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Solid Mechanics
Prof. Ajeet Kumar
Deptt. of Applied Mechanics
IIT, Delhi
Lecture - 20
Extension-torsion-inflationin a hollow cylinder

Hello everyone! Welcome to Lecture 20! In this lecture, we will discuss about extension-torsion-inflation
in a hollow cylinder.

Introduction (start time: 00:28)
Extension (start time: 00:34)

If we apply axial force on a cylinder by applying normal traction at the end cross-sections as shown in
Figure 1, the cylinder gets stretched. Such deformations are called extension.
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Figure 1: Normal traction applied at the ends of a cylinder to generate stretch in it.
Torsion (start time: 01:38)

If we hold the two ends of a cylinder and rotate them in opposite directions as shown in Figure 2,
different cross sections of the cylinder get rotated by different angles. Such a deformation is called
twisting or torsion and requires torque of equal and opposite directions applied at the ends of the
cylinder. A torque is a form of momentwhich is applied along the axis of the beam.

Figure 2: The two ends of a cylinder are rotated in opposite directions to twist the cylinder.
Inflation (start time: 02:06)
If we apply pressure to a hollow cylinder from within the inner cavity as shown in Figure 3, the radius of

the cylinder changes. Similarly, when we fill air in a balloon, the radius of the balloon increases. Such
deformations are called inflation.



pressure P

Figure 3: An internal pressure acts on a hollow cylinder.
2 Combined extension-torsion-inflation of a hollow cylinder (start time: 02:44)

2.1 Problem Definition (start time: 02:44)

Let us consider a hollow cylinder subjected to axial force (F), torque (T) as well as internal pressure (P)
as shown in Figure 4. Let us also suppose that the end-to-end rotation of the cylinder due to torque is
denoted by Q. Our goal is to find all the displacement and stress componentsinduced within the cylinder.
We will solve this problem using cylindrical coordinates. Thus, we needto find ur, ug, Uz, O, Ggg, Oz, Trg,

Tpz A nd Trz.
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Figure 4: A hollow cylinder which is stretched, twisted and inflated.

2.2 Simplification using physical considerations (start time: 08:17)

Before we start solving the problem mathematically, let us simplify the problem based on physical
consideration. The displacement u, in general, is given by



2.2.1

U=urer+ Upp+ Uz€; (1)
where each of the displacement components is a function of r, fand z, i.e.,

ur=udr,0,2), ug= uy(r,6,z), Uz= Uq(r,6,2). (2)
However, as we are analyzing a special deformation here, some of the dependencies of the displacement

componentson r, @ and z can be removed as we show now.

Axisymmetry (start time: 09:39)

We can imagine that upon applying axial force, torque and pressure to an axisymmetric cylinder, the
deformation induced would also have to be axisymmetric. This automatically implies that none of the
displacement components dependon 6, i.e., if we consider any two points in the cylinder with the same
r and z coordinates but different 6 coordinate, the displacements at the two points are same. For
example, if urdependson 6, circular cross sections will not remain circular after deformation (see Figure
5). However, such a deformation is possible for arbitrary deformation of the cylinder but for the special

case considered here, that is not permissible. Similarly, if ug or u, changes with 6, axisymmetry will be
lost. Thus, using axisymmetry, we can write

ur=udlr,z), Ug= ug(r,2), Uz= Ur,2). (3)

Figure 5: The cross section of a hollow cylinder is shown. A circumferential line elementis shown
before and after deformation for the case when urchanges with 6.



2.2.2 Axial Homogeneity (start time: 13:18)

If uris a function of z, homogeneity along the axis will be lost. Figure 6 displays such a case where a simple
cylinder (constant radius along the axis) with outer radius rois is shown. If urchanges with z, the radius
of the cylinder at different points on the axis will be different and the deformed configuration will not
be a simple cylinder. This is usually the case when we stretch a cylinder while holding the end cross -
sections rigidly. The end cross section radius does not change but the radius of the cross sections
between the two ends decreases due to Poisson’s effect.
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Figure 6: A cylinder before and after deformation is shown for the case where ur-changes with z.

The analysis of such a deformation is more difficult. Let us imagine a simpler physical case where we are
allowing the end cross sections to also shrink - we just need to not hold the end cross-sections rigidly
and let them relax. In such a case, all the cross sections of the cylinder will undergo same decrease in

radius giving us an axially homogeneous deformed configuration. Thus, urwould be independent of z,
i.e,

udr,z) = udr). (4)
2.2.3 No warping of the cross-section (start time: 17:38)

We can think of the cylinder again and consider its planar cross-section whose normal is along the axis
of the cylinder. All the points in the cross-section have the same z coordinate. The displacement
component u;displaces points in the axial direction. If u.changes with r, two points on such cross sections
(having differentradial coordinate) would displace in the axial direction by differentamounts. This will
make the deformed cross section non-planar which is also warping of the ccross-section. We assume no
such warping occurs. So, u;must be independentofr, i.e.,



uz(r,z) = ue(2) (5)
2.2.4 upgenerated due to torsion (start time: 20:30)

We also have some restrictions on ug which we explain now. The extension of the cylinder generates
both axial and radial (due to Poisson’s effect) components of displacement but no uy for isotropic tubes.
Similarly, by applying uniform pressure, we can generate radial and axial displacements (due to Poisson’s
effect) but no uy again for isotropic cylinders. An application of torque, on the other hand, causes a
typical cross-section to rotate and hence generates only uy for isotropic tubes. To quantify this
displacement, let us consider a cross section of the cylinder as shown in Figure 7 which rotates by an
angle a. Anarbitrary point on the cross section having initial coordinate (r,6,z) displaces to (r,6+a,z). The
arc of rotation of the point is shown as a solid red curve whose length equals ra. This arc would become
a straight line in epdirection when a is very small. Thus, we get

ug= ar (if a is very small) (6)
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Figure 7: A cross section of a cylinder rotates by angle a: a point on the cross-section displaces due to
this rotation

. . . . . Q.
Let us now write a in terms of end-to-end rotation Q. The right most cross-section rotates by S inone

direction while the leftmost cross-section rotates by S in the other direction as shown in Figure 4.

