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Fundamentals of {@}
Lyapunoy Theory

So, far we have been looking at some of the fundamentals of Lyapunov theory some preliminary

background and some physical insights into how Lyapunov has come up with different different

theorems. And these are some kind of a intuitive understanding about it. So, if you recall we had

seen this stability proofs based on some definition of some functions which are energy based

functions and their derivatives along the system trajectories.

So, we define some mathematical preliminaries and come up with this idea which about Lyapunov

has come up with. And now we will see more formally some mathematical kind of stability

theorems will not get into the proof of them. But we will just see the mathematics a little bit more

in detail and apply it to the case of development of control and providing the proof for stability

proof for any control that is proposed. So, that process we will go through.
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Mathematical Preliminaries

Fundamentals of
Lyapunov Theory

& Based on previous analysis we can conclude:

& When derivative of energy type PDF function is zero
the equilibrium of the systemis stable

& [fitis strictly less than zero then the equilibrium of the
system is stable and attractive = asymptotically stable

& There is definite relationship between stability and
properties of Vand y7

& Lyapunov generalized this relationship and
up with theorems on stability f

Lyapunov' s
Theorm: Stability

Consider a nonlinear system X =1(rix)

The equilibrium x=0 of the system is
!
stable if there exista Ipdf C
ViR XR" ->R

and a constant r>0 such that

V(t,x)<0,Vt>t,,VxeB,
Where V is evaluated along the

trajectories of the system

So, let me get to the slides. Now, to show this first theorem we will just recap that we saw was

about the stability. So, stability of a system. So, we are considering this system which is

x = f(t,x)

,where X is a state X is a so if you have n state system typically say if you take a 2R manipulator
robotic system that robotic system would have 4 states. Two degree of freedom typically will have

4 states.



So, that kind of system if we have then this x will be a 4 vector. So 4 x 1 kind of a vector like that
fwill be 4 x 1 kind of a vector. And it is a function of so it takes R™ and R to space R n. So, that
is how this is f is defined. Now, for this system this first stability theorem says that the equilibrium
x = 0, this is a x vector, 0 vector of a system is stable if there exists this is now locally positive
definite function C1.

C1 means continuously differentiable at 1 time and locally positive definite function we have seen
what are the definitions of that. So, Ipdf C1 function which is different like typically designated as
V. So, V is Lyapunov function some function, if it satisfies this property Ipdf and C1 then we call
it Lyapunov function candidate. This V is Lyapunov function candidate if it is satisfying these

properties.

So, this V is taking R plus means is a time in a positive value to and R n to R space. So, this is a
real valued function. This is a Ipdf function V and constant small r > 0. So, this is defined to have
some kind of a finite radius ball or finite radius r here. So, we are defining a local definitions here,
we are not kind of considering the global stability of a system, we are considering local stability
of a system.

So, it is sufficient to have these properties hold true in small kind of hyper ball of this radius r. So,
when this V' of this function which is Lyapunov function candidate V is less than or equal to 0.
So and this should be valid for all t > 0 or greater than t, and within this ball of radius r, x belonging
to this ball of radius r. And V is a function which is again real valued kind of a function is evaluated

along the trajectories of a system.

So trajectories of a system you remember like V will be actually (VV—Z +‘;—Z)x. So, this is like

typically given as expression for V . So, we have seen what is this derivative along the trajectories
and where this x is substituted as this function here. So, we will see through some examples how
this is done and all these procedures but these how this stability theorem is defined. And if this is
valid for like entire R n space then it becomes like a globally stable system and this also needs to

be valid entire R n space.
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Lyapunov’s Theorm:

&
Asymptotic Stability “
The equilibrium o of the system is
uniformly asymptotically stable if there
exista C' decrescent Ipdf V such that _V
is an Ipdf
Definition of

Decrescent
Lpdf V &

2
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Lyapunov’s Theorm:
Asymptotic Stability

The equilibrium 0 of the system is

uniformly asymptotically stable if there
exista C' decrescent Ipdf V such that _V
is an Ipdf

Definition of

Decrescent
Lpdf V =

S|
Then you have this notion of asymptotic stability we have seen. So, now this is asymptotic stability
theorem for so we need now we say for the same system same equilibrium is uniformly
asymptotically stable if there exists even decrescent now this is a decrescencies additional property
that is put here. So, decrescencies is this upper bound by class K function. And then you have this
Ipdf we this this conditions are same.

Such that minus V is an Ipdf function now this is not just less than or equal to 0 that equal to sign
is not valid now. It is this needs to be strictly locally positive definite function minus V. So, it can

be 0 only at 0 no other point it can be 0. But in the previous stability definition this was less than



or equal to 0 kind of side. So, now we want V to be strictly less than 0 for asymptotic stability.
So, this is a more stringent condition this one's kind of a condition decrescency and then there is
under stringent condition Ipdf ness.

