Convective Heat and Mass Transfer
Prof. A. W. Date
Department of Mechanical Engineering
Indian Institute of Technology, Bombay

Module No. # 01
Lecture No. # 11
Integral Solutions to Laminar Vel BL

In this lecture, I will take up solution of the Integral momentum equations or the Integral

equations of the velocity boundary layer.

(Refer Slide Time: 00:32)

LECTURE-11 INTEGRAL SOLNS TO
LAMINAR VEL BL

@ Solution Procedure
@ Solutions with Effects of Pressure Gradient and

Sucrion/Blowing

My task would be to introduce you to the general solution procedure and then using this
procedure, study the effects of the pressure gradient, suction and blowing. I recall again
that Integral solutions can be obtained for arbitrary variations of the free stream velocity
U infinity at the edge of the boundary layer and the wall velocity at the solid surface; we

call it as suction or blowing.
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Solution Procedure - L11(-5)

Integral Momentum Eqn ( IME )

@ In the Similanty Method , 3rd order Simiarity Eqn was
solved with appropnate Boundary Condibons 1o oblain

The Integral Parameters 7 and G,

weare then recovared from the profiles

@ In contrast. in integral Method | ! |

1 ( usually a polynomial in y / 4 ) such that it

satisfies the E""*""-""’,- Conditions

@ Then, Int ramelers ) are gvaluated and
substituted in the Integrali Momentum Egn

© The IME is then solved to obtain 4z(x | and hence. all other
parameters as functions of x

Aget 4. 018 rrat

To refresh our memory, the Integral momentum equation reads as d delta 2 by d x plus 1
over U infinity d U infinity by d x plus 2 delta 2 plus delta 1 equal to C f x by 2 plus V w
by 2.

How do we solve this equation? Just recall, the procedure here is quite the reverse of
what we adopted for similarity method. In the similarity method, a third order similarity

equation was solved with appropriate boundary conditions to obtain the velocity profile.

The velocity profile came out of the solution of the ordinary differential equation and
from which the Integral parameters such as delta 1 delta 2 and C f x were recovered by
integrating and differentiating the profiles. In contrast, in Integral method the velocity
profile is assumed usually a polynomial in y by delta. Such that, it satisfies the boundary
conditions having assumed this profile. We evaluate the Integral parameters delta 1 delta
2 and C f x and substitute them in the Integral momentum equation. The IME is then
solved to obtain delta 2 as a function of x and hence all other parameters as functions of
X. So, the procedure is quite the reverse of the similarity method and to the extent that we
have assumed the velocity profile that which satisfies boundary conditions but none the

less is an approximation to what could be the real velocity profile at a given x.
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Typical Velocity Profile - L11(-5)
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We say, let u over U infinity, which is the dimensionless velocity and it would be a
function of x and y be a polynomial in eta variable, where eta is y by delta a plus b eta
plus c eta square plus d eta cube and e eta 4. So, there are 5 constants to be determined a,
b, ¢, d and e and this we do by invoking 5 boundary conditions. The boundary conditions
are as follows - At the wall y equal to 0, u is equal to 0, which will render u equal to 0
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The second condition is that, if you look at the momentum equation, if | write this
equation at y equal to 0, then clearly that term will be 0 because u itself is 0. However, v



will be vw into d u by d y at y equal to 0. This term will survive, U infinity d U infinity
by d x plus nud 2 u by d y square at y equal to 0. I used this as a boundary condition, to
say that nud 2 u by d y square at y equal to O is equal to vw d u by d y at y equal to 0
minus U infinity d U infinity by d x.
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Typical Velocity Profile - L11(-5)
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That is what | have written here as the equation 4, which is the second boundary
condition at the wall. At the edge of the boundary layer, y equal to delta u will equal U
infinity and therefore the left hand side will be equal to 1 and so will each of these etas
will be 1. You will have a condition a plus b plus c plus d plus e equal to 1. Also d u by d
y is equal to O at the edge of the boundary layer d u d y is 0. To the extent that the
velocity approaches U infinity, asymptotically the continuity of this first derivative
survives d u by d y equal to O survives as we increase y. Therefore, the last boundary
condition is that d 2 u by d y square will also be equal to 0.
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Derived Velocity Profile - L11(+3)

Coefficients are

Hence, the Vel Profile

| have 1 2 3 4 and 5; five boundary conditions which will enable me to determine a, b, c,
d and e. Let us see, what those coefficients look like? Each of these coefficients can be
represented in terms of the coefficient e, a equal to 0 because of u is equal to 0 at y equal
to 0, b will be equal to 3 minus e, ¢ will be equal to 3 into e minus 1, d will be 1 minus 3
e and e will equal 3 times V w star minus lambda plus 6 divided by 6 plus V w star.

With these five boundary conditions, if | were to write out the equation, the velocity
profile will look like u over U infinity 6 by 6 plus V w star a function F 1 a second
function F 2 multiplied by V w star and a third function F 3 multiplied by lambda.

