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Module No. # 01
Lecture No. # 13
Superposition Theory and Application

In the previous lecture, we saw how to account for the pressure gradient variation. In
principle, that method can also be extended to other types, where vw is present or where
viscous dissipation is present, but the algebra simply becomes extremely complex.
Therefore, 1 will not deal with it, but there is a simple method also to account for wall

temperature variation, which we have not considered in the previous lectures.

My purpose today, is to consider how to account for wall temperature variation in
integral analysis and one makes use of what is called a superposition theory. What is

superposition theory? You will know very shortly.

(Refer Slide Time: 01:12)

LECTURE-13 SUPERPOSITION THEORY
& APPLICATION

@ Develop the Theory
©@ Obtain Solutions with Arbirary Varation of T,, { x ) using
unheated starting length ( xp ) sclubson for a fiat plate

So, | will develop the theory very briefly and then obtain solutions with arbitrary

variation of wall temperature using unheated starting length x naught solution for a flat



plate. Just to recall your memory in the solution, for the flat plate with unheated starting
length x naught, read as Stanton x equal to 0.331 Re x to the minus 0.5 Prandtl raise to

minus 0.66 1minus x naught by x 0.75 raise to minus 0.33.

(Refer Slide Time: 01:42)

Theory of Superposition - 1 - L13(3)

@ For constant fluid properties, The energy eguation is a
Inear, homogeneous equation 50 that a sum of solutions is
also a solution. This property can be expioited to derive St,
resuits for arbitrary vanation of T,(x) knowing the solution
for T,, = const

@ Define f(x.y) = (Tw ~ T)/(Tw ~ i)

@ Thus, let #{x. y, x5) be the unheated starting length solution
for T, = constfor x > x5. Then
T-To=1-0xyx) (T~ T.)

@ The response of T to infinttisimal change d T, then is:
(T -To)=[1~0(x.y. %)) d(Te~T.)

@ Simiarly. the response to discrete change A T, is
A(T-T) =1 ~0x.y.xo) &(Tw~T.)

(Refer Slide Time: 01:46)

For constant fluid properties, you will recall our energy equation is actually u dT by dx
plus v dT by dy equal to alpha d2T dy square plus nu by Cp du by dy whole square. If
the fluid properties are constants - alpha, nu and Cp, if these are constants, then the

temperature solution is independent of the velocity solution.



(Refer Slide Time: 02:34)

Theory of Superposition - | - L13()

@ For constant fluid properties, The energy equation is a
Inear, homogeneous equation 5o that a sum of solutions is
also a solution. This property can be expioited to derive St,
resuits for arbitrary vanation of T,.(x) knowing the solution
for T, = const

@ Define i(x.y) = (T = T)/(Tw - Tu)

@ Thus, let /x. y, x5) be the unheated starting length solution
for T, = const for x > x5. Then
T-To=1-0(xyx)] (Te-T.)

@ The response of T to infintisimal change d T, then is:
(T -T) =1 - 0(x.y.%)] d(Te- T.)

@ Similarly. the response 1o discrate change A T, 1S
A(T-T) =1 =0x.y.x)] &(Te~T.)

So, even u, v and du by dy whole square, all these are given in the energy equation.
Therefore, what remains is a simple homogeneous equation in temperature T; such an

equation is called linear homogeneous equation.

(Refer Slide Time: 02:40)

In that if T equal to T 1 is a solution, T equal to T 2 is a solution, then Tequal to C1 T 1
plus C 2 T 2 and so on so forth is also a solution. So, the sum of the solutions is also a
solution. This property of a linear equation is exploited to derive Stanton x results for

arbitrary variation of T w x knowing the solution for T w equal to constant.



(Refer Slide Time: 03:45)

To do that we shall define theta (x, y) equal to T w minus T over T w minus T infinity as
we have done before. Thus, theta (x, y, X naught) will be the unheated starting length
solution for T w equal to constant, for x greater than x naught. The situation is being
what we had described earlier, so the situation is very clear. This is the flat plate, the
velocity boundary layers grow well, but the temperature boundary layer starts here. So,
this is delta, Prandtl number is greater than 1 and this is the unheated starting length x
naught.