So, this is how this theorem comes up so we will not again as | said we not get into the proof of
this theorem but we are more interested in application there is a there is an entire different course
can be given about theory and its proofs and all the mathematical nitty gritties and details about

the Lyapunov theory for utility in many many different applications. What we are looking at is
their application in the mechatronic systems alone right now.
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Lyapunoy Stability:
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b
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Example Y

Aim: Point to point control. Take
mass to the final position x¢

PD control: X =
Lyapunov function candidate mx F

Energy based F=-K e-K x

BT P d

V= Em("“ + EK,,('“

: L mi=-K e-K,x
V=méé+K e :

) ) . mé+K e+K e
=é(-K,e-K,)+K eé <

=-K.¢ <0

Lyapunov' s
Theorm: Stability

Consider a nonlinear system X=1(fix)

The equilibrium x=0 of the system is
1
stable if there exist a Ipdf C
V:R XR">R

and a constant r>0 such that

V(t,x)<0,Vt>t,,VxeB,
Where V is evaluated along the

trajectories of the system




Lyapunoy’s Theorm:
Asymptotic Stability

The equilibrium 0 of the system is
uniformly asymptotically stable if there
exista (" I decrescent Ipdf V such that _V
isan [pdf

Definition of

Decrescent
Lpdf vV =

E |

So, let us say with the example so we have this example of you want to control this mass which is

resting on the surface and applied by the force F this force F is considered to be a control force |
can change it in whatever way | want it to be changed and we want to know what is this force if it
is specified like say in this case like a PD control then whether this is going to stabilize my system

or not that is what my interest.

And | want to use Lyapunov theory to prove that. So, to say whether it is asymptotically stable or
this is stable or what kind of a proof | can get that is what | want to know. So, what is the equation
that is governing the system dynamics is mX = F very simple. So, this is a two state kind of a

system in terms of if you want to see it in terms of x= f (t,x) you can convert the system into that

. . . . F
form by saying x; and x, and x; = xand x, = xS0 x; = x, and x,=—

m
So this how I can define that system, but | can also work with, see for such a simple systems we
can directly work with this basic system itself. And understanding that our state has x and x. So,
the system can be transformed into the error equation by considering like x t-, we want to take the
system to x;, SO x;-x is the error. And then we can convert this mé = F will be the new system.
Like that you will do like a lot of this little bit of intermediate steps to see that e double dot is

finally your equation.

F and F is defined in terms of e as K, e -K;x xalso if you write x =e = x (t -x). Then x becomes

= ¢é rather x e = X - x t that is what you need to write. Then é will become equal to x. So, this



model nitty gritties are there to be worked out and see for yourself. Then no for such a system if

we define Lyapunov function candidate.

So, typically for mechanical systems we resort to the energy of total energy of a system as the
indicator of this Lyapunov function candidate it is not a must but many times it works very well.

So, given some system you try to see in terms of this control and in terms of Lyapunov system
dynamics what is total energy of a system. For example, here we know that for the system %m:‘cz

will be its energy of this mass.

In terms of e it is to be half mé squared this a first term in this V. And then we will have this
potential energy coming up because this proportional control here is acting as if we are connecting
the spring here. So, the spring potential energy is K,e? that is what we are we are doing this K,e
when we put then we are kind of putting up a spring which is getting deformed by the value of the

error.

And that’s the spring will have this e will be 0 when this mass reaches the final value x t. So, like
that this term comes from the proportional control term. So, you will find this term you can take it

similarly for many other kind of systems as well when you are using proportional control you can

take this %erz as a term for the energy corresponding to that proportional control.

So, this is like becomes like a total energy now this is this can be verified to be locally positive
definite function by applying all the different conditions that we had put for locally positive
definiteness of a function. So, it has both é and e both the states are coming here and that is why
this is like a locally positive definite function | mean it is actually a globally positive definite

function with respect to e belonging to R? space.

Then we differentiate this to geta ¥ and then we get this e double dot here. Now this e double
dot is to be substituted from the system dynamics equation here and whatever control that choice
that we had so this m & will become Kje. So, this is X X nothing but & = - K,e. into Ke. dot xis
also the same as é . So, this e double dot is substituted here from the system trajectories m é is

this value.

And then we substitute that and simplify you get V = -- K e is é 2. Now, this is not having any

term corresponding to e that is why this is less than or equal to 0 not strictly less than 0. That is



why we can conclude that this is control PD control gives the system stability only we can say the

system is stable or this equilibrium x = x; is a stable equilibrium it is not asymptotically stable.