F 1 is simply 2 eta minus 2 eta cubes plus eta raised to 4. F 2 is this function F 3 is this
function V w star is a dimensionless VV w delta by nu. It is suction and blowing parameter
and lambda is delta square by nu d U infinity by d x is a pressure gradient parameter

associated with variation of free stream velocity U infinity with respect to x.

| did say that we have to choose the values of VV w star and lambda very carefully
because as much as we can allow for any variations of V w and U infinity, we must
ensure that the assumed velocity profile is such that u over U infinity is always less than
1 inside the boundary layer for eta less than 1. So, values of V w star and lambda
minimum or maximum must be such that this condition holds. Remember, V w star can

be both positive or negative depends on suction or blowing and lambda depending on



whether it is an adverse pressure gradient and a favorable pressure gradient can also be
positive or negative. We have to choose these parameters within a certain restricted

range only; so that the boundary layer approximations are well held.
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Velocity Profiles - 2
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For ) 12. =

( Separation )

| have plotted 3 graphs. The middle graph is for no suction or blowing that is V w star
equal to 0. When lambda is equal to 0, you will have the flat plate because d U infinity
by d x is equal to 0. As you can see here, this will be the profile, lambda equal to positive
values means accelerating boundary layer because d U infinity by d x then is positive,
lambda negative would be d U infinity by d x because d U infinity by d x is negative and

therefore, a decelerating boundary layer.
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Derived Velocity Profile - L11(-3)

Coefficients are

Hence, the Vel Profile

If I choose arbitrarily values of lambda, you will see up to lambda equal to 12 the u over
U infinity values are well within 1 and up to minus 12 they are very much within 0 to 1.
If | take lambda equal to 30, which is a very highly accelerating flow then u over U
infinity exceeds 1. In fact that is what would happen for all values of lambda greater than
12. Therefore, such values of lambda are not admissible; likewise, values less than
lambda equal to minus 12 are not admissible because velocity itself will turn negative

this is the importance of this comment which | made here.

If u over U infinity exceeds 1 then delta 1 or delta 2 can become negative. Likewise, if u

over U infinity is negative then delta 2 can be negative and that is not admissible.
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Velocity Profiles -2
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This is similar profiles for V w star equal to minus 2, which means the suction case and
again | have plotted several values. Before I do, look at that let me go back again to V w
star equal to 0 value, when lambda equal to 0, | said this is a flat plate solution but
lambda equal to minus 12 gives us 0 gradient at the wall, which means separation must
occur. It is a peculiar value, where lambda equal to 7.052 and the importance of that you

will recognize a short while from now.

Let me go back again to the suction profile, here you will see for lambda equal to 12 plus
12 u over U infinity exceeds 1 and for 20 it exceeds very much. Likewise, here for

lambda equal to minus 12 there is a velocity which goes less than 0.

On the blowing side, however up to lambda equal to 20 or little more, there is a u over U
infinity well within 1. So, blowing permits much higher pressure gradients favorable
pressure gradients. On the adverse pressure gradient side, again lambda equal to minus 2

is the limit.
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Evaluation of Thicknesses - 1 - L11(-3

In the Integral method, we evaluate 3 Thicknesses

Note that |,
But, in the region

Hence, [, 0

Integral method, we evaluate three thicknesses - the first one is very well known to you
delta 1, which can be where the integration limit from 0 to infinity is replaced by 0 to
delta because from delta to infinity u will remain equal to U infinity. Therefore, both
these Integrals will be equal to 0 between delta and infinity and the limit infinity can be

replaced by delta in both of them.

In addition, we define a shear thickness mu U infinity divided by shear stress. You will
notice that it has a length dimension, we call delta 4 and it is called the shear thickness

mu U infinity by tau wall x. The reason for this is, you will understand very shortly.
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Derived Velocity Profile - L11(-3)

Coefficients are

Hence, the Vel Profile
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Evaluation of Thicknesses - 2 - L11(:3)

Note that 4,

separation will eccu

We have three thicknesses delta 1, delta 2 and delta 4. We could have recovered value of
delta 4, even in the similarity method because we know how the tau wall x varies with x.
If | substitute our velocity profile u over U infinity equal to all these as a function of eta
into our definitions, then, you will see that delta 1 by delta would become 1 over 4 1 plus
e by 5. If I represent e as 3 V w star minus lambda plus 6 over 6 plus V w star, then it
will simply read like that delta 2 by delta. This integration involves product of u over U



infinity square and that would result into 3 by 28 plus e by 70 minus e square by 252 or
what | have given here by simply replacing e.

