a tube which is being heated or say which is being cooled does not matter.
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Result uncertainty. Example #5: Nonmultiplicative result

A fluid is flowing through a tube which is externally heated. The engineer has
measured the inlet and outlet temperatures which were 63.2 °C and 37.5 °C,
respectively. The uncertainty in each temperature measurement is £ 3 °C. I
want to know the uncertainty in the temperature difference.

Available information AT = T, -T, — Nta
Two parameters, hence, | = 2. mu,{ZZJ(U Five
Inlet temperature : X, =Ty; T, =63.2°C Rulline '

Outlet temperature : X, =T,; T,=237.5°C

Uncertainty in measurements

In inlet temperature : Uy, =3°C 5y|u. unc.
In outlet temperature : Ur, =3°C
Resp@lation AT =T,-T

HPTEL

So, here the statement. A fluid is flowing through a tube which is externally heated the
engineer has measured the inlet and outlet temperatures which was 63.2 degrees Celsius and

37.5 degrees Celsius respectively. The uncertainty in each temperature measurement is plus



minus 3 degree Celsius and the person says I want to know the uncertainty in the temperature

difference.

So, let us phrase the problem in our own terms and symbols. First we have our result formula
we say that delta T is equal to the difference of two temperatures T 1 and T 2 and we say
there are two parameters i and 1 equal to 2, inlet temperature which is parameter number 1 is

T 1 and its mean value is given to us is 63.2 degrees Celsius. This one.

The outlet temperature is the second parameter T 2 and its value given to us the mean value

here is 37.5 degree Celsius then we also told the uncertainty in the measurements.

So, in the inlet temperature measurement the uncertainty is 3 degree C which is the expanded
uncertainty. So, this is U capital U T 1 bar which is 3 degree C and outlet temperature same
thing U T 2 bar is 3 degree C our result relation is delta T equal to T 1 minus T 2 this is not a
multiplicative relation. So, the shortcut that we learned for multiplicative relations cannot be

applied here and we have to do the full analysis from first principles.
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Result uncertainty. Example #5: Nonmultiplicative result (2)
Mean result value
AT =T,-T,=63.2 —37.5 =25.7°C
Result uncertainty
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Standard uncertainties in measurements, assume at 95 % confidence level
Ininlet temperature : up =15°C  Swdard uan ?
{1 outlet temperature : g, = 1.5°C
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So, first we calculate the mean value of the result delta T bar which is a difference of these
two temperatures T 1 bar minus T 2 bar and this is 25.7 degrees Celsius. The result
uncertainty relation is that u R bar square if the sum of theta i u X 1 bar whole square added
over for all the parameters which in our case becomes u delta T bar is theta T 1 u T 1 bar

theta T 2 u T 2 bar both of them are squared.

Now, we were given U as the uncertainty U T 1 bar and this technically is what we have been
using the symbol T 1 95. So, this will be that constant factor which is for 95 percent it is 2
multiplied by the standard uncertainty in the measurement u T 1 bar. And when you do that
we get the standard uncertainty or you can call it standard combined uncertainty in each

temperature measurement is 1.5 degree Celsius.
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Result uncertainty. Example #5: Nonmultiplicative result (3)
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Now, we calculate the sensitivity coefficients, now theta i is defined as del R upon del X i or
theta X 1 if you want to call it. So, theta T 1 is del T by delta 1 this is 1, theta T 2 is del delta
T by delta by d T 2 which is minus 1. So, in our uncertainty expression here we have all the

values of all these 4 terms we substitute those and we get the sum of squares as 4.5.

And so, u delta T bar is equal to 2.12 degree Celsius which at 95 percent confidence level we
multiply it by 2 to get the uncertainty as 4.24 degree Celsius and U hat delta T which is the
percentage uncertainty is 4.24 divided by our mean value which was that mean value of

temperature difference this turns out to be 16.5 percent.

So, that is the way to handle additive and subtractive relations. If we thought that we could do
it by saying that u hat R bar is the exponent of each into u hat of that expression which we

could do for multiplicative relations. Where a 1 is the exponent of X 1, then if you use this



formula with our expression delta T equal to T 1 minus T 2, you will find that the result is

completely off, this cannot be used for additive relations.
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Result uncertainty

Example #6
Application of TSM Method - II
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Result uncertainty. Example #6: Application of TSM Method-1I

A circular plate is aligned normal to air flow in a wind tunnel. The
instruments used were: (ij drag force with a load cell, (i) velocity and
temperature with a combination hot bulb anemometer, and (iii) diameter with
a vernier callipers. The random and systematic uncertainties are given in the
tables below. Calculate the drag coefficient and Reynolds number, and their
uncertainties. ur
Two parameters, hence, i = Z}.
Disc diameter: X; =D; D =05m
Velocity : X, = V; 177.—:6 m/s

S
Temperature: X3 =T; T'=30°C
Load gell: X, =F; F=47N p(7) K
Random uncertamtlesfrom experiment, at 95 % CL: H(’f) C . F 2 =~ _5_‘:{_;_—-
0.0 mm;sp =025m/s;55 = 01°C ;55 =02N O~ 1pv* A TV
?eb = i\;/—'(? e

So, that is the uniqueness of this problem and difference between two values we come across
very frequently in applications. We will now look at an example where we have to use the
Taylor series method the method number II which gives details about the breakups of

elemental and random uncertainties. So, here is the problem statement.

A circular plate is aligned normal to air flow in a wind tunnel the instrument used were a drag
force with a load cell, velocity was measured with temperature velocity and temperature were
measured with the combination bulb anemometer. So, this is an instrument which has a
sensor which gives both velocity and temperature and the diameter was measured with a

vernier callipers.

The random and systematic uncertainties are given in the tables in the information below. We

have to calculate the drag coefficient and Reynolds number and their uncertainties. So, here



we have 4 parameters, diameter, velocity, temperature and force. Their nominal values that

are given in this problem they are like this.