We have defined theta is equal to T w minus T, as | said, this is T w, but here it is T
infinity over T w minus T infinity. Therefore, the solution for this particular case
characterized by x naught choice of x naught will be theta (x, y, x naught). Then, that
solution will read as T minus T infinity equal to 1 minus theta (x, y, x naught) into T w
minus T infinity.



(Refer Slide Time: 05:23)

Now, you want to capture the effect of variation of T w minus T infinity. Now, in reality,
T w can change abruptly like a step change or it can change in a continuous manner; both
are possible. But, the case we have here is precisely the case of a step change, because if
I plot T w, well it was equal to T infinity up to x naught and has been suddenly raised to

T w from x equal to x naught.

In other words, we have a solution which responds to a step change in wall temperature,
but | may also have, after some length x, it may vary linearly or it may go like that; any
variation is possible. These sorts of variations occur over gas turbine blade surfaces.

When you are cooling electronic boards like printed circuit boards, there are wires
carrying currents, there are condensers there are capacitors, there we generate heat at
different temperatures. You have a cooling air flowing over it, so the wall temperature
can either vary abruptly or can vary continuously. We want to be able to predict how
would the heat flux change or how would heat transfer coefficient change along this

length, when the wall temperature varies in an arbitrary fashion.



(Refer Slide Time: 06:53)

Theory of Superposition -1 - L13(;)

@ For constant fluid properties, The energy eguation is a
Inear, homogeneous equation so that a sum of sclubons IS
also a solution. Thas property can be exploited to denve St,
resuits for arbitrary vanation of 7., (x) knowing the solution
for T, = const

@ Defined(x.y)=(Tu ~T)(Ta ~T.

@ Thus, let ¥x, y. x3) be the unheated starting length solution
for T, = const for x =~ x5. Then
g 1 X.y. %)l (7 I

@ The response of T'to infinitisimal change d T, then is
y 2

T = To) =8 - 0(x.y. %) d(Tu ~ T

@ Similarly. the response 1o discrete change A T, 1S

."\t‘r 7 l.fi.f'x‘T !

For continuous variation, the response of this function to an infinitesimal change dT w
will be simply d T minus T infinity equal to 1 minus theta (X, y, X naught) dT w minus T
infinity. This is straight forward; | have just differentiated this and this part keeping this

constant.

(Refer Slide Time: 07:35)

Theory of Superposition - Il - L13(5)

@ Therefore, for continuous and | discrete changes, one may
write the total solution as

T T 1 X,y ":l]dr,.

[&)

,
\‘[ Hx.y X)) &(Ty -~ T.)

@ But, for continuocus change d T, = (d T, 'd x3) d x3. Hence

o 4T
/ [1-0(x.y.x0)] —— d X
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However, for a finite change or a discrete change, the response will be delta times T
minus T infinity 1 minus theta (x, y, x naught) delta times T w minus T infinity. These
are response functions to a small change, either discrete or continuous. Therefore,
suppose, | have a temperature variation of T w with x, let us say it is first a step change,
then another step change, then some continuous variation, then constant, then another

continuous variation and so on so forth.

So, then | have several situations of - there is a discrete change here, there is a change
delta here, but there is a continuous change here, then there is a constant value, then there
is a continuous change like that and then there is a continuous change again here. But,
from here, | have a little continuous discrete change here, let us say another delta
somewhere (Refer Slide Time: 08:08).