(Refer Slide Time: 14:30)

Derived Velocity Profile - L11(5;)

Coefficients are
Hence, the Vel Profile
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Most importantly, delta 4 by delta would simply result in 1 minus 3 e 6 plus V w star
divided by lambda plus 12. This is quite easy to see, if we see our equation then
remember delta 4 is mu over U infinity divided by tau wall x and this is equal to mu
times U infinity divided by mu times d u by d y at y equal to 0. If we look at our velocity

equation then you will see d u by d y at y equal to 0 will become equal to U infinity into



6 over 6 plus V w star into 2 by delta plus VV w star into 0 plus lambda by 6 into 1 over
delta.
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Evaluation of Thicknesses - 2 - L11(3)

Note that 4, U,

separation wil occur

You will see, if | take delta common | will get this as U infinity by delta into 6 over 6
plus V w star into 2 plus lambda by 6 and delta 4 will become equal to mu mu gets
cancelled here and U infinity divided by U infinity by delta 6 over 6 plus V w star into 2
plus lambda by 6. Therefore, this and this gets cancelled and delta 4 by delta will read as
what | have shown there 6 plus V w star over lambda plus 12. This shows very clearly
that if lambda is equal to minus 12, delta 4 will become infinity or if delta 4 becomes
infinity then tau wall x must be 0. Therefore, lambda equal to minus 12 represents
separation, values of u over infinity were not applicable in our profiles for lambda less

than minus 12.
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Reorganisation of IME - L11(
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Eqn 21 is a Universal Relationship
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We reorganize the Integral momentum equation by multiplying each term by u delta 2 by
nu. You will see that our equation would read as U infinity delta 2 by nu d delta 2 by d x
plus U infinity delta 2 by nu divided by 1 over U infinity d U infinity by d x into delta 2
into 2 plus delta 1 by delta 2 equal to C f x which is by 2, which is tau wall over rho U
infinity square into U infinity delta 2 by nu plus V w by U infinity into U infinity delta 2
by nu.



Then, you will see this term simply becomes U infinity by nu into d delta 2 square by d x
divided by 2. In this case, U infinity gets cancelled with this and | get delta 2 square by
nu d U infinity by d x equal to rho into nu becomes mu and nu infinity becomes U
infinity. So, mu U infinity by tau wall is delta 2 by delta 4 plus U infinity gets cancelled
with that I will be getting V w delta 2 by nu. Therefore, multiplying throughout by 2 1
get U infinity by nu d delta 2 square by d x equal to 2 times V w delta 2 by nu plus delta
2 by delta 4 minus delta 2 square by nu oh sorry this should be multiplied by 2 plus delta
1 by delta 2 | forgot d U infinity by d x into 2 plus delta 1 by delta 2.

(Refer Slide Time: 20:15)

Reorganisation of IME - L11( - )

d o3 1 dU Cr,

2 & 4 )

dx U d x & 2 U
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Again, the equation maintains its dimensionless form, Now, all | have done is in our
derivation is delta 2 by delta 4 is replaced by s and we call it shear factor; delta 1 by delta
2 is replaced by h, which we call shape factor; delta 2 square divided by nu d u infinity
by d x and that would simply be equal to lambda times delta 2 by delta whole square as a
pressure gradient parameter. Remember, what was lambda? Lambda will be delta square
by nu d U infinity by d x and therefore this parameter which is kappa. kappa will be
simply lambda times delta 2 by delta whole square and that is the pressure gradient
parameter and V w plus will be V w delta 2 by nu is equal to V w star delta 2 by delta
because V w star was simply VV w delta by nu. Each term is dimensionless, you can see
this is velocity a length dimension because this is square and so this has a length

dimension and this is nu.



So, it is a kind of a Reynolds number, which represents rate of growth of momentum
thickness delta 2; kappa is a pressure gradient parameter. This is really a universal
relationship what we mean that the relationship applies no matter what is the variation of
U infinity or the wall velocity. It is a universal relationship between Integral parameters
delta 2 delta 4 and delta 1.
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Important Deductions - L11 ( )

@ Universal means it 15 applicable to all types of vanations of
U, (x) including U Cx™

@~ %2 0 imphes Flat Plate Solution because U, =
Cons!

QF e 2 0 implies Stagnation Point So
because recall that all thicknesses are constantform =1 (
see below

@ S =3 =0 imples Separation because 7, .

@ All values of V! and \ for which 4y 4. ds < 0 must

discarded because v, U., toru/ U, ()

@ ForU, Cx™ 1itis easy to derive that
maes F{n)=(1-m)Aiy . S=f(0)r2and V, B,
where A ( m ) are available from Similanty method

i d X o

Let me go to the next slide. By universal, we mean that it is typically applicable to all
types of variation on U infinity, including the ones we used in similarity method, U
infinity equal to C x raise to m. kappa which is proportional to d U infinity by d x, when

it is 0 implies a flat plate solution because U infinity equals constant.
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Reorganisation of IME - L11( -5
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Important Deductions - L11( )

@ Universal means it 1s applicable to all types of vanations of
U, (x)including U Cx™

0 imphes Flat Plate Solution because U, =

0 implies Stagnation Point Solution
because recalFfthat all thicknesses are constantform = 1 (
see helow

@ S = 3 =0 imples Separation because 7, ,
@ All values of V! and \ for which 4,

discarded because v U, toru U,

@ ForU, Cx™, 1t is easy to derive that
mas F(n)=(1-m S=£(0)42and V,

where A2 ( m ) are available from Similanty method

On the other hand, the right hand side F k or U infinity over nu d delta 2 square by d x
equal to O implies that delta 2 is constant with x. As you will recall from our similarity
method, it represents stagnation point solution because for m equal to 1 all thicknesses
delta 1, delta 2, enthalpy thickness, heat transfer coefficient and all are constants with x

that is the characteristic of a stagnation point solution.