Diameter 0.5 meters, velocity 6 meter per second, temperature 30 degree Celsius and force
4.7 Newton’s and the random standard uncertainties. So, s means these are the random
standard uncertainties they are 0.1 millimetre in diameter, 0.25 meter per second in velocity,

0.1 degree Celsius in temperature and 0.2 Newton’s in the force.

So, this sketch of this setup would look something like this that we make a channel; these are
two walls which are on the top and bottom there is airflow established in there and what we
have here is a circular disc which is fixed to a load cell which is anchored to the floor of the

wind tunnel.

So, air flows around this, exerts a force which is measured by the pressure transducer the
force transducer here the load cell, the velocity is measured by putting an instrument. And
what we do is we have this instrument which has been put here it has a sensor and this gives

both velocity of the air. So, this is air going in and temperature.

So, we have these two measurements the diameter of this disc we are measured separately as
D, then load cell force is measures the force. So, the way we will calculate the drag
coefficient the definition of drag coefficient is force divided by half rho V square times the
projected area normal to the flow which in our case is the force divided by this is pi V square

by 4. So, this will become 8 F rho V square D square.

Now, when you see this problem we got rho here and if you look at the other result formula
Reynolds number this is tho V D divided by mu. Rho and mu have not been measured, but
we have measured the temperature and that is a basis on which we will get rho as a function
of temperature, mu as a function of temperature and then we can go ahead with this

calculation.
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Result uncertainty. Example #6: Application of TSM Method-II (2)

Result formula for drag coefficient
F 8F

%pr " npVeD?

Cp=

Nominal value of drag coefficient:
v

- F 8F
D e
soved QUL
T T (VU= U’é P
Need nominal value of densitytemperature dependent

So, let us see how to solve this problem. So, first we have our result formula for drag
coefficient and the nominal value is that we just put a bar. So, these were all the values which
were measured. So, if you look at what we had just now in the previous slide we had this
value, we had this value, we have this value and we have this value, this value is not directly

available, but as a temperature.

So, we first need to do a small calculation to get the temperature and then from there the
density. So, temperature when we have the nominal value of temperature, we need to get the
standard uncertainty in the temperature using that information we will calculate standard

uncertainty in the density and also the density itself.

So, that is like deviation and a strategy for solving has to become slightly different that I first

need to calculate this and for that purpose what we will do first is to calculate and tabulate all



the random uncertainties and the systematic uncertainties for each measurement. So, there
will be 4 such tables coming up this is the first one where we are measuring this is about the

disc diameter D, we are given that the random standard uncertainty is this much.

(Refer Slide Time: 13:08)

Result uncertainty. Example #6: Application of TSM Method-1I (3) I

M.6-A Calculate the random systematic uncertainty in the measurement $%;, from measured data. D)

sg=01mm «/
M.7-A  Estimate by, for each elemental systematic error source, enter values in column [3]

Information in column [2] is from instrument data sheet, K = 3

bg = |bf, +bp, + b5, =0.25mm v

o Ne rowr S
%

Table M-2. Elemental systematic uncertainties in disc diameter, D

Elemental systematic
. Description of elemental systematic uncertainty source mm Ee ard unc ertalnty

B3 [4]
- Vernier accuracy; +0.5 mm

95 % cL, by,  mm 0.5

Afegnier resolution; 0.01 mm by 2 mm 0.01
&*‘ ier repeatability; 0.01 mm : by, mm 0.01
PTEL

Maodule 5, Lecture 4

ctober-2020

So, we have that value. For the elemental systematic uncertainty we look up what instrument

was there and this was a vernier callipers. And from information from the web about different

manufacturers and what they have reported and what their instruments do.

Here are some typical values that the 1 year accuracy is plus minus 0.5 millimetres and the
symbol for that is b D 1 this is an elemental systematic uncertainty and this is 0.25 which is

half of this value because we are going to take these values at 95 percent confidence level.



Then vernier resolution is 0.01 millimetre which we take as it is and vernier repeatability is
0.01 millimetres that also we take as it is. And then we go back to the formula here this is the
systematic standard uncertainty in diameter. These are the elemental systematic standard
uncertainties 3 error sources were there case 1, 2, 3 here 1, 2 and 3 we put them and this is

what we get. So, that is our b D bar. So, that takes care of the diameter.
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Result uncertainty. Example #6: Application of TSM Method-II (4)

M.6-A Calculate the random systematic uncertainty in the measurement 5K, from measured data. /\ V)
sp=025m/s v

M.7-A  Estimate bxik for each elemental systematic error source, enter values in column [5].

Information in column [2] is from instrument data sheet, K =2

by = [bf, +bf, =028 m/s v

|

Table M-2. Elemental systematic uncertainties i air velocity,

o & . Elemental systematic
ﬂ Description of elemental systematic uncertainty source mm stondusd incartsinty

[ [1] | [2] A 3] [4] [5]
n Anemometer accuracy; + (0.3 m/s+5 % of mv) =0.55 m/s/ by, m/fs 0.28

Anemometer resolution; 0.01 m/s b7, m/s 001

b m)g

Now, let us go to the next parameter and here we are looking at air velocity V. From the
information that is given to us the random standard uncertainty in velocity is 0.25 meters per
second. We now have to estimate the b V bar which is the systematic standard uncertainty in

velocity from the elemental standard uncertainties.

So, again we can go to the web look up what our instruments are there and see what the

manufacturers tell us and from there we are able to identify two sources of systematic error.



One is anemometer accuracy which in one case is specified as 0.3 meters per second plus 5

percent of measured value.

So, measured value is nothing, but what we have been given that is 6 meters per second. So,
measured value is 6 meter per second multiply that by 0.05 add 0.3 to it and that is the value
we get. So, this is the accuracy and divide this by 2 we get 0.28 again we are operating at 95
percent confidence level. So, thisis b V 1 b V 1 bar the anemometer resolution is 0.01 meter

per second. So, b V 2 bar is 0.01.