So, | may have variation in which there are 1, 2, 3, 4, 5 discrete changes and there are

several portions over which the change is continuous.
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Theory of Superposition - Il - L13(;)
@ Therefore, for continuous and  discrete changes, one may

g the total solution as

T-T [1-6(x.y.%)] d Te

/' .
-\_:[ X,

@ But, for continuous change d T,

So, T minus T infinity x naught equal to 0 to x equal 1 minus theta x naught plus dT w
plus the total response for such a change would be little bit from the continuous change
and a little bit from discrete changes i. So, sum of i equal to 1 to i equal toiandto T w
minus T infinity, but notice that is in the continuous part dT w, is nothing but dT w dx
naught into dx naught. Therefore, | can also write the total response temperature function
as X naught equal to 0 to x naught equal to x into 1 minus theta (x, y, X naught) dT w by

dx naught dx naught into 1 minus theta (X, y, X naught) into delta T w minus T infinity i.
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Theory of Superposition - lll - L13(3)

@ Now, g,

h(x. xs)

~d Xe 3 hix x) AT, T.)

where for Flat Plate and Pr 1, hix. xp) is evaluated from

065 |4 0.0 78

¥
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If | differentiate this equation with respect to y, dT by dy at y equal to 0 with a negative
sign. Then g w will be simply minus k dT by dy equal to 0 h (X, X naught) will be simply
g wall x over T w minus T infinity and that will become equal to minus K d theta by dy y
equal to 0, because the way we have defined theta. Theta was defined as T w minus T
over T w minus T infinity. Therefore, you will get this as d theta by dy equal to 0.

(Refer Slide Time: 10:44)

aas 2
Theory of Superposition - Il - L13(5)
@ Therefore, for continuous and discrete changes, one may
write the total solution as

LERl
T-T. / [1 - x.y. xo)] d Ta
»poA0
=t
b Yo - xy X)) A (T - Too),
It

@ But, for continuous change d T, = (d T,, /d x3) d x3. Hence,

—— arT,
T-Tyo = / 1-0x.v.x%) —2d
& (1 - #x.y. x)) d % Xp

” 2[1 Mx.y X)) A(Te - T
([ ]
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Theory of Superposition - lll - L13(3)

@ Now, g, ., Kt Wwl,.0. Hence

X, x) s/ 1w [ KWy iyt

S hix. %) A(Tw - T)

-

1. hix. xp) is evaluated from

Here, this will turn to - when | differentiate this temperature with respect to y, I will get
minus d theta by dy (x, y, X naught) and here also minus d theta by dy (x, y, x naught),
which will be nothing but the heat transfer coefficient (X, X naught) as a continuous
variation dT w by dx naught h (x, X naught) into delta T w minus T infinity i. Where for
flat plate and Prandtl number h (x, x naught) will be evaluated from our relationship
here, so it will be simply h (x, X naught) rho Cp U infinity into 0.331 Reynolds x to the

power minus half Prandtl to the power minus 0.6 and so on so forth.

So, | can get now for a given wall temperature variation, the response of the heat flux as
a function of x. Once, | know the response of the heat flux, | simply divide by the local
value of T w minus T infinity to get the heat transfer coefficient variation over the entire

surface.
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An Application L13(3)

Consider flat plate boundary
layer in which the surface
temperature vanes as foliows
1, Tw =40 4+ 100 x
80

65

03m

Determine @, , and Nu,

AL NS

How do we do this now? | am going to take a very simple problem here. It shows a flat
plate boundary layer in which the surface temperature varies as, for 0 to x 1 where x 1 is
0.1 meters. The temperature is varying linearly as 40 plus 100 x. T infinity is 90, so there
is a hot gas flowing over a colder surface. So, remember the temperature here is 40; it
will change to 50 at x equal to 0.1. Now, at x 1, the temperature suddenly rises to 80 and

remains so up to 0.2.

So, there is a constant temperature, but still less than the free stream temperature. For x 2
to x 3, the temperature is lowered now to 0.265 degree centigrade. For x greater than x 3,

the temperature again raises linearly, let us say as 200 x minus x 3 plus 65.

Remember, the wall is throughout at a lower temperature and then at the free stream
temperature. Therefore, one would expect the heat flux to be continuously pouring into
the surface. But, you will see, because of the wall temperature variation in x direction,
this will not be so. There will be situations where, although T infinity is greater than the

T wall, the heat flux will actually flow out of the surface.