This is important here see with this we cannot get it is to be asymptotically stable but is it that a
system is that way that only e dot is going to 0 and e cannot be going to 0 no. We know from the
linear system analysis and our actually a perfect solution that both ¢ and e are going to go to 0
when the PD controller is applied. So then but Lyapunov theory is not yet able to establish that.
So, this is how like we can look at these results so Lyapunov analysis is not saying that it is not

asymptotically stable it is just saying that it is stable system for now.

For asymptotic stability we need to do something more to prove. And remember again these rules
of Lyapunov theorem are only like the sufficient conditions. So then if these conditions are
satisfied then you say the system is stable if they are not satisfied that does not mean anything you
cannot conclude nothing about it.

If these conditions are satisfied then like you have this result available. So this is very important
thing to know that because you are not able to find out any V which will satisfy these conditions
that then the system is not stable or you cannot conclude that otherwise result is there only

sufficient conditions.
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Lyapunoy Stability: PD Control of
Mechanical System

Nonlinear.dynamic equations of a fully actuated
mechanical system

€ Equation obtained by

Zd (9)d,+ Z Cu(9)44,+8(9)=1, Lagrange formulation

J=l ij=1

€ Dynamics of motor
actuator

€ Dynamicq®

Actuator in g8
coordinate k

Now we can apply this to entire domain of this mechanical system so to say which are obtained
by using our Lagrangian formulation applied to fully actuated mechanical system. Mechanical
system | mean the rigid body mechanical system. We could restrict our discussion to rigid body
systems alone here although some parts can be extended to flexible bodies also later but right right
now for this course let us focus on only the rigid body systems multi body systems and fully

actuated systems.

So, number of degrees of freedom are equal to the number of actuators in the system. So, this was
the equation if you remember that was obtained by the Lagrange formulation and we introduce the
motor dynamics into it. So, motor dynamic equations if you remember they are also in the in this
form but now this this torque k or this is kth joint whatever we are considering here this is actually

coming from this equation or this is what is a connection between the Lagrangian formulation.

Which is giving us the external force in the generalized coordinate in the direction of generalized
coordinate as torque will be provided by the motor, so this is coming as a load of torque on the
motor dynamics. So, with this some kind of a gear reduction here. So, r k is some kind of a gear
reduction. So, © is a motor angle and then these are some of the motor parameters and this model

can be incorporated through these kind of a connection tau k.

Now this tk if you substitute from these you get some simplification here and you get some kind

of equation or we can convert these motor dynamics also into, so this © m can be substituted by 1



over rkinto q k as, so everything will be in terms of the generalized coordinates of your Lagrangian
formulation that we have obtain and this tau k can be substituted here and now everything becomes

into the generalized coordinate q k.
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Lyapunov Stability: P

Control

Ll i v I L | Y K,
=i djkqj+2C”kql,qj ""73% S of =——1€vk
T 7 J=l ij=1 Ty I

J Uy
K,Lm
Where B=Bml + P Dynamics coupled with actuator

In matrix form these equations of motions can be written as

(D(g)+J)i+C(g.4)d+ Bi+g(@)=u

Approximation considering nonlinearities as dist ¥ .
and equations in motor variable /

J.6 +B.0 =KV —-dr Lnear ot

eff* mk eff ™ mk this

Lyapunoy Stability: PD Control of
Mechanical System

Nonlinear.dynamic equations of a fully actuated
mechanical system

: R " T € Equation obtained by
d/&(q)q/ + z Cuk (q)qtq/ u gk(q) Th Lagrange formulation

J=l ij=l

) +[B +% ) Bl € Dynamics of motor

actuator
1
0 =—q,

m r

€ Dynamicg®
Actuator in gisSS
coordinate [

And this equation will look something of this sort. So, this has some kind of complications coming
up here additional kind of inertia terms are getting added and that is what is happening to this
equation here. Now, in the matrix form these equations will finally look like this. So, this entire
thing can be put into some kind of a matrix vector form. So, then it will it looks the complication
that you usually get by using this Cijk kind of terms and this is kind of gone here.



So, you see that this is one kind of n by n matrix where n is a degree of freedom the system or n is
number of actuators in the system same fully actuated system and you get this D matrix little bit
modified because of the motor parts coming in. And then this u vector is basically all the inputs to
the input voltage to the motor which is in defined this way.

So, V is actually voltage going to the motor but this constant getting multiplied u we get our u or
control input to u in the actuator. That is represented as a vector up here then this g vector is coming
B vector is coming and then C was a big many different terms here that will be kind of collected
in some kind of a matrix form so C q and ¢C is a function of q and gmultiplied by é here. So, this

D + ais this is similar to our inertia matrix kind of term here.