Shear parameter equal to 0 delta 2 over delta 4 equal to 0 implies that delta 4 is infinite,

which in turn implies that tau wall x is equal to 0 and it represent separation. All values



of V w plus and lambda for which delta 1, delta 2 and delta 4 are less than 0 must be
discarded because for these values, u over U infinity is either greater than 1 or u over U
infinity is less than 0, which means those are inadmissible values of V w plus and delta
lambda.
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Now, for U infinity equal to C x m it is easy to derive that kappa will be equal to delta 2
star square divided by 2, I will show you how this is the case. If U infinity is equal C x
raise to m and kappa is equal to delta 2 star by nu d U infinity by d x. Then, you will see
that this becomes delta 2 square by nu C m x raise to m minus 1 or I can write this as C x
raise to m into delta 2 square by x into m, | can write like that. This is nothing but C x to
m is nothing but U infinity into delta 2 square by x into m, which | can write as U
infinity oh sorry that should be a nu here. So, divide by nu I can write this as U infinity x
by nu into delta 2 by x whole square into m that is equal to delta 2 by x square into R e x

into m.
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Important Deductions - L11 ( )

@ Universal means it 1s applicable to all types of vanations of
U, (x)includng U, = Cx™

@ ~ « %7~ = Dimples Flat Plate Solution because U, =
Const

@ F(x) = “=%% - 0implies Stagnation Point Solution
because recall that ail thicknesses are constantform=1(

see below )

@ S = 7 = 0implies Separation because 7, = 0

© All values of V! and \ for which 4y, 4. 8¢ < 0 must be
discarded because v,/ U, ~1oru/U, <0

Q@ ForU, = Cx™ ttis easy to derive that
k=mag F(x)=(1-m)i5 8= (0)4;and V; = By
wher& 43 ( m ) are available from Similanty method
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If you recall, in our similarity method, we had defined delta 2 star as delta 2 by x R e x to
the half. So, essentially becomes delta 2 star square into m and that is what | shown here.
Similarly, you can show that F kappa which is equal to U infinity by nu d delta 2 square
by d x can be shown to be equal to 1 minus m delta 2 star square for that value of m.
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Similarly, here delta 2 square is corresponding to the value of m you are concerned with.
You can also show S; for example, what is S? S is equal to delta 2 by delta 4 and that is
equal to delta 2 divided by mu U infinity by tau wall x or that is equal to delta 2 tau wall
x divided by mu U infinity. This term can be shown to be equal to f double prime 0 into
delta 2 star, which simply a question of manipulation here and you will see the tau wall

X.
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Important Deductions - L11 (5 )

@ Universal means it 1s applicable to all types of vanations of
U, (X ) including U, = Cx™

@ « 97~ = 0 imphes Flat Plate Solution because U, =
Const

@ F(x) = Y= %% - 0implies Stagnation Point Solution
because recall that adl thicknesses are constantform = 1 (

see below )

@ S =7 = 0implies Separation because 7y, = 0

© All values of V,} and \ for which 4. % 45 < 0 must be
discarded because /U, ~1oru/'U, - 0

@ For U, = Cx™, itis easy to derive that
k=mdy F(n)=(1-m)sy . S=7(0)4:and V) =B i3
where A3 ( m ) are available from Similanty method




For example, this will be delta 2 into mu times d u by d y at 0 divided by U infinity into
mu. So, mu and mu gets cancel and | can construct here delta 2 by x R e by x by half and
you will get that f double prime. VV w plus can also be shown to be B f; the similarity
parameter B f delta 2 star and delta 2 star m are available from similarity methods. These

deductions are very important as we shall see shortly.
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Solution V,

120 | 0.095 | 0.200
90 |0.088 | 0225
75 | 0080 |0237
0.069 | 0.250
0.039 | 0275
0.000 | 0.300

v N
1O

O NN T

NN

NN

A4t | e
0.083 | 0.32

D N

-0.086 | 0.350
D.107 | 0.363
0.125 | 0.375
0.157 | 0.400
\ = 7052 or . = 0.07824 represents Stagnation Pont Sclutior
Recall Sim Solns: 43, = 0663 and 43,
Hence, rm.1 =0.0841and F( kmaa ) =
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Reorganisation of IME - L11( -
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Evaluation of Thicknesses -2 - L11(:3)