So, we put these values over there and our systematic standard uncertainty in velocity b V bar
is 0.28 meter per second. So, we got both random and systematic standard uncertainties for
velocity. We next to get air temperature and remember this is something we want to calculate
density and viscosity. We are given that the random standard uncertainty there is 0.1 degree

Celsius. We need to get the systematic standard uncertainty.
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Result uncertainty. Example #6: Application of TSM Method-II (5)

~

M.6-A Calculate the random systematic uncertainty in the measurement SF;, from measured data. iT)
sp=01Cv

M.7-A Estimate bxik for each elemental systematic error source, enter values in column [5]

Information in column [2] is from instrument data sheet, K = 2

bj = }b%i+b%;=o.z7°c v

Table M-2. Elemental systematic uncertainties in air temperature, T

Elemental systematic
standard uncertainty
[ [1] | 2 Bl @ [5]
n Instrument accuracy; + 0.5 °C 05'h CL, bf, i 0.25

myument resolution; 0.1 °C Y, ke 01

October-2020 Module 5, Lecture 4

So, again we do the same thing look at what instruments tell us and your instrument accuracy
1s 0.9 0.05 degree Celsius and add 95 percent confidence level this becomes 0.25 half of that.
So, the elemental systematic standard uncertainty due to accuracy is 0.25 and similarly
because of instrument resolution which we take as 0.1 degree C. So, the units here are degree

Celsius this 1s 0.1.
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Result uncertainty. Example #6: Application of TSM Method-II (6)

M.6-A Calculate the random systematic uncertainty in the measurement S%;, from measured data. iF?
sp=02N vV

M.7-A Estimate b;(l.k for each elemental systematic error source, enter values in column [5]. 1

Information in column [2] is from instrument data sheet, K = 4

b= |bf, +bf +bf +bF = 001N -

Table M-2. Elemental systematic uncertainties i force, F

e s & Elemental systematic
ﬂ Description of elemental systematic uncertainty source mm standard uncertainty

[ [ | 2 B M 5l

s g 966 -
n Load cell non-repeatability; 0.01 % of FS (FS = 6 N) a7l bz, N 0.03
n Load cell hysteresis; 0.03% of FS ¥ 6N bFz N 0.018
+63d cell non-linearity ; 0.03 % of FS x 6N b, N 0.018
Laa cell creep ; 0.02 % of FS bﬂ N 0.012

EL

And we go back and add in this formula and we get that the systematic standard uncertainty in
temperature is 0.27 degrees Celsius and then the fourth 3 measurement is the force, we are

given that this random standard uncertainty in the force is 0.2 Newton’s we look up.

So, this is the force a similar table and we are able to identify 4 sources of elemental
systematic uncertainties which is non repeatability 0.1 percent of full scale. Full scale we
have taken a 6 Newton’s and we are measuring about four point something Newton’s. If you

had another instrument which was of 10 Newton’s rate this would have been 10.

So, at 6 Newton’s which is the closest that it captures 4.7 Newton’s, we get this is 0.06 and at

95 percent confidence level, this becomes half of this. So, the elemental systematic standard



uncertainty in force is due to is non repeatability is 0.03 Newton’s. Then there is hysteresis

associated with the load cell with this quoted as 0.03 percent of full scale.

So, if we take that multiplied by 6 and we take that as 0.018 Newton’s. Then there is
non-linearity and error due to that is 0.03 percent of full scale. So, b F bar F 3 bar is 0.01 8
which is this into 6 Newton’s and the 4th one is due to creep which is 0.02 percent of full
scale and this we get as 0.012 Newton’s so this is b F bar 4. So, we put all these values in this
relation and our value is 0.041 Newton’s that is the systematic standard uncertainty in the

force measurement due to the load cell.

So, in doing this we did for all 4 measurements we got the systematic standard uncertainty
and the random standard uncertainty. Now we will go back to get doing the calculation for
density. So, the first thing is we look at what is uncertainty in the temperature, the mean value
of temperature is 30 degree Celsius and from standard property data we get the mean value of

density at this temperature as this, we are assuming this is at 1 atmosphere.
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Result uncertainty. Example #6: Application of TSM Method-II (7)

Uncertainty in temperature: | U bressnac

AtT=30C; p=1164kg/m> v r,

s7=01°C; bp=027°C; wup=029°C" T aF Labn
Temperature effect on density. p = p(T') e Tables _T_ _9_ e

Approximating as a linear effect on viscosity and density over 20 °C to 40 °C g
25 ol - SR

dp Ap 1127-1204 ; N e
——=—— == 0 Pl— 2
AT AT 40-20 000305 kgfow € RC - D=

15 = — 000385 kg/mz/“CXLlf_ or =0.00112 @Lmz ;o U;=000224 kg/m?® ”

Temperature effect on viscosity, i = u(T) - =
At T=30° ;ji=1872 x 1073 kg/m's=—
di Mu (1918-1825) x 107
—r—=— - 0.00465 X 1075 kg/m's/°C
Ty 020 e i o L
g = 0.00465 x 107° (kg/m*/°C) x uz = 0.00135 x 10~ kg /m-s<=—"

g
{3k =0.0027 x 1075 kg /m's =% B
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We are given s T bar is 0.1 degree C from the table we got b T bar is 0.27 degree Celsius and
we calculate the standard uncertainty in temperature at this sum of the square of these two s T
bar square plus b T bar square under root. When you do that this is the value we get u T bar is
0.29 degree Celsius. So, now, we can proceed in two ways either use the result formula for an

ideal gas or we use the tables data.

And what I have done here is to use data from property tables where it is listed temperature
and density at 1 atmospheric pressure. So, there is a temperature there is a density. So, these
are the columns which are there and these are discrete columns maybe at 5 degree Celsius
interval or 10 degree Celsius and from there I have taken data. So, our temperature is 30

degree Celsius.