So, now this so this one can have another approximation to this system by saying that you have
the motor equation alone but all the terms which are coming on the motor equation you remember

that the motor equation was something of this sort.

Here is a motor equation in terms of © and in terms of these now these can be considered as a
disturbance and we can directly write some control here that is another kind of a possibility that
can exist if you want to avoid or we are not interested in too many we are very high performances
in the in robotic system or mechanical system then we can do that we are just kind of considering

this as a all nonlinearities as a motor as a disturbances.

And then collect them all together as these d k terms is nothing but this tau k term. And we can
use linear control on this equation also. But now right now we are interested in doing some

nonlinear analysis with this equation.
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PD Control

Anindependent joint PD-control scheme can be written
in vector from as

=K g-K,q

Where g = q" —q is E{he error between the desired
joint displacement ¢ and the actual joint
displacement g, and

K, Kp are diagonal matrices of proportional and
derivative gain.

Lyapunov Stability: P

Control

e e L 1 K
r—szqk + djkq/ +z Cukq,.q_/ +r—2qu +g,= 0 v,

. j=1 i, j=1 I,

ok ; J hJ k k
U,

/ K,Lm .

Where B=B_ + b Dynamics coupled with actuator
TR

In matrix form these equations of motions can be written as

(D(g)+7)i+C(g:4)d+ Bi+g(g)=u

Approximation considering nonlinearities as distuf .

and equations in motor variable 7
We can ha

J‘ﬂe’"k i B(jl]‘emk 3 Kv/‘ i dkrk U:l(re\rtﬁl):

Dynamics

Same




Lyapunoy Stability: n
Example

Aim: Point to point control. Take
mass to the final position x¢

PD control: v
Lyapunov function candidate mx=F

Energy based F= —er = K‘/ff
V=—mé*+=-K ¢
2 0P & .
; L mi=-K e-K,x
V=méé+K e : '

; ! . mé+K e+K e =4
=é(-K e-K,)+K eé =TT

=-K,¢& <0

Lyapunoy Stability: PD Control of
Mechanical System

Nonlinear.dynamic equations of a fully actuated
mechanical'system

n

- 3 B T € Equation obtained by
z}djk (q)q/ s ICuk (q)qtq/ +8; O % Lagrange formulation
=

hi=

J 6 +| B +m9 ==n € Dynamics of motor
mOm *| Ot [Om i

om 5 _(IA
‘ 4
LJ = +L =K € Dynamicq®
Yk T 7 59 Rk Actuator in gl
r r T, - p
coordinate

Now, we want to see that we propose this PD control on the joints. So,q is a generalized coordinate
in terms of typically if it is a n degree of freedom robot then robot joints or generalized coordinate.
So, in the direction of generalized coordinate you define this u where K p and K D are matrices

they are kind of typically diagonal matrices. And g a is defined as g d minus q here.

So, desired kind of a generalized coordinate minus actual generalized coordinate that is an error
term that we are defining here. So, this u = K p times error and K D times error dot is what we are
defining here. And these are now in the vector matrix form. So, this u is again a vector which is
used here. So, this u is here and now we are interested in looking at how do we do this analysis

using Lyapunov analysis.



So, what is what is it we proposed as a Lyapunov function candidate here can you think about that.
So, see what we did for the simple kind of a mass resting on the surface we used some kind of
energy based Lyapunov function. Now, we can think of on the similar lines. So, what is the energy
of such a system where you have fully nonlinear dynamics of n degrees of freedom robotic system

happening here right now.

So, this kinetic energy of these is based on the D J K terms or D matrix in this equation. So, this

will give you kinetic energy.

(Refer Slide Time: 22:57)

PD Control

To show that the above control law achieves zero steady
state error consider an energy based Lyapunov function
candidate

V=%qT(D(q)+J)q+%qTqu

The first term is the kinetic energy of the robot and the
second term accounts for the proportional feedback K )c]
(spring elastic energy) i
This function can be verified to satisfy conditions for pd
function and hence become Lyapunov function candidy

PD Control

Anindependent joint PD-control scheme can be written
in vector from as

u= Kﬂ(i -K D(]
Where q = q‘[ =0 is the error between the desired

joint displacement qdand the actual joint
displacement g, and

K, Kp are diagonal matrices of proportional and
derivative gain.




So, typically the kinetic energy will be given as g ¢ transpose this D matrix now we have additional
term coming from the motor inertia also and gq transpose d g gtranspose d gwill be your kinetic
energy. And potential energy term similar to the potential energy that we defined for this for the

proportional control consider as the spring.