Assuming that this rotation of cross sections is varying linearly along the length L, the rate of change of
this angular rotation will be

Totalchangeinangle (1
Total length L

Rate of change of angle of cross section =



2.3

This quantity is also called twist. If we choose the origin at the center of the cylinder, the rotation of the
cross section (a) at z = 0 will be zero. Thus, a for a general cross section at axial location z will be

a(z) =ratexz= %Z (8)
Plugging this into equation (6), we get
1 Qrz
g = —TZ.
"L (9)

We can observe that uydoes notdependon # as required due to axisymmetry. We have finally simplified
our displacement functions to

Q
Up = Up (1), Ug = —TZ, U, =1U)(Z
1), w=7 (2) .

Note that, except for Q which is induced due to applied torque, uyis fully known while the mathematical
forms of urand ugare unknowns.

Strain Matrix (start time: 31:54)

To solve for the unknowns, we need to use stress e quilibrium equations in cylindrical coordinate system
for which we need to express stress components in terms of strain components and finally strain
components in terms of displacement components. Let us first find the strain matrix in cylindrical
coordinate system. Upon substituting the simplified displacement components (10) in the below formula
for strain matrix

[ du, 11/ 0u, ) Oug 1/ du, N ou., ]
or 2(r\ od 0 ar 2\ 0z ar
H _ | 1|1/ 0u, N Dug 1 [ Oug N 1/ Ouy N 1 0u.
e 2|r\ag " or r\ag " 2\ 9z r 90
1/0u, OJu. 1 /0ug 10u. o,
=+ e :
i 2\ 0z  Or 2\ 0z r 0 0z i) (11)

we get



€] (r0,2) T 2L (12)

0 2L u,

Note that we have shear strain only in § - z plane.

24 Stress-Strain relation (start time: 37:22)

Using the below form for stress componentsin isotropic materials

gij = /\%(Z ckk) + 21€;;
k

(13)
and substituting strain components from (12), we get
! ‘ur I [ '
O = ANu, +—+ul) + 2uul,
T
g = A(u, + u?, +u,) + ‘2;1-1;—,’";
u
0., = Mul +—4+ul)+2uul,
T
Trg — G"}-‘T.g = QGE?,Q = 'U',
Trz — G"}"m = QGEM = D=
Qr
T9: = Gy, =2Geg, =G 7
(14)
2.5 Solving equilibrium equations (start time: 40:09)
Let us now substitute the above stress components in the below equations of equilibrium:
Oope 10708 OTre  Opp — Opp
- —— — b, = pa,.
or r 06 0z r + O par:
@Tgr ]. 3699 3T3~ Tro
: —— — +2— + by = pay,
5r+r69+@:+r+9 pao
or,, 101, Oo.. T.
— —— — - +b, =
@-r+-r@9+3z+r+” paz
(15)

Most of the terms in the above equations become zero which simplifies the equations to



3.1

3.2

Uo—i‘r Opr — Ogp
b, =
or 7 T
by =
0o,
b —
0z T

Pﬂr'r
pag,

pa..
(16)

If we had used Cartesian coordinate system, the terms that became zero due to axisymmetry would have
remained non-zero and the formulation would have then become difficult to solve. The cylindrical
coordinate system proves handy here because it allows us to use axisymmetry directly.

Some examples

Let us now consider some simple axisymmetric deformation examples and find out the corresponding

body force components and acceleration components.

A horizontal cylinder under gravity (start time: 46:48)

If the axis of the cylinder is horizontal and gravity acts vertically downwards as shown in Figure 8, the
body force components (brand by) will become function of & as shown below:

br= pg cosb, by= pg sinb,
This breaks our axisymmetric assumption.
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Figure 8: A horizontal cylinder with gravity acting vertically downward

A vertical cylinder under gravity (start time: 47:52)

When the cylinder is vertical and g acts along the axis of the cylinder as shownin Figure 9, the body force

components would be:

(18)



3.3

3.4

Figure 9: A vertical cylinder undergravity
A rotating shaft/cylinder without gravity (start time: 48:31)

If the cylinder rotates about its axis with a constant angular speed w as shown in Figure 10, it will have
centripetal acceleration of magnitude pw?r acting in the radially inward direction, i.e.,

ar=-w?r, ay=0, a;=0. (19)
There is no body force in this case if we neglect gravity. If we sit on the shaft itself, we need to apply
pseudo force to use Newton’s second law. Also, in such a frame, the shaft will not be rotating. Thus, a

body force in the radially outward direction (called centrifugal force) substitutes the radial acceleration
component, i.e,

ar=0, ag=0, a;=0, br= pw?r, by=0, b;=0. (20)

In both the view points, the radial equation of equilibrium will become

or r : (21)

Figure 10: A cylinder rotating with constant angular speed w about its axis

Zero gravity and statics problem (start time: 54:26)

For the original problem where only axial force F, torque T and internal pressure P are applied, all body
force components will be zero. Ifit is also a statics problem, all the acceleration components will be zero



too. Setting all body force and acceleration components to zero in (16), we see that the equation in 8
direction gets trivially satisfied. Thus, the final simplified set of equations for extension-torsion-inflation
problem is

=0,
or r 0z (22)

do,. Oy — Ogo Jdo..
+

We can solve these to obtain the unknown displacement components ( u, u;) which we show in the next
class.