So, say well this is 30 degree Celsius and the next few entries are there and we have taken
that we will take one lower temperature which is a 10 degree below this 20 degree Celsius
and another 10 degrees about this which is 40 degree Celsius and then we read out the
corresponding values over there. So, there we have d rho by dT we approximate this as delta
rho by delta T so is a numerical’s technique of calculating the sensitivity coefficient this is at

40 degree Celsius it is 1.127.

So, this is the value we got at 40 degree Celsius minus 1.204 this is at 20 degree Celsius, this
is 40 minus 20 and we get d rho by dT as minus 0.00385 kg per meter cube per degree
Celsius. And then being a single parameter property the result formula gives that U rho bar is
this value which is the sensitivity coefficient multiplied by u T bar which is this value here
and the answer is 0.00112 kg per meter cube and the expanded uncertainty it double this

value at 95 percent confidence level.

For the drag coefficient calculation, we do not require the viscosity part, but I followed the
same process that we looked at another table where instead of rho it gave the value of mu
again like that and we picked up the value at 20 degree C and 40 degree C. So, this is
dynamic viscosity at 40 degree Celsius and this is dynamic viscosity at 20 degree Celsius 40
minus 20. And this is the answer we get the 0.00465 to 10 to power minus 5 kg per meter

second per degree Celsius.

And again so, you mu bar we multiply that by u T bar which is this much. So, if you have to
do the Reynolds number calculation, then we will require both these properties one is the
mean value and the second is the standard uncertainty these two values we carry forward. For
now we are only looking at density. So, this is what we need we have the nominal density as

this value here and the uncertainty as this value over here.
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Result uncertainty. Example #6: Application of TSM Method-II (8)

Nominal value of drag coefficient:

= F
D=y _ _
%pva
o
T np VDt
. 8x 47 (N)
" wx 1164 (kg/m?) x 6%(m?/s?) x 052 (m?)

=1143

HPTEL

So, now we can go back and say now I have all the information to calculate the nominal value
of the drag coefficient and we will do that calculation add the mean values that are reported.
So, is F bar upon rho bar V bar square A bar or a pi rho bar V square bar D square bar and we
substitute all the numbers that we had earlier our drag force which is given to us in the
problem statement was 4.7 Newton’s, density we just calculated the velocity is 6 meter per

second.
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Result uncertainty. Example #6: Application of TSM Method-II (9)
Result formula for Drag coefficient:
.. 4 N
g Loy VDR ! &
‘ i
acp 16F i
ED = a_D = _—an2D3 HD =—-45704 /m
; . B f, = -0.3809
Y=o~ gz ¢ 3i03s/m
e—ﬁ—i g, =-09816 m*/k
N TR
c, 8 .
Fzﬁ:—anZDz 9F=_0'2431 /N
B T
I

So, this is sorry this is not 6, this is square into 0.5 square meter, this is the diameter when
you do that calculation we get 1.143. So, the nominal value of drag coefficient is 1.143. Now
we have to calculate the uncertainty that is the next thing and for uncertainty calculation we
have two options; one is we know that by looking at this relation this is a multiplicative

relation.

So, we can take the shortcut or we can go the long way to get all the sensitivity coefficients,
but because we are fully following TSM method number II, we will take the long method. It
gives us lot more information which the simple multiplier formula does not give. So, this is
what we have and we will ultimately we are working with the fact that u C D bars square this
is equal to theta D u D bar square plus theta v u v bar square plus theta rho u rho bar square

plus theta F u F bar square.



So, that is the formula that we ultimately use, but the before that what we need to do is we
need to calculate all these sensitivity coefficients and that is what we have done here we start
with theta D, d C D by d V we differentiate it, we put all the values at the nominal value. So,

theta D bar which is the nominal value of the sensitivity coefficient is this much.

Similarly, theta V we differentiate with respect to V and we get this relation and that gives us
minus 0.3809 seconds per meter square. Then sensitivity coefficient for density this is 8 F
upon pi rho square V square D square with a minus sign and that is what we get and finally,
sensitivity coefficient for the force and we get this formula substitute the numbers into each

one of these and this is the number we get and the units of each one of them are written here.

This is per meter, this is seconds per meter, this is meter cube per kg, this is per Newton. The
thetas are all dimensional, but their dimensions are not the same as the result or the measure

angles this is something different.
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Result uncertainty. Example #6: Application of TSM Method-II (10)

Table R-3. Worksheet for uncertainty in drag coefficient (result), TSM Method - II

Variable #1 Variable #2 | Variable#3 | Variable #4
{1 [ E) 14 18] 6] m
(1) Symbol of variable X; D v P F
(¢4 Description Disc diameter Air velocity Air density Drag force
[E1] Units ST m m/s m/kg N
([N Nominal value X, 05 6 1.164 % 47
{19 Random standard uncertainty of the measurement 5% 0.0001 0.25 . 3 0.2
(98 Systematic standard uncertainty of the measurement in 0.00025 0.28 - % 0041 - | M
i ; i / v
17) | Combined standard uncertainty of the measure 24 % ux, 000027 / 0375 /7 0.00112 0214
(1] sensitvity coefficient ! 0, -45704 8 -03309 9 -09816 % 02431
Random Standard Uncertainty Contribution of the T 2 7 3 A
m S 445 Ji (0, S;?i) 2.0889x 107 9.0678x 10 ~®  23639x10
ic Standard Uncertainty Contrik ofthe (7 _\2 " 5
phrisute os [ e )t @.; bxl) 1.3055x10°  0.011375 —%  9.9343x10

3+7] e

Ji 2

ined Standard Uncertainty Contribution (Eurl) 1.5144x10° 002044 1.2087x10° 0.0024632
g = - —

_ WPTEL - _

So, thetas are calculated now, now we can go to the next step and let us start listing all these
in a table. So, in this table we will first make the first 7 rows which is just taking data from
what we already have and putting it over here. So, this is variable number 1 which we will see

is diameter, number 2 is the velocity, number 3 is the density and number 4 is the force.