We have now because this is a matrix form is g transpose q K p times g that will be the total
potential energy corresponding to all the variables or all the errors § is a vector here is a matrix
and this is again vector. So, first term here is a kinetic energy and the second term is accounting

for the proportional feedback in this in the form of a spring elastic energy.

So, now we have these terms corresponding to g also and § are also. Now this entire be converted
into ¢ alone by using this relationship g d dot minus, so q d is a fixed quantity, we want to be able

to a fixed desired position.

So, we considered for this discussion right now that g d is not a function of time, it is a fixed point
where we want to go. So, this is a as we saw that is this regulation kind of a control not a tracking
control. So, for this g d is constant so g dot will be equal to minus ¢ that is what we can do here,

substitute for this here.
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(D(g)+ )i+ C(g.d)i+Bite@=u 1=K i-Ky

PD Control

Time derivative of Vis given by
o1 1, L L
V=24 (D(g)+J)i+ 4 Dg)i-4'K g

Solving for( D(g)+ /) with g(q)=0 and substituting
the expression into the equation above gives

ol A S NIL e N Larhy &
V=4"(U - C(q,9)4 + B+ 4"D(@)4- 4"Kyq

=4'(U-8-K,3)+ 54 (D)-2C(g.0)

Recs
=¢"(U-B4-K j) ;

PD Control

To show that the above control law achieves zero steady
state error consider an energy based Lyapunov function
candidate

1., i W

V==qg (D(q)+J)q+—q K g

2 27 |
The first term is the kinetic energy of the robot and the
second term accounts for the proportional feedback K )(}
(spring elastic energy) i
This function can be verified to satisfy conditions for pg
function and hence become Lyapunov function candid§

Now, if you see this time derivative of V so we can use this § according to wherever we need so
finally it is right now kept in g terms only. So, now time derivative of V if you see here if this is
V can you write the expression for time derivative of V just try it out. Pause here, try it out and
then proceed. So, it will have this terms which are derivative of these times these plus these times

derivative of this.

So, this is like a chain rule that we are applying here. So, this chain rule, when you apply what is

a derivative that results here is this. So, this is g transpose d q plus j ¢ here. So, first derivative of



this term is taken and then half g transpose d dot . And then there will be a term which is same

as this term. So, this half will actually go away. So, this half is coming half should go away here.

The way you have this gtranspose K p §. So, here also this § dot transpose K p ¢ is coming because
half will be gone because like g transpose K p § and g dot transpose K p § and g transpose K p ¢
dot these both are going to be same terms and they will add up together and you will get this half
cancelled out. And so you can see this negative sign will come based on the transformation

between § and g.

g and q actually or g dot and . Now, solving for this this we know that now from the equation of
dynamics here that D g plus J ¢ this part of the term will be equal to this whole thing shifted on
the other side and substituted for u okay you will get this term here as u minus C g q U C of g and

g times g plus B q. Now, we are setting g g to be 0 here for this discussion right now.

So, we can add and we will have some compensation to be done in control for that term but right
now we will not worry about that term to make our first understanding easier here. Then you have
this this term. So, this is this half is not there. So, | am put that half here. So, you get this term first
then this term as it is and so you have derivative of D happening here. And then here you will have

this same term coming up here.

Now, if you see that we collect these terms in a very specific manner. What do you see still we
have not used to u here u is kept as it is and then this B ¢ term and K p § So, this C term is moved
out of this place. So, this C term is taken out and this K p g term is put here in. And here u minus
the C ¢ minus B g this this should be minus sign here. So, this is that is why this will become
minus B g. Then you use this d dot minus 2 C term here this 2 is coming because this is half outside

here. So, d dot minus 2 C ¢ then g transpose.

So, we are collecting these terms here for a reason because we know that d dot minus 2 C is a skew
symmetric matrix for the mechanical system as we have seen in Lagrange formulation and that is
why this is a quadratic form will yield a 0 here. So, we do that and we get this expression for V-
as g transpose u times B g and minus K p into § is coming. Now you propose this V = Kp G -K

D into g.
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PD Control

=4 (U-34-K ) T
Substituting PD control law u=K g-K,q

V:-qT(KD + B)q < 0 Notice that there is no term

corresponding to q

Above analysis shows that V is decreasing as long as
g is not zero. This sufficient to prove that manipulator
can reach a position where g =)

but ¢ # q" not proved yet!
= Stability in sense of Lyapunov
= No asymptotic stability conclusion
- We need additional tool