These kind of situations, we considered even in similarity solution, where T w minus T
infinity was allowed to vary as c X raise to gamma. U infinity is given as 7.5 meters per
second. The kinematic viscosity is this, thermal conductivity is this, and Prandtl number
is 0.696 (Refer Slide Time: 14:03).
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An Application L13(3)

Consider fiat plate boundary
layer in which the surface
temperature varies as follows.
0<x<x Ty=40+100x
Xy < X < X Tw =80

Xy < X ~ X;.T.. = 65

X > Xy, Ty =65+200(x —x3)

T.=0U.=75ml/s
x‘:Oim‘x;:02m_ v=1887 » 10" m3/s
X3 =03m. k = 0.029 Wim-K

Determine g, , and Nu, Fr=06%

Remember, although | said our analysis is valued for Prandtl greater than 1, essentially
where delta by delta is less than or equal to 1. So, 0.696 is not too bad one; can use the
same results even for air, then no harm done. We would still capture the essential

features of the solution.

(Refer Slide Time: 14:58)

So, our task is to determine how the wall heat flux and the Nusselt number would vary
with X in response to such a variation of wall temperature. All we know is, for a single

step change, how the heat transfer coefficient should vary.



For 0 x x 1 the temperature varies like this. This is x 1 equal to 0.1 meters, so the
temperature is 40 and it goes up to 50 (Refer Slide Time: 14:58). The free stream
temperature T infinity is 90, so | can say that if x naught equal to 0 itself, there is a step
change from 90 to 40 and then there is a continuous change.

The continuous change part would be written as 1 minus x naught by x 0.75 into minus
0.33 dT wall by dx naught in this region is 100. I will show you the previous slide, see
100 dT w by dx is 100, but there is also a step change 40 minus 90 equal to minus 50, so
delta T wO will be minus 50 and this is down. A would be 0.331 R e x to the half Prandtl
to the minus 0.6 would remain as a multiplier and | would integrate this from 0 to x

where x naught varies into dx naught delta T w.

(Refer Slide Time: 16:49)

Solution-l - L13(3)

Y o Ahian o BN
I 0-90=-50

g A
1~ Q=4
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The temperature has increased from 50 to 80. In this region, the effect of the previous
solution would survive, A into 0 to x 1 part; that is the first part. That would still be the
solution at x 1; this is the solution at x 1 plus, now the solution, sorry there should be a
plus sign here, plus delta T wl and plus A 2; this is the solution x 1 to x integral, then
there is an error here, which we shall correct plus delta T wl. Delta T w1l is 80 minus 50,
in fact 80 minus 50 should be read correctly as 80 minus 90 minus 50 minus 90 equal to
80 minus 50, which is plus 30.

(Refer Slide Time: 17:30)
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Solution-l - L13(;)

Xy - AT oo =40 -

So, remember, there is an error here; it should be 0 to x 1, 1 minus x 1 by x 0.75 dx 1
plus delta T wl. There is no error, because between x 1 and x 2 there is no continuous
variation, only a step change and therefore this result is correct. Where it is 1 minus x 1
by x 0.75 0.33 into delta T wl (Refer Slide Time: 17:48). So that is absolutely correct
and a will be as before.

(Refer Slide Time: 18:17)

Solution-ll - L13(5)

From x 2 to x 3, now there is a delta T w2, which is 65 minus 80 is minus 15.



So, remember here, the solution up to x 1 is correct. This is the solution up to X 2 now,
this is x 1 divided by x 2 0.75 0.33 delta T w1l (Refer Slide Time: 18:25). Now, you have
another step change, which is 1 minus x 2 by x 0.75, it will go up to x 3. x will go from x
2 to x 3 with a step change delta T w equal to minus 15, because 65 minus 80 is minus
15, A is again that.