So, that is what here in the first row symbol of the variable d V rho F. Then description, this
is this diameter, this air velocity air density and this is drag force. And the units; units for
these parameters meters meter per second meter per kg and Newton’s. So, we are going to be
sticking is best that we always stick with SI system and even though we use other numbers
come in millimetres come in kilo Pascal, mega Pascal will come ultimately we will write

everything in all calculations in SI.



The nominal value we have been given. So, SI bar is 0.5 meters, here 6 1.164 we got from our
earlier calculation. So, this is not in that sense a measured value, but from temperature we got
this value and this is 4.7 Newton’s. Now we list what we have already got random standard
uncertainty of the measurement has been given to us, we have just put it down here in the

same units this is 0.0001 meters 0.25 meter per second.

We do not have this value for density. If we wanted we could have calculated that, but we did
not we could not we did not do that one. So, we skipped this part and this is 0.2. So, this is all
given to us then we like the systematic standard uncertainty of the measurement b X i bar this
is this much has been be calculated. This we just calculated as 0.28 meter per second we just

reproduce it here this we have not calculated.

And this is coming here 0.041. In a minute we will see that even if we did not calculate these
in the ultimate analysis this does not matter. Because contribution of density to the
uncertainty is quite negligible and we would have been quite happy to say that density is

constant and we go ahead with it we could have solved the problem that we also.

So, the combined standard uncertainty of the measurement u X 1 bar. This is square root of
the sum of the squares of these two. So, this is square root X i bar square plus b X i bar square
whole square root. So, when you do that this square plus the square root you get this value,
similarly here this, this one and then this one. So, all of these have units of the measurand so,
rows 1 to 7 we have got whatever we wanted there. Now we have already calculated a

sensitivity coefficient.

So, we will start writing that down here. So, this is theta bar D, this is theta bar V, this is theta
bar rho and this is theta bar F. So, same values that we just calculated in the previous slide we
have just put it here. Now we start combining and say random standard uncertainty
contribution of the measurement theta i bar into s X i bar whole squared. So, this row 9 is

theta 1 bar which is row number 8 multiplied by s X 1 bar which is row number 5.



So, this is what we got and we squared this. So, this into this squared comes here similarly we
are doing for every one of them and get these numbers. We did not have these two values. So,
again here this value is not there. Next systematic standard uncertainty contribution of the
measurement we can get theta i bar b X i1 bar there and we do this time instead of row number
8 and 5. We do the product of 8 and 6 square this and these are the numbers we get here these

are so, this is again like before not there.
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And finally combined standard uncertainty contribution which is theta bar into u X 1 bar a
whole thing square. So, here we are multiplying row 8 multiplied by rows 7 and taking a
square and listing the numbers over there. So, this is one part of the table is done. We can
continue now and do the remaining part of this table we add up all the values in one by one in

these rows these 3 rows 9, 10 and 11.



So, this is adding all the elements in row 9, we get and square root of this one this already we
have put in each table, we just had to add them up and take the square root and this is the
answer we get here. This is coming from row 10 we added all the other numbers in that row
and took their square root that is what you get here. And the combined standard uncertainty of
the result again we do the same thing we go back we have those elemental value listed in row

number 11.

So, there is 11, this one and let us take a square root and this is 0.1513. So, this is what we
were looking for standard uncertainty in the drag coefficient this is 0.1513 and of course, all
of these have the same units as the drag which will be Newton’s. Then we calculate the
expanded uncertainty of the result which is U R bar CL and we will take it at 95 percent

confidence level.

So, this case CL is 2 and we multiply this by 2 and we get this value this so, many sorry this
is drag coefficient. So, this is got no units. So, these are the two things we got then we look at
that individual contributions. So, what we will do is we take the 3 rows there 8, 9, 10 and 11
and normalize them on the value of this which is your u R bar square the result. So, we will

normalize it on the square of this.

So, this raise to be power 2. So, this is 9 rho divided by the square of this and this these are
the numbers that are listed over there when you do the calculation. This is rho 10 divided by
the square of this which will be this and this and this is tho 11 divided by this squared which

1s these values.
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Result uncertainty. Example #6: Application of TSM Method-II (12)

Relative uncertainty in drag coefficient at 95 % CL:

U_
~ Cpo5 031
] D

% =TT T 143
=027 or 27%

—_—

—_—

Drag coefficient is mi0.31 or  114+27% E Vo umils.
[ G 0

>> Multiplicative relation:¢~.” 5
_LT( i oF " 1
=T —=—m
= gova V0 2 %
3 o i L A
s Uz uéD = (arllp)* + (a,85) +(ﬂvlﬂ7)2+(anliﬁ)z Uy
:'I, ) e / = = ] —
o ' )
WPTEL Iz"‘W%‘r() =1 =t S _.-i L

So, having done all of that we can then pick up this number and express our result. We say
that the drag coefficient was the nominal value 1.14 and what we got as U CD bar this is 0.31
this was CD bar or as a percentage it is this. So, this is U hat CD bar and this is CD bar.
Being drag coefficient there are no units here it is a dimensionless and this relative value

came from here were 0.13 divided by 1.14 which is rho 27 percent.

So, as far as what is the answer was there this is gives us the full information this is our
answer. But the point of doing method II which is what we are looking at here the Taylor
series method II is that we got a lot more information here in this table. So, let us see what it
is telling us. First let us look at the last row contribution to standard uncertainty of the result.

So, here is what we have?



This value, this, this and this then all add up to 1, but you look at their magnitudes this is
something into 10 to power minus 5 this is 5 point something into 10 to power minus 6, this
1s 0.89 0.106. So, both of these are like at least 4 to 5 orders of magnitude smaller than these

two terms.

And this means that the diameter this is what is for that and this is density the density
uncertainty came because of uncertainty in the temperature and it is telling us that

uncertainties in these two parameters have almost no contribution to the drag coefficient.

So, we could be quite justifiable neglected, the answer will not be very much different. Now
the other two numbers that is what we are looking over here this one and this one they are still
therefore, both of them are much bigger than the other two, but amongst them this is about 9

times bigger than this one 0.893, 0.106.