(pla)+/)a+Cladi+Bits@=u  1=Ki-Ky

PD Control

Time derivative of V. is given by
S o RO P e
e Eqr(D(q)+J)q+Eq’D(q)q—q’K,,q

Solving for(D(q) 2 )q‘ with g(q)=0 and substituting
the expression into the equation above gives

iy £ S ks - R "
V=¢"(U - C(q,9)4 + B+ 4"D(@)4- 4"Kpq

=4/ (v-Bi-K,q)+34 (D0-2¢(a)

=¢"(U-B4-K j)

And substitute it here we get this expression here to be this. V = minus g transpose times K D
plus B ¢. So, this remember this K D is a diagonal matrix B is a is a is a damping matrix in a
system that also can be a diagonal matrix here. And then you get this final expression. And this is
again as only ¢ kind of a terms here. So, you if you see this these relationships happening are
exactly similar to what is happening in the scalar form for our simple mass on the surface kind of
a system.

So, again we get this is less than or equal to 0 that because there is no term corresponding to g. So,

for some values of g this g which is nonzero this term is still going to be 0. So, if g = equal so that



means it is violating this pdf ness of minus V kind of a term that is why this is less than or equal
to 0. So, this g will be made this will this condition we can make u dot equal to 0 but g is not equal

to g desired yet.

So, this is not proven yet so ¢ = 0 means § also will be equal to 0. So, this to prove this we need
some more kind of tools. So, this is this equation is giving just a stability in the sense of Lyapunov
and no asymptotic stability here. So, we need some additional tool and that tool is basically

LaSalle’s theorem.
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LaSalle’ s Theorem

Suppose the system is autonomous X = f(x)
Suppose there exista C' function
V:R XR" >R
such that
(1) Visapdfanda radially unbounded
@ V(t,0)<0,Vt20,Vxe R"
(3) Define _
R= {x € R":3t >0 such that V(t,x) ‘

PD Control
=¢'(U-Bj-K j) ST
Substituting PD control law u=K,q-Kyq
V=_ qT( KD <14 B) q < 0 Notice that there is no term

corresponding to q

Above analysis shows that V is decreasing as long as
g is not zero. This sufficient to prove that manipulator
can reach a position where qg=0

but ¢ # q" not proved yet!
= Stability in sense of Lyapunov
= No asymptotic stability conclusion
- We need additional tool




What is this theorem telling us is given here so this suppose the system x = f of x is there now see
the t is removed here. So, this system is autonomous there is no explicit time dependence
happening here now. So, this system is x = f of x only and there exists C this function this again

our Lyapunov function candidate. And this V is pdf and radially unbounded.

So, there is a new property coming here for this thing is should be pdf and radially unbounded.
And then V* is less than or equal to 0 as we are getting in this case here. Let V is less or equal
to O for all t greater than 0. And such that this x belongs to R n space here for all R it is for all x it
is valid. Then we define this set R here are this set is define in this set is defined such that x is
belonging to this R n space and for all t equal to O v such that V' = 0.

So, this x is such that V * of t comma x is equal 0. So, this is how the set is defined. So, we look
at this V" = 0 condition now. So, V = 0 condition we need to look at. So V = 0 condition means
like g = O,

So, we look at this ¢ = 0 condition and see that X is belonging to this R n space or these q or q this
x is belonging to this R n space such that VV ( x, t )= 0. Now this x is nothing but g in our case now.

So, we will see with the example later but understand that we put this condition such that V' = 0

and x is belonging to this R n space.

LaSalle Theorem

R= {x € R":3t >0 such that V(t,x)= 0}
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and suppose R does not contain any trajectories of
the system other than the trivial trajectory x=0.
Then the equilibrium 0 is globally uniform
asymptotically stable




So we collect all such x together and observe them. And this such all these x or this set r does not
contain any other trajectory of the system other than the trivial trajectory x equal to 0. Then the
equilibrium x equal to O will be a globally uniformly asymptotically stable system. This is what is
the LaSalle’s theorem saying. So, this theorem is what we need to make use of in our case.
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PD Control

We now apply this theorem to our PD control problem
Suppose J/ = (), then itimplies that g = and ¢ =0
since
V'=¢"(K,+B)§<0
From the equation of motion for closed loop PD
control (/) +./)i/' +('((,.4)q =-K §-K,q we must

then have ()= - g whichimplies that g=0

LaSalle Theorem

R= {x € R":3t>0 such that V(t,x)= 0}

and suppose R does not contain any trajectories of
the system other than the trivial trajectory x=0.
Then the equilibrium o is globally uniform
asymptotically stable

So, for PD Control we apply this theorem if we see that V* equal to 0 means V is this. This= 0
that means ¢ equal to 0. Then ¢ q when g = 0 | differentiate it once and | say that ¢ = 0. And
this is because it is ¢ equal not instantaneous it is for all time. So, we need to see that for all time

tto0 V = 0thatis a condition that is coming.