(Refer Slide Time: 19:12)

Solution-lll - L13(})

Forx; < x

This is the solution up to x 1, this is the solution up to x 2 and from x 2 onwards, but less
than x 3, this is the solution (Refer Slide Time: 19:05). For x greater than x 3, this is the
solution up to x 1, this is the solution up to x 2, this is the solution up to x 3, because x 2
as gone up to x 3. You will have simply integral x 3 to x 0.75. There is no discrete

change here; simply from 65 there is no discrete change, is only a continuous change.
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Solution-lll - L13(f)

EO' X3 < X

Qux = AU'ur?)“’»"”woaxo-u.o]
0

+ A ((' - ::)on )-O”Ar‘1 *((1 - :§)075'-O”AT.=I

+ A U (1< ’;’ )°7%) °”200dx,] (4)

where A « 0.3313 { Rel® Pro*®. Note that

A X0 (078,00 4 24
/o(n P10 g xg w2 4[5 3%

Therefore, in the last part, you will have 20 times dx 3, this is nothing but dT w by dx
naught and 1 minus x 3 by x 0.75, where A is equal to all that.
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Solution-l - L13(3)

vhere A

Notice that we have slowly built up the solution by superposition. This is what is meant
by superposition, you started with the solution for the first step change, which was valid

for x greater between 0 and x 1; so you could integrate this relation.

(Refer Slide Time: 20:42)

Solution-ll - L13(3)

where A =03313* R
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Solution-lll - L13(%)

Then, from x 1 to x 2 you had solution at x 1 plus this discrete change solution, where x
varies from x 1 to x 2, so the solutions are valid from there, so x is simply taken from x 1
to x 2. Then, from x 2 to x 3 you had discrete solution up to x 1, discrete solution up to x
2 and then a third discrete solution from x 2 to x 3. Then, you had the continuous
variation, where this is discrete solution up to x 1, this is up to x 3 and then the

continuous solution.

Now, wherever the integral sign involve like in this case, here, the integration 0 to x 1
minus X naught by x raise to 0.75 raise to minus 0.33 dx naught, is actually a beta
function. It can be shown that is equal to 4 by 3 beta (2 by 3, 4 by 3) x and that is equal

to 1.612 x; the very useful result.

So, one can make use of that here to simply replace these quantities by 1.612 x that is all
there is to it. Now, which will be 1.612 x1 to 0 - x 1 minus 0 multiplied by 100 and this
would be 200 into 1.612 x minus x3 into 200.
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Final Solution L13(:)

Remarkably good Agreemant with FD Solutions

So, these are the solution we would proceed with, I will get g w x variation for different
segments of the solution. What would they look like? The squares show the variation of
g w X. As you expect, in the first part, the wall temperature varied from 40 to 50, the free
stream was at 90 and therefore heat was simply flowing into the wall. So, g w X is
negative, but rising, because as the temperature difference goes on reducing, the amount
of heat flow is also going on reducing. The moment however the temperature moves - of
the wall moves from 50 to 80, remember 80 is less than 90. Then, what happens is that

the layers of fluid close to the wall are still at a temperature close to 50.

Although, the wall temperature is 80 now, so the heat actually flows from the wall to the
fluid, although the free steam temperature is higher than the wall temperature. So, one
would expect heat transfer to be positive from the wall to the fluid, because the fluid

layer is close to the wall, are close to 50 degree centigrade.

Therefore, you see suddenly the heat transfer becomes positive and starts to fall in this
manner. Then, when you come to from 85 to 65, there is now the wall is at 65, but the
fluid close to the wall is close to 80 degree centigrade and it is likely to be at a higher
temperature than 65 degree centigrade. Therefore, again the heat transfer goes into the
fluid. Ultimately, up to 3 it is negative and then it continues when the wall temperature

begins to rise, you get positive heat transfer.



Now, this is the case corresponding to that would be Nusselt numbers; you will see
Nusselt number is more or less very slow decline, then that Nusselt number has turned

negative and then again positive.

Now, this is the case really that can be handled by numerical methods or the finite
difference method. | have done calculations of this type for this case using a computer
program for a finite difference method. What | have done is, plotted the finite difference

solutions by a dotted line for g wall x and Nusselt x agreement is X.