So, what it tells us that the single biggest contributor to uncertainty in the drag coefficient is
coming from the velocity measurement. So, a strategy to reduce uncertainty in the drag
coefficient should begin by tackling the velocity measurement and then further lookup into
the contributing elements and what we see is here the random uncertainty in the velocity

measurement is 0.396 and the systematic one is 0.4967.

So, about 40 percent is coming from here and 50 percent is coming from there roughly. So,
what do we see? Both of them are equally important. So, to reduce this we got to tackle both
of these. So, here we have to get a better instrument here we decided to see more see if there
is anything else happening in the experiment take much more readings and reduce the

uncertainty as much as possible.

And now within this also we see that in this row the random uncertainty contribution this is
the biggest one, then the force and similarly here again this is very small this is also small and
on the systematic uncertainties the biggest contributor is in velocity measurement. This
information you can also show graphically in a Pareto chart and in one picture you got to

know what is doing what.



So, that is lot of information that came out because we have Taylor series method II, Taylor
series method I would not have given us this much detail. We also have another option if we
look at the drag coefficient formula this is 8F by pi tho V squared D square this is a
multiplicative relation there is no addition, no subtraction. So, we could have taken a shortcut

and the shortcut goes like this.

That u hat which is a relative standard uncertainty in the drag coefficient the square of that is
a F into u hat a F this is relative standard uncertainty in force a F is the exponent of force. In
this case exponent of F which as you can see from this relation it is 8F. So, a F is equal to 1
and similarly we add three more terms one for density, one for velocity, one for diameter and

in this case we can see a F is equal to minus 1.

In this case a V is equal to minus 2 and a D is equal to minus 2. So, something nice comes up
quite quickly here is that because of these tools this uncertainties will get magnified more
than the ones where the exponent is one that one thing comes out. The other thing if you are
compared when you make do the calculations for u hats for all these 4 values we will find that

u hat D is very small whereas, u hat v is not that small.

And we will immediately see why uncertainty in velocity is having such a big impact because
firstly, its value is reasonably large and second its exponent is 2. So, in this formula when you

square it this will become 4 and then you take the square root.

So, the contribution coming from velocity is getting further amplified and that is what we saw
in the Pareto earlier analysis. So, we could have quite comfortably done this method,

remember the definition of u hat so u hat in any one of these parameters.
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Let us say force, this is u F bar upon F bar the nominal value of the first. So, it is the same
relation for all these relative standard uncertainties and we could have done it because the
formula happens to be a multiplicative relation. So, that completes our discussion on the drag

coefficient in this experiment we will calculate one more result.

So, this is an experiment where there are two results and here the results Reynolds number is
rho V D upon mu, rtho and mu we just saw they came from temperature and we had calculated
their uncertainties in addition we have V and D in this case the force is not a parameter in this

formula.



So, there are 4 parameters in this result formula you can follow the same procedure that we
have done there. In fact, many 3 of the columns will be common only mu is the new one

coming in and you will see that rho and mu are both very small contributors.

But diameter is also relatively small contributor then dominant thing is coming from V;
however, V as an exponent of one when we look at it as a multiplicative relation. So, this is a
multiplicative relation. So, we can apply this that the relative standard uncertainty in
Reynolds number is related to these 4 terms where all these coefficients or the exponents they

are 1.

So, I will leave this as an exercise for you to do and with that we conclude this example. Now
we look at another case of a multivariate relation, but we see how we could go off in the

procedure and do something which is very wrong.
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Result uncertainty. Example #7: Mass of gas in cylinder

A high pressure cylinder contains methane gas at 60 bar and 27 °C. The
internal volume of the cylinder is 65 L Uncertainties are: in pressure * 2 bar,
in temperature £ 2 °C, and in capacity £ 0.2 I.
2
3What is the mass of methane in the cylinder and its uncertainty?
2.
Qlf the uncertainty in mass is to be less than + 3 %, then what should be the
uncertainty in pressure measurement, with other two uncertainties remaining
the same?

So, the example here is as follows. This is an example of CNG cylinder which you see in
many vehicles. So, it says a high pressure cylinder contains methane gas at 60 bar and 27
degrees Celsius, the internal volume of the cylinder is 65 litres, uncertainties are in pressure
plus minus 2 bar in temperature plus minus 2 degrees C and incapacity plus minus 0.2 litres.

What is the mass of methane in the cylinder and its uncertainty?

So, this is question number 1 and then there is a 2nd question. If the uncertainty in mass is to
be less than plus minus 3 percent then what should be the uncertainty in pressure
measurement with the other two uncertainties remaining the same? So, we are just doing a
calculation here we are not saying how we are going to reduce that uncertainty or in the
measurement, but it just tells us that if you want this is our criteria what do we expect? So,

here is how we will do this.
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So, this is methane in a cylinder and we have been given that the mean pressure is 60 bar and
its uncertainty U p bar is given us plus minus 2 bar then we are given that T bar. The
temperature is 27 degree Celsius which is 300.15 Kelvin and U T bar is equal to 2 degree
Celsius, then we have volume of the cylinder mean volume is given as point is given as 65

litres which is 0.065 meter cube.

And uncertainty in the volume this is given as 0.2 litres which is 0.002 cubic meters. So, this
is all the information we have and we are asked what is uncertainty, what is the mean value of
the mass? And what is the expanded uncertainty in the mass. So, we first write we recognize

that we have 3 variables we can call this X 1, this is our X 2, this is our X 3.

So, 3 parameter result formula has 3 parameters and what is the result formula? That we have

assumed that this is an ideal gas behaviour and so, we have pV is equal to mRT and m is



equal to pV upon RT. So, to calculate the mean value of the mass we just say this is equal to
we substitute these numbers there R for methane we get from the tables as 0.5182 kilo Joules

per kg Kelvin or we will use with SI units consistently we will use Joules per kg Kelvin.