Note that 4,

separation will occcur

Let me plot the results. Remember, | have calculated S VV w plus kappa, | have assumed
values of kappa and calculated H also from the velocity profile that we assumed; that is
delta 1 by delta, delta 2 by delta and delta 4 by delta.
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Solution vV, - 0-L11( )
1200095 | 0.200 | 0,089
0088 | 0225 | 0.099
0.080 {0237 | 0.102

A LG
0.06%9

S=dy s
-
o
¢

0.039 | 0.27% 13 | 0.283

0000 | 030 17 1 0.235

~
0

089
0.059
0.000
0.07824 reprasents S

Recall Sim Solns: 45 ., = 0663 and 4; ,
Hence, rm.t = 0.0841 and F ( »m '

For a boundary layer without suction or blowing, the acceleration and deceleration
parameters; acceleration parameter | have gone up to 12 and deceleration | have gone up
to minus 12 because | cannot go less than minus 12. Then, the kappa values take these

values, this is 0.095 and this goes on to minus 0.157 delta 1 by delta 2. As you can see



compared to 0, where it was about 0.3 with acceleration the displacement thickness
reduces and with deceleration it increases. Same thing holds for a momentum thickness
divided by delta. It reduces and increases, inverse is true for shear thickness. The shear
thickness goes on increasing whereas on the negative side, when there is suction it goes

on reducing so much. So that at minus 12, it reduces exactly to 0.
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Solution V,, -~ 0 -L11 (%) _

A [ | 6178 |h¥ [8=4,/8s [H=dy /a2 | F (1)
720710095 [0.200 00891035 [2250 |-0.085
90 |0088 |0225 0099|0347 |2273 |-0.061
75 |0.080 '0237 0.103 | 0336 | 2299

0.069 r0250|0107 0321 |233

0039 | 0275|0.113 | 0.283 | 2427

0.000 losoo 0.117 | 0235 | 2554

0,043 |0.325 | 0.120 | 0179 | 2.716
0,086 | 0350 | 0.120 [ 0.120 | 2921
.0.107 | 0.363 | 0.119 | 0089 |3041 | 1253
0.125 0375 | 0.118 (0059 | 3176 | 1.417
0157 | 0.400 | 0.114 | 0.000 | 3500 | 1724

A=T70520rx 0 07824 roprosoms Stagnation Pomt Solut-on
Recall Sim Solns: 43, o= 0663 and 53, , =0.292
Hence, xm.1 =00841and F( npm.o ) =0.44

The shape factor H delta 1 by delta 2 is remarkably a constant for highly on acceleration
side but on decelerating side, it goes on increasing quite significantly. This is the right



hand side with some values negative and then positive. Now, what is F k? To remember
again F k is nothing but that value and when that is equal to 0, it means delta 2 is
constant. Therefore, it represents stagnation point solution if you look at here the
stagnation point solution will be somewhere here and its value will be lambda equal to

7.052 and kappa equal to minus 7824.

The similarity solution for delta 2 star m equal to 0 was 0.663 and delta 2 star m equal to
1 was 0.292. Therefore, kappa for m equal to 1 will be 0.0841 and F for k m equal to O,
kappa m equal to 0 would be 0.44 will make use of these numbers very shortly but
remember this is the flat plate solution, 7.052 lambda is a stagnation point solution and

minus 12 is a separation solution.
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Fli

U, da ~ak B 0V, o . e .
C 044 - 517 =+ Ihwante's Curve-Fit (25)
d x gx

Integral Soin deviates from Sim Soln for » < 0 but, reasonably
accurate forr - 0

b S

This is what | have plotted here. On the x axis, you have kappa the pressure gradient
parameter and F kappa, which is the rate of growth of momentum thickness parameter on

the y axis.

When kappa is positive, we have accelerating flow or favorable pressure gradient. When
kappa is negative, we have the decelerating flow or adverse pressure gradient. The
results are plotted, when there is no suction and blowing. Therefore, V w star is equal to
0.
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F(r)vsn(Vy=0)-L11(

© 8=0pmg b=08/80, (24)

@
044 - 517 % g d‘:-‘ Thwaite's Curve-Fit (25)

Integral Soln deviates from Sim Soln for » < 0 but, reasonably
accurate for . ~ 0

You will notice that when kappa is equal to 0, the value of F k must represent the flat
plate solution. When F k is equal to 0, as we just said it must represent the stagnation
point solution. So, the intercept on the y axis represents the flat plate solution whereas
the intercept on the x axis represents the stagnation point solution and F k values turn
negative, when you have very highly accelerating flow, whereas when the flow is
decelerating F k values are positive.



Now, using the relationship between kappa and F k with Integral parameters, | have also
plotted the parameters here the similarity solutions here. You will notice that this is m
equal to 1 solution, this is m equal to 0.33 solution, minus 4 m equal to minus 4 minus

0.04 minus 0.065 minus 0.085 and minus 0.09 is the separation.