This shows you the power of the integral method and the superposition theory to capture
effects of arbitrary variations of wall temperature. But, the case we have consider is that

of a flat plate boundary layer, is very simple case, free stream remains constant.

(Refer Slide Time: 25:09)

Discussion L13(;)

@ Notice the change in the sign of g, , and Nu, although over
the entire !r.-rg:hv 1 5 Ts

Q Negative g, , implies heat transfer 1o the wall and vice versa

@ Problams of this type are important in elactronics cooling
such as the Printed Circuit Boards

@ Scolutions of this type can also be developed for flows with
pressure gradient. But, the theory is more invilved

Spakiing D. B. Heat transfer from Surfaces of non-uniorm Temperature
Jni of Fiusd Mechanics, vol 4, p 22-32 (1957

N U KW nin

Notice the changes in g wall x Nu x, although over the entire length T infinity is greater
than T w. So, you could get situations where actually the heat transfer takes place from
the solid surface to the fluid, although the fluid bulk free stream temperature is higher
than the fluid.
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Discussion L13(;)

@ Notice the change in the sign of g, . and Nu, although over
the entire length T, Ta

@ Negative g, . implies heat transfer (o the wall and vice versa

o Problems of this type are important in e¢lactronics cooling
such as the Printed Circuit Boards

@ Solutions of this type can also be developed for flows with
pressure gradient. But, the theory Is more invilved

Spakiing . B. Heat lransfer from Surfaces of non-uniorm Tempersture

Jni of Fiusd Mechanics, vol 4. p

dti e Nin

Negative q w x implies heat transfer to the wall and vice versa. So, problems of this type
are important in electronics cooling such as printed circuit boards. So that many a time
the heat generating surface itself would begin to get if it was in the wake of a certain type
of temperature variation. Then, a heat generating condenser would actually instead of

giving out heat, would actually receive heat from the gas.

Either, it can go into any adiabatic case or actually positive heat flux from the gas - air to
the component and the temperature of that component would suddenly shoot up, a drift
would occur. As you know, in electronic equipment, the components should not vary too

much in the temperature drifts in order to deliver a certain performance.

Very important consideration in printed circuit board design is the thermal management
of how to put the current carrying conductors as well as, the condensers and other pieces

of electronic equipment.

Now, as | said, we have developed this solution for a flow over flat plate with arbitrary
variation. What about flow over a gas turbine blade, where the free stream will vary or
flow over a cylinder, where free stream vary in an arbitrary fashion and so the wall

temperature vary in arbitrary fashion.

You have to simply go back to the velocity and temperature equations that we have

derived, evaluate the delta 2 in the most laborious way and then allow for dT w by dx



term in the integral equation. From there on, calculate the variation of delta 2 with x and

from which, you would extract the heat transfer coefficient variation.

The procedure is quite laborious, there are some simplifications possible. One of them is
published by a Spalding D B, heat transfer from surfaces of non uniform temperature in

journal fluid mechanics in 1957.
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Final Solution L13(3)

Remarkably good Agraement with FD Solutons
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Discussion L13(;)

@ Notice the change in the sign of g, , and Nu, although over
the entire length T, Tw
@ Negative g, , implies heat transfer 1o the wall and vice versa

o Problems of this type are important in elactronics cooling

such as the Printed Circuit Boards

@ Solutions of this type can also be developed for flows with
pressure gradient. But, the theory is more invilved

Spakiing D. B. Heat transfer from of non-undorm Temperature

Jni of Fiusd Mechanics, vol. 4, p 22-32 (1957

At e Hiini




One could look at those equations, but as | must say that today, no one does integral
solutions of this complexity any more. People have turned to numerical solutions and
that was my purpose in showing you how could the numerical solutions impact on the
finite difference solution. For the simple cases, at least the agreement is simply excellent.
With this, | complete our discussion on integral solutions to laminar temperature

boundary layer equations.