And of course, of pressure this will become 6 into 10 to the power 6 Pascal this is 2 into 10 to
the power 5 Pascal. So, we put all these things here in mass which is 60 into 10 to the power
5 Pascal multiplied by 0.065 cubic meters, 518.2 Joules per kg Kelvin multiplied by 300.15
Kelvin and when you do all of this we get the answer as 2.507 kg we can even round this off

and say this is 2.51 kg or just 2.5 that we will see.
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So, that is half of the story done now for the uncertainty calculation we will calculate we have
two options; one we go the long way calculate the sensitivity coefficients or we take a

shortcut knowing that this is a multiplicative relation. So, we will do it both ways in the first



case the full wave our relation will become u m bar square is equal to theta p into up bar
square plus theta v into uv bar square plus the same thing for temperature we need to

calculate three sensitivity coefficients.

So, we do that theta p is equal to d m by dp and this is v upon RT and when you do this whole
calculation by substituting that the mean value of p, this will be V bar upon RT bar this is

4.179 into 10 to the power minus 7 and the units are there kg per Pascal.

So, thetas have units generally they need not be the same drag there may not be the same at
all. Now theta v is dm by dv this becomes p upon RT and you do this whole calculation at the
mean values theta bar v bar this is equal to p bar upon RT bar and this is 38.576 kilograms

per meter cube.

And similar is third one dm by dT this is minus pV upon RT square. So, we get substitute all
these values into that at the mean point minus p bar V bar upon RT bar square put the value
and you get 8.354 into 10 to the power minus 3 kg per Kelvin. So, there we are we got all our

sensitivity coefficients. Now we need the standard uncertainty in each.

So, we realize that the standard uncertainty in a variable will be expanded uncertainty in that
variable divided by the K CL. We assume that it is uncertainties reported at 95 percent
confidence level. So, K CL is equal to 2. So, what we get here is that u p bar is equal to 1 bar
which is equal to 10 to the power 5 Pascal u v bar this will be 0.0001 meter cube half the

value of the uncertainty quoted and u T bar is 1 degree Celsius.

Now, you put all these values in this we have all the thetas which is given here. So, these are
the values that goes with this, this value goes with this, this value goes with this. Or you even
say this is 1 Kelvin we put it in this relation do the whole calculation and the final answer is
that u m square is 0.00183107, I just kept so, many decimals we will round it off in a minute
and with that we get u m bar as 0.04279 and U m bar 95 percent confidence level, this is
twice this value which will be 0.08358 kg this is also kg.



Now we can round this off and we say this is 0.083 kg nothing more is really ok we would

even have said 0.084. So, that is what we wanted one part we could have calculated the

relative uncertainty U hat m bar, this is U m bar at 95 divided by the mean value of the mass

and when you substitute the values.

And calculate it this comes out to be 3.33 percent. So, we did the long method got the answer

that we were looking for this is the answer for the first part we got the mass earlier this is the.

So, the result answer becomes it is 2.51 kg plus minus 3.3 percent at 95 percent confidence

level that is our answer. Now let us look at the other method the shortcut method we can say.
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We recognize that the result is a multiplicative formula. So, we will get m is pV by RT then

we write the exponents so pV and TR the 3 parameters the exponent of p a p is 1, the

exponent of v is 1, exponent of T is minus 1. So, then we know that for such a relation you



can take a shortcut and say that U hat or maybe capital U hat which is a non-dimensional
standard uncertainty. This is the sum of the individual coefficients multiplied by their relative

uncertainties.

Where, u hat for any parameter is defined as u divided by X i bar. So now we need to
calculate these values. So, that we can do that u hat p bar this is up bar upon p bar and when
you do the calculation this comes out to be 0.01667, u v bar hat this is u v bar upon v bar and
when you do that calculation this will come out to be 0.001539. And similarly u hat T bar this
is equal to u T bar upon T bar and this is 0.003332.

I just kept decimals just because they come to show you that somewhere on the line we have
to do the round offs. Now that we have this we can substitute this values in the. So, we have
the u hat bar which is coming here and we have the ap which are coming from here. We just
substitute all of that and when you do the calculation we get u hat m bar this comes out to be

0.017.

I am using this formula here this one we get u m bar is 0.017 into the mean value of the mass
which we calculated earlier as 2.5074, this comes out to be 0.03767 kg. This is this has got no
units u hat is non dimensional you can look at this. So, this is that and finally, U m bar this is
the double the value of this which is 0.07534 and when you calculate the relative uncertainty,

this is 3 percent.

Earlier we got 3 point 3 percent now we are getting 3 percent and all of this is because of the
various round offs that we have done on the way. So if we had kept more decimals over here
more significant places we will got a slightly different answers. So, that is another feature of
uncertainty analysis that we are doing so, many calculations often involving very small
numbers of very big numbers. So, if you round off in between it could lead to error. So, this is

the second method.

So, we did the calculation by the multiplicative formula and what you can see here this is
much less effort, much less calculation than what was there in the first one. Of course, we are

doing it on a spreadsheet or you have a program written for it I any of them will be the same



effort. Now we come to the second question that it says that U m bar has to be less than or

equal to plus minus 3 percent and the question is that temperature and volume uncertainties

are same.
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What should be uncertainty in the pressure measurement? This is a question. So, we will be
tempted to think that we can right now I want to calculate p. So, p equal to mRT upon V, we
look at this as a multiplicative formula and when you do that we can then write u hat p bar
which is what we want to calculate as u hat m bar square plus u hat T bar square plus u hat v

bar square; u m bar is given as plus minus 3 percent.

So, we can get that standard error in mass this is we can calculate that ratio. So, this is 0.3
percent. So, u hat m bar this is 0.015 multiplied divided by 2 the K CL factor and so, this

number comes here we already have the other two numbers. And when you put all these



things here this comes out to be 2.3847 into 10 to the power minus 4 or u hat p this is equal to
0.15 0.01544 and then you can calculate u p bar this into the nominal value of the pressure

which is 60 bar.