So then I see this in the system equation. So, in the system equation wherever ¢ is there I will put
that to be 0 and wherever g is there | put that also to be 0. And then what remains is this control

term here. And in that g again this = 0. This means that K,, § = 0.

And this implies that our g are should be equal to 0 and g is the error between the desired and an
actual trajectory. So, this is how we establish in the full mathematical sense that PD control indeed

will take position and the velocity will go to the final desired kind of a value.
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PD Control

LaSalle’ s theorem then implies that system is
asymptotically stable.

In case there is gravitational term present equation
must be modified to read

V- ('/T (U -8(q)-Bq- K/f(})

The presence of the gravitational term means that
PD control alone cannot guarantee asymptotic
stability for point-to-point movement

Overall Conclusion: PD control can asymptotic3
stabilize general rigid body mechanical system jg

PD Control

We now apply.this theGrem to our: PD control problem
Suppose J/ = (), then itimplies that § = 0 and ¢ = 0
since
7 T .
V=4"(K,+B)§<0
From the equation of motion for closed loop PD
control (I) +./)ij +( '(q.('/)(/ = —l\'ﬂr] - l\',,(/ we must

thenhave (= - g whichimplies that g=0
p




PD Control

=4"(U-Bj-K,3) E
Substituting PD control law u=K,g-Kyq

V=_qT(KD 4 B)q < ) Notice that there is no term

corresponding to q

Above analysis shows that V is decreasing as long as
q is not zero. This sufficient to prove that manipulator
can reach a position where g =)

but ¢ # q‘l not proved yet!
= Stability in sense of Lyapunov
= No asymptotic stability conclusion . a%
- We need additional tool ‘ N

-

So, this LaSalle’s theorem implies that then the system is asymptotically stable. And this is what
like we make sure that our system is taken to the final position also. And final velocities are also
to be desired value which is 0 the final position. Now, when the gravitational term is there then we
need to compensate for that term. Because it is depend upon like the g (g) q means it is depend

upon generalized coordinate that term can be computed and compensated for by the control.

So, you do this control competition and you introduce this term in the control to compensate for
that. So, this is u minus if you without compensation it will come like this here. So, in u if suppose
there is a term which is g (g) then that will get cancelled out in so we can have all the terms that

were there in the in the in the u before this K, - K;g minus plus now there will be a g(q) term

coming up here.

And if that term is added to my u then this will compensate for that here in the V and again V
expression will become similar to what we had before. So, these are like we go ahead and handle
that. So, overall conclusion is that PD control can asymptotically stabilize a general rigid body
mechanical system is very very important kind of conclusion here. So, if you use simple PD control

on many systems it will they are fully actuated it will work.

It will take the system to its final value in the presence of gravity, if there is a gravity compensation
to be done then we do that and then the speedy control will work. So, even without having all these

kind of analysis one can definitely like control any rigid body mechanical system fully actuated



by just using PD control and it should it should work. That is why these PID controllers are kind

of quite powerful tools that are available in in the market.

And they work quite well. So, in the presence of so even if we do not know whether the system is
a nonlinear or linear or as long as the is a fully actuated mechanical system there are no under
actuations in the system then this PD control is going to work quite well. Now, the problem comes
when we have found to do the trajectory tracking. This trajectory tracking is an important issue

here.
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Tracking Problem

Task: qneed to go along a smooth
(Continuous and differentiable)
trajectory

For example, ﬂf manipulator
shown if w Id like to go from

Ps to Pf along straight line in 3 sec,
how would you plan joint motions?

" X1 3 Motion or path planning peaklecs

(D(a)+J)i+Clad)i+Bitel@=u  v=Ki-Kj

PD Control

Time derivative of V is given by
sl 1), e L
V= Eq’(D(q)+J)q+5q’D(q)q-qTK,,q

Solving for(D(q) +J )c’j with g(q)=0 and substituting
the expression into the equation above gives

V=4"(U-C(q,4)q + Ba)+; 4" D(q)d- 4"Kyd
=¢"(U-B4- Kq)+ ¢ (D(g)-2C(q,9))d

=4'(U-B4-K )




So, for that we need a lot more kind of thing to be done. So, the trajectory for tracking problem is
simply like the suppose you have a tooling manipulator say | just explained by using this tooling
manipulator. But we want to track this trajectory like say the problem is given that we will not like
to go from Ps to Pf in three seconds along the along this path straight line path. This becomes like

a motion or path planning problem.