So, the separation is seen at about kappa equal to minus. Let us say about minus 0.07 in
similarity solutions, whereas in Integral solution the separation occurs at minus 0.1567.
On the Integral solution deviates from similarity solution for kappa less than 0 because
we have allowed for arbitrary variation of U infinity but for specific variation U infinity

equal to C x m the results go along there.

Now, in order to develop close form solution, we can see that at least for very moderate
decelerating flows and accelerating flows, a near straight line approximation can be
made. This was done by a scientist called Thwaite’s. It is simply F kappa equal to a
minus b kappa and the a will be the value of kappa equal to 0 and therefore represents
flat plate solution a delta 2 star square m equal to 0, whereas b will be simply when F Kk is
equal to O or the stagnation point solution then b will equal a divided by delta 2 star

square of m equal to 1.

(Refer Slide Time: 34:16)

Solution V,

120 | 0.095
9.0 0.088
75 0.080
6.0 0.069
30 0.039
0.0 0.000
30 0043
60 |-0.086

- .J

S50

-120

\ = 7.052 or ». = 0.07824 represents Stagnation Point Scolt
Recall Sim Soins.; & .. ~=0663 and 45

Hence, rpm.1 00841 and F (ko ) =04
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Fir

U, da
- 044

3 547 -3
a x ad x

Integral Soin deviates from Sim Soin for » < 0 but, reasonably
accurate forn - 0

ANLEW U

If you look at our previous slide, | have said delta 2 square star m equal to 0.663.So,
delta 2 star square would be square of 0.663, which is 0.44 and delta 2 star m equal to 1
is 0.292. So, 0.44 divided by 0.292 will give me this value of 5.17. So, a will become

equal to 0.44 whereas b will equal minus 0.4.

F k being equal to U infinity, rate of growth of momentum thickness is equal to a
constant minus another constant times delta 2 square by nu d U infinity by d x. This is
the Thwaite’s curve-fit, a universal curve fit for the case in which suction and blowing

are absent. We will make use of this relationship as you will see on the next slide.
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Closed Form Soln V,, — 0 - L11(1})

dd,'("ig Ut 044|'U“\"

(FUE7), - (B U)o = 044: /u{"dx
[}

@ Soln applicable to any U (x)

@ Calculate 5, from eqn 28. &2, . ( known )

© Evaluate » fromd U, /d x

Q@ For this value of «. evalute \ and hence S and i,
@ Hence obtain Cy, = 2 /(8 UL ).
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Just see, this was the relationship. I can manipulate these 2 terms; this term and this term
as d by d x of d u delta 2 square U infinity 5.7 equal to 0.44 nu 4 u. To convince you, let
me open up again the equation, then you will see d delta 2 square U infinity equal to 5.17
by d x will equal delta 2 square into 5.17 into U infinity raised to 4.17 d U infinity by d x
plus U infinity raise to 5.17 into d delta 2 square by d x.
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Closed Form Soin V.

@ Soin applicable to any U._(x)

@ Calculate 5s from eqn 28. 2, . ( known )

© Evalvate » fromd U, dx
@ For this value of ». evalute )\ and hence S and A,

@ Henceobtan Gy, = 2

This is what it would mean and if I divide this 1 over nu, U infinity raise to 4.17, I will
get 5.17 into delta 2 square by nu u d U infinity by d x plus U infinity by nu d delta 2
square by d x that is equal to 0.44. Therefore, you will see that I can write this equation
in this form. If I were to integrate this equation from 0 to x then delta 2 square U infinity
raise to 5.17 del x. We will equal delta 2 square U infinity raise 5 minus x equal to 0

equal to 0.44 nu 0 to x U infinity raise to 4.17 d x.

So, the solution is applicable to any arbitrary variation of U infinity and restriction
imposed by similarity method is now removed. We use this relationship to calculate delta
2 at any x because U infinity at that x will be known. You must know delta 2 square at x
equal to 0. If you start from x equal to O itself where delta 2 is 0 then of course that term
will be 0. Evaluate kappa from d U infinity by d x. Now, that you know delta 2 square,
you can evaluate our kappa which is.
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Solution V, = 0-L11( 5 )

2 S 4
12.0 | 0,095 |0.200 | 0.089 |G

0.088

0.080

0.069

0.039

0.000

0.043

-0.086

'J
0
= 0.07824 reprasents Stagnation Pont S
Recall Sim Solns: 45 ., = 0663 ¢
Hence, rm.1 00841 and F( Kmeo ) =
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Closed Form Soin V,

£ ol known )

ate » fromd U, dx
or this value of ., evalute \ and hence S and 4,

Hence obtaun C,, 2

Once you have evaluated delta 2, you can now evaluate delta 2 square nu d U infinity by
d x because you already know what U infinity x is. For this value of kappa, you can
evaluate S value for knowing the kappa value; you can interpolate to get S value. You
get a shear stress value from which you can evaluate S and delta 4 and from delta 4 you
can evaluate the skin friction coefficient 2 nu over delta 4 U infinity, which is what we

wish to evaluate anyway. That is the purpose.