So, it is this multiplied by 60 bar and this becomes 0.09265 or you can call it 2 7 bar. And so,
U p bar is 0.185 bar. So, you may think we got the answer, but we have done a big mistake.
We use this relation and in this what we have done is that p is on the left side, but remember
p 1s a measurand and in uncertainty analysis we have always written that the result is a

function of the various measureands or we call the parameters or variables.

So, the entire analysis rests on this logic to recast the equation in this form distorts this basic
requirement of the uncertainty analysis and so, this is wrong. So, this entire answer that we
have done here is wrong. So, then what is the correct way to do it? We go back to our result

formula that measurands on the right side.

So, m is equal to pV upon RT and we get the same relation earlier that u hat m bar square is
equal to u hat p bar square plus u hat v bar square plus u hat T bar square. And now we recast
this because we want the uncertainty in the pressure, we say u hat p bar square is equal to u

hat m bar square minus the other two uncertainties.
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And then we put all our values that we had earlier and do this calculation and this will give us
the value of 0.01454 which means that u hat p bar is the square root of this. And then
multiply this by 60 bar; and the answer you get so this is square root 0.01454 this value

comes here and this final value is 0.8726 bar no ok there is some this is not right.

You take the square root of this will be about 0.2 roughly 0.2; something 0.12 yeah no sorry
ok. We go back we do this entire calculation and we do this calculation and we get the answer
here as 0.00021153. And we take the square root of that and we get u hat t bar is equal to
0.01454 and from there we get u p bar as this value multiplied by 60 bar which is equal to
0.8726 bar and the expanded uncertainty in pressure should then be twice this value which is

about 1.75 bar.



So, this is the right answer, it tells you that earlier we were measuring the uncertainty of 2 bar
we reduced it to 1.75 bar we can reduce the uncertainty from 6 percent something to 3
percent. So, that is another example where you are require to calculate expected uncertainty in

the measurement.
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Result uncertainty. Example #8: Multiple tests - Repeated tests

A sack full of agricultural waste was sent to a laboratory for ascertaing its
calorific value. The laboratory took samples from different parts of the sack
and measured the calorific value following a standard test, IS 1350 (2017).
Report the nominal value of calorific value and its uncertainty.

23651, 24402, 22916, 23104, 24811, 25007, 25028, 24550, 21302,
22895, 23007, 23721, 23898 ==

“ There is no information about the instruments, etc. except that they conform to the standard.
o Multiple tests have been conducted. —— Agcomine NACA NI
The analysis cannot use TSM techniques and the appropriate methodology is via Multiple tests
. rep’efamd tests. N S

Ana?@% s given in the spreadsheet — next slide.
MPTEL

If you want to achieve a certain uncertainty in the result. So, that is how we have done this,
we saw the entire process and we got the answer. So, we solved this problem. The next
example is of multiple tests repeated tests. So, here is the problem statement, that somebody
got a sack full of agricultural waste was sent to a laboratory for ascertaining its calorific
value. The laboratory took samples from different parts of the sack and measured the calorific

value following a standard test IS 1350 2017.



The following other data of the nominal calorific value. So, we have got all these numbers
which came out. Now in this there is no information about the instruments we do not know
what the elemental contributions random or systematic uncertainties are. We assume the

experiment has been conducted in the same way and we also assume in this particular case.
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That if we have a big bundle of some material, we take a sample from there, we take a sample
from there, we take a sample from there, there could be variations from sample to sample that
could be one of the objectives of such an experiment to begin with, but we are assuming that
the sample does not vary, it is homogeneous. We cannot use the TSM techniques and the data

that is given the appropriate approach is multiple tests repeated tests.

So, let us relook at the analysis and this we have done in a spreadsheet you can do it in many

other ways. So, here are in this column all these, this one these are all the values that we have



been given this the calorific value in kilo Joules per kg. Using these values we got the sample
size is 13, we calculated the average which came out to be this and we calculated the standard

deviation of the sample which came out to be this.

Next we applied Chauvenet’s criteria that should be reject any reading and to do that we
calculate the deviation of each reading which is X i minus X bar upon s. So, X i is say this
value X bar is this value s is this value and we do this calculation for every value we have in
this data set and this is a deviations given here. Then we ask the question that if 13 samples

are so, that 13 is our sample size what is the maximum permissible deviation.

According to this criteria and we look up the tables and we say that it says that 4 sample size
10 you should have no deviation greater than 1.96, for 15 the deviation should not exceed
2.13. So, let us take a little more Chauvenet’s criteria of 10 which i1s 1.96 and we look at all
these numbers here and we find that 2.25 its value exceeds 1.96 the modulus of this value;
that means, mode d i that we got should not exceed the d i maximum given by this criteria the

Chauvenet’s criteria.

So, this reading we have to reject. So, we do that take all the remaining readings into this
column, again now our sample size is 12, mean this is our standard deviation and again we
calculate the deviations for each measurement and we get these values. And again our

limiting number is 1.96 none of these are more than 1.96.

So, all are ok then we calculate our sample standard error which is s by square root N which
is 8 point 825.87 divided by square root 12 which is this and this has got the units kilo Joules
per kg. So, does the mean value and the standard deviation. So, that is a standard error
standard uncertainty. So, our now result becomes a mean value of the calorific value is this

much u CV which is s CV which was what we got here 238.4. Or you can write 239 also.
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Summary

+ Examples of calculating uncertainty in a result.

* Different possibilities, including pre-test and post-test

HPTEL

At 95 percent confidence level, this is 2 times this value which is 476 and the relative
uncertainty is 476 by the mean value or 2 percent. So, our report calorific value is this much
plus minus this much at 95 percent confidence level or it is this much plus minus 2 percent at

95 percent confidence level.

So, that is the simple way by which we can get the result uncertainty from multiple tests and
repeated tests. With those examples we will conclude and we have seen some examples of
calculating uncertainty in the result. We saw that there are different ways in which the
problem can be posed and in some cases it is a pre-test analysis and then there is the post-test

analysis with that we conclude this lecture.

Thank you.