And this the solution to this path planning problem will give you ©; desired and 6, desired as a
function of time which is which will make this happen. So, we first get like this path trajectory
kinematics done like if | know x position | know what is the y position and if | know x position in

time I know what is the y position in time that is the kinematics of the path that is solved.

Then I can convert that x (t) and y(t) into 6; (1)t and 6,(t). And then I get these are like my desired
©’s which will take me along that path. So, I want to now track the trajectory for 6, to go along
with 6, desired as a function of time this is like a inverse kinematic problems given end effector

position in terms of time how do | get like my joint coordinates in terms of time.

That is a motion or path planning problem that is typically used in robotics kind of iteration and
similar kind of thing exists for any mechatronics system for example if | want to go if | want to
have some desired kind of operation done in time as the trajectory thing then what should be my
joint or my motor angles in terms of time. And once we know this 6 jesireq- t aNd 6 4¢5ireq-t OF

Q1desired - L A2desirea -1, NOW do 1 now track this desired trajectory that is a problem.

So, then computed torque controller is one of the ideas that can be used. So, this computed torque
is basically idea where you know this trajectory you know this joint angles based on the derivative
now so the joint angles desired are known the desired joint angle derivatives will be known and
those one can use from this equation of dynamics. So, this is the equation of dynamics here.

You know this say suppose joint angles g are known the derivatives are known ¢ s are known gs
are known. So, everything here is known then you know what is control let any without any other
disturbances you will know what is the desired control that is to be there right. Because q when |
know that trajectory g | know ¢ ¢ all are desired of course they are desire you put in the equation
and you will get to know what is a torque that will maintain those desired trajectory in the absence
of any other discrepancies.



Any other kind of so this is how you find that computed torque and use that torque in addition you
use the control now should be that you desired plus this feedback u or you for feed forward and

you feedback. And then this controller will work typically.
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Tracking Problem

& Analysis of computed torque controllers can be
carried out

It usually leads to cases in which situation is
similar to what we saw for PD control

LaSalle’ s theorems could not be applied in this
case and more advanced tools are necessageta
establish stability proofs

So that is what is written analysis of computed controllers can be then one can use these computed
controls and see whether we can use our Lyapunov theory to kind of get something from there. So,
the problem here is a LaSalle’s theorem will not be you will not be able to apply So, | would leave
this analysis you carry out this analysis then some things will make sense. You do this computed
torque based control and try to kind of see a similar kind of a PD control plus feed forward the

computed torque control term.

You can use as a control and start working out Lyapunov analysis and you will find at this
LaSalle’s theorem may not be applied in this case. There are some other kind of stability proofs
that will be needed. So, will this is it out of scope of this course.
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High Performance ¢(=
. 2

Tracking Controller

T=Da+Cv+Bv—K,r

Let
Where

a=v

e=q-¢'

v=4"-ne

r=q-v=e+ne

are +ve definite matrices '

Called Li-Slotine Controller ~ anayss

Summary

& Lyapunoy theory: stability theorems
& Application to robots: PD control analysis

& Tracking controller




(pla)+)i+Clad)i+Bits@=u  1=Ki-Kyg

PD Control

Time derivative of V is given by
o T el Vi o P e
V=Eq’(D(q)+J)q+EqTD(q)q-q’K,,q

Solving for(D(q) +J )q‘ with g(q)=0 and substituting
the expression into the equation above gives

s N N L. s I A =
V=4"(U - C(q,9)4 + B+ 4"D(@)4- 4"Kpq

4"(U— Bq—K,,ci)+%q"(D(q)-2(.'((,,(;))4

(v-Bi-K3)

But there is a very high performance tracking controller that can be possible we will this expression
of this controller is given here. So, these D C terms are coming from the system equation of
dynamics that we have seen before and these other terms are new and a are defined in this manner
here. This is called Li-Slotine controller. And this is a controller this can do the trajectory tracking

also. See this q, g esireq 1S NOt constant here which is can be function of time also.

And how this is able to kind of do the job we can prove by Lyapunov stability analysis that will
be happening in the future classes to come. But you can ponder over this controller and see whether
you are able to kind of carry out the analysis of this by using Lyapunov theory. And this control is
applied in this in the equation of this kind so this is u is basically given by this u is basically given
by that expression that you see as a tau expression in the control here.

This expression and gravity is not there here. Again, you assume that gravity is 0 g term is 0 in the
equation of dynamics. And see whether you are able to kind of do something about proof of that.
And the hint is you express everything in this variable r. And try to express everything in terms of
variable r although your generalized coordinate are Q you express everything in terms of r and you
will find some interesting thing happens in that current dimension. So, we will do that analysis in

the future. Thank you. We will stop here for now.