In other words, knowing U infinity as a function of x, we get delta 2 as a function of x
from which we get kappa from which we get S as a function of x. In fact, we get all other
parameters delta 1 as a function of x and so on and so forth and because we know the
shear factor variation with x. We can get C f x also as a function of x.

(Refer Slide Time: 39:29)

h a

< 0 917 £ =~ Thwaite's Curve-Fit (25)
dx ax
Integral Soln deviates from Sim Soln for » < 0 but, reasonably

accurate for ¢ 0
R AN AW
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Flate Plate Soln )\

O <

o

035|012
0341 0.12
033012
033|012
0.31 | 0.12
0.30 | 0.12
0.28 | 0.11
025|011
0.20 | 0.09
0,10 | 0.03
0.07 | 0.00

003|004

= O W

a wh wal Nl

- OO,

& W,y

PO OoOO

~ W ¢

Feasibie Solutions for \

AL 2w s

In the previous table, | had held VV w equal to the no suction and blowing. Now, | am
saying, | am going to set lambda equal to O, which is the case of a flat plate but allow for

suction and blowing and that is what | have done here.



| allow for blowing parameter to go up to 5 on the suction side; | go up to minus 4.2 delta
1 by delta with blowing compared to V w star equal to 0 the delta 1 by delta increases as
we expect delta 1 by delta decrease. As we increase suction, these also increase where it
is not seen here because | have plotted results only up to second decimal place. On this
side, it reduces but notice that at minus 4.4 delta 2 has already turned negative and that is

not permitted.

I cannot go below lambda less than minus 4.2. So, feasible solutions are possible only for
lambda greater than minus 4.2 as you can see here. The shear stress also has almost

vanished here, which means this is where separation is about to take place.

The shape factor is increased enormously to 47.25 from the H average values around 2.7
on the positive side on the blowing side around this at moderate suction rates it is about
2.4 but it increases very rapidly to 47.5. This is almost the separation power profile and

these are the values of F k.
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Solution V, 2.0 ( Suction ) - L11(:%)
) S=8:/0s | H=38,/02 | Vi Fi

150 | 0.00 | 0.06 1 0.00 | -002 |-2800 |0.00 |-0.02
140 000 O0O7 001006 879 002005
100 | 002 | 0.12 005|026 009 | 0.12
6.0 004 | 0.17 1 008 | 0.35 2.28 0151 008
002 |0.22|0.10 | 0.35 ) 27 020013

0.00 021|021
023034

y
‘
24 | 069

0 0.32 33 0
003028 |01 028 243 )
. <’ e 0

024 1109
0231127
022134

Feasible Solutions for
Form=A=0 F(x)=021=4and V] =-021 Hence
B, 021/v0.21 0.458 Note that for all 2.V, const

— Awb S Min

Likewise, | have now included effects x of both lambda n for a certain V w star, which is
minus 0.2 that means it is a suction case with V w star equal to minus 0.2 and here | have
gone up to 15 but notice that beyond 14.8 or S has become negative therefore this is not
acceptable solution lambda is equal to 15 is not acceptable. On the adverse pressure

gradient side, you will see | have gone up to minus 13 but at minus 12 it is 0 already. So,



this is the separation occurs and minus 13 is minus 0.03 so this is not admissible. Effect

of pressure gradient on at a certain suction state is valid between minus 12 and 14.5 only.
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Reorganisation of IME - L11( % )

d o2
dx

Multply by U, S

( Shape Factor )

Pr Gr Param

Suc/Blow Param )
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Solution V, 2.0 ( Suction ) - L11(5%)

- §=4; H=3,/0: V3 Fi
150 000 | 006]0060]-002 |-2800 [000 [-0.02
140 | 000 | 007|001 /006 |879 0.02 | 0.05
100 | 002 | 0.12]0.05| 026 268 009 | 0.12
6.0 004 0171008 0.3 2.28 0151008
20 |002 |022)0100.35 ) 27 020013

0.0 0.21

0
0.1 028 243 023034
0 069
) 1.09

-10.0 4 038

120|016 040 | 0

130|016 041 0.1
Feasible Solutions for - 12 \ 14.5 only
Form=A=0F(x)=021=4and V] =-02
B p217v0.21 0.458 Note that for all

The remarkable feature of this solution is that for very mild acceleration to all the
adverse pressure gradients, the value of V w plus is almost constant. In this, V w plus is
almost constant on the suction side for lambda equal to 0 F k is about 21 you can see that
0.21 and that must equal delta 2 star square and V w plus equal to minus 0.21. This

amounts to B f equal to minus 0.21 divided by root 0.21 0.458.



(Refer Slide Time: 42:45)

Solution V, - 2.0 ( Blowing )- L11(3;
- 278 | §=8270 | H=dy /52 | V.

o
G
on,

[ ]
QO O QC

J

PN WoON

> O

0.1
0 1
04
0.1
0.1

> O

Feasitle Solutions for
Finx)=0for 967 or
Form=\A=0F(sx)=2084

V0.84 ~ 0.2619 Note that for a

This is the blowing side and again you will see for adverse pressure gradients less than
minus 12, you have negative. So, you cannot go below then again on V w plus is

remarkably constant and this will correspond to B f equal to about 0.2619.
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Closed form Solns for V, and A\ - L11( )

For simiultaneous vanations of V, and A\, Closed Form Solutions
can be developed for regions in wihnch V2 is nearly constant
The curve-fit solution is again of the form F(x) = a - b, or

U, d i3 T duU

a-b-+ : {(29)
d x dx

where a and b are functions of V. Thus, from tabulated values
@ ForV; 20,a=021.b=-42
@ ForV, =4+20,a=084b=74
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Solution Procedure - L11(-3)

Manipulatin gives

@ Soin applicable to any U, (x) and V,i(x)

@ Calculate 5, from eqn 31. &3, _, ( known )

© Evaluate ». fromd U, /d x

@ For this value of «, evalute )\, V.! and S and hence, 4
@ Hence cbtain C,,

For simultaneous variations of VV w star and lambda, close form solutions can again be
developed in the regions in which V w plus is constant. You can curve fit F kappa equal
to a minus b kappa or a relationship of this type can be established, where a and b are
functions of V w plus. So, V w star equal to minus 0.2 you get a equal to 0.21, b equal to
4.2, V w star equal to plus 2 and you will get 0.84 and 7.4. Manipulation would give
again d delta 2 d by d x of this equal to that and therefore you will get a solution.
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Prob: Flow over a Cylinder - L11(:%)

For flow aver an impervious
cylinder, with x* = x /D

U,

- 2sin{2x")
Vs

Then




So, the procedure remains exactly the same as before only the values of a and b change
with value of V w star. | am taking now, a case of flow over a cylinder; it is an
impervious cylinder. There is no suction or blowing; there is an approach velocity V, a
potential theory will show that the free stream velocity U infinity would vary as U

infinity by V a equal to 2 times sine 2 x star where X star is x divided by diameter.
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Closed Form Soin V,,

@ Soln applicable to any U (x)

@ Calculate ss from eqn 28. 42, . ( known )

© Evaluate » fromd U, dx

Q@ For this value of .. evalute \ and hence S and /4

@ Hence obtain C,,
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Prob: Flow over a Cylinder - L11(-})

For flow over an impervious
cylinder, with x* = x /D

L‘J' .

- 2sin{2x")

b"‘

So, 2 x star is nothing but x divided by radius and | will call this F x star. Then, for this

variation of free stream velocity, | can show that delta 2 by d R e D will be simply from



equation here using this relationship, | can determine delta 2. Remember, delta 2 at x
equal to O at the stagnation point will be 0 and from there I integrate. So, | can show that

delta 2 by d R e d will be done and kappa will be this.

Our objective is to determine the location of the separation point corresponding to kappa
equal to minus 1567 R e D is equal to VV a D by nu, which is the Reynolds number

defined for flow over a cylinder.
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Soin: Flow over a Cylinder - L11(1)

Numencal iftegration gives Sep

Here are the results - U infinity by V a is a sine function which goes and beyond 90
deceleration sets in whereas on the below 90 degrees there is a flow acceleration. This is
the variation of kappa and you can see it has reached minus 0.1567 at about 108.3
degrees and therefore it is associated with separation. So, we have located the separation

point from stagnation point from the unknown arbitrary velocity distribution.
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Effect of Blowing - L11(:;)

As expected, Separation Angle is advanced with increase in
blowing rate with reduction in average skin-frichon due o

3 of the boundary layer

Similarly, now consider a cylinder. In which, there is blowing taking place from the
cylinder surface. Then, | can curve fit as | said F kappa in this manner for different
values of V w star and theta separation for VV w star equal to 0 was 108 and that goes on
reducing. You will expect where that a flow over cylinder with blowing would the
separation would occur at an earlier location and that is what you see up to V w star at
0.2 the separation point has advanced. Average skin friction up to the separation point
defined in this manner; it is highest at V' w star equal to 0 but with blowing skin friction
goes on reducing. As expected, separation angle is advance with increase in blowing rate
with reduction in average skin friction due to thickening of the boundary layer.
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Prob: Flow over a Cylinder - L11(+2)

For flow aver an impervious
cylinder, with x* = x /D

2s8in{2x") = F(x")

This shows you the power of the Integral method. What it cannot do is to go beyond the
point of separation and complete the analysis of flow over a cylinder. It is a very useful
tool to determine flow through conversion or diversion nozzles. For example, where the
boundary layer, where the free stream velocity would either accelerate or decelerate with
x and you want to determine the thickness of the boundary layers developing on the wall

because it is this thickness, which determines the discharge coefficients of such nozzles.



