An Introduction to Smooth Manifolds
Professor. Harish Seshadri
Department of Mathematics,
Indian Institute of Science, Bengaluru
Lecture 33
Integral curve and flows 1

Hello and welcome to the thirty third lecture in this series. So, in this lecture I will talk about

vector fields in the context of differential equations, ordinary differential equations.

(Refer Slide Time: 0:45)

5 8 it b ek
EEEEEEEN ECH A MVAFAT 131 Tl

N o it sgp L endes (o)
Po) gt ed B k)

' ~ Gavre,
o Db T (w9 = M Do ot

W[4 ]
ot M A e

b Adod defihm
Al ih—'gf'}u't-ﬂsw] |

14 Mo e g
A W et P

g 5l et

Remts M5 |
[ = - N cwaaoo® oo i
v_'Ti";"::ug'i"lu 1L I —
=3 Mo 0 etk e At i
. o b ek i)
Bons | mp SURTIE A ety

—— pen, LeTM

T~ (V)= |§IR
e Filagy oMY
P - o hadee.




So, let us so vector fields, ordinary differential equations which elaborate ODE’s integral curves
and flows. Let us start with the notion of a. So, as usual X will be a vector field on a smooth
manifold M | would like to define the notion, now | want to define the notion of an integral
curve. So intuitively before stating a formal definition if we think of a vector field as it is an

assignment of an tangent vector at each point.

An integral curve is a smooth curve in a manifold whose velocity vector whose tangent vector at
each point is exactly equal to the vector field at that point. So, to state this, first, let me define the
velocity vector of a smooth curve. Let sigma from an interval a b to M be a smooth curve. Well,
so | want to say the, | want to talk about sigma prime t. So, what | do is | just sigma is a map

from this interval a, b to this is M, so if | take a point t, this will go to sigma t.

Now on this interval | have the standard basis, if | take the point t for the tangent space at this
point, the usual basis of which just consists of a single vector. So, this vector regarded as a
derivation is just d by dt in Rn we have always talked about del by del X1, Del by Del X2, etc.
but if we have just one variable, we can still use the del by del t notation but the convention is

that when it is just one variable, we call it d by dt.

So, | have this d by dt then I can take the derivative of sigma act it on this basis vector whatever |
get | call sigma prime t sigma prime t, as by definition d sigma at the point t of actually let me
call it t naught this to sort of d sigma at the point t naught of this basis vector which is d by dt
evaluated at t naught. This is my definition of velocity vector, and it is of course, it is when we
have the manifold is just another open subset of Rn.

This definition just coincides with. So, if M is an open subset of Rn, then this definition is
equivalent to the standard definition of sigma prime t naught, the standard definition of signal
prime t naught is just differentiate all the components of sigma and put them together as a
element of Rn again is equivalent to the standard under the usual identifications, of course, the

usual identification amounts to what we have been doing all along.

The tangent space to Rn on the one hand it can be identified with Rn and this on the other hand it
is the space of derivations. And so in effect, the derivations at a point on Rn can be naturally
identified with Rn. And we have seen that the reason is that there is a frame on Rn, in other



words, there is a basis natural basis for the tangent space at each point, namely the partial
derivatives using this one can go back and forth between derivations and the tangent space as Rn
itself.

With that in hand, then this is the same as they usually one. Then, in this connection having
introduced this | should also mention that remark something which | should have done earlier.
Recall that when we started the course, we heard a nice way of computing the derivative as a
linear map. Suppose the derivative is acting on a vector v, we saw that it could be computed by
just by seeing the action of the map on any smooth curve tangent to v.

And then taking one more derivative. So same thing holds here remark, if f from M to N is a
smooth map P is a point in M, v is a tangent vector at t. Then the derivative of f at p acting on v
is now the with this notion of sigma prime f composed with sigma prime at O for where sigma
from some small interval to M is any smooth curve with sigma 0 equals p and Sigma prime 0
equals v sigma prime, | have used this sigma prime the velocity vector of a curve in two places f

compose with sigma prime and sigma prime itself.

And based on this definition that | made here and this is the proof of that, the derivative can be
written like this is immediate, it follows from chain rule. While the proof is quite trivial, it is still
a very useful fact, because the point here is that the left hand side of this equation here makes no

reference to any smooth curve.

All that matters is the velocity vector v and the smooth map f, the right hand side seems to
involve a smooth curve, but actually in reality it does not matter which curve you take. You end
up getting the same answer dfp of v and depending on the smooth map f one can choose some
nice curve sigma so that it is easy to compute the right hand side f compose depending on the
depending on f sometimes one can choose sigma so that f compose with sigma prime is easy to

compute.

So, that is the usefulness of this, so | will just remark. So, here proof is chain rule.
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Well, so now let us return back to now the other main definition. So, this is something very
general. It has nothing to do with what I defined here and the subsequent discussion has nothing
to do with the vector fields. Now, let us come back to vector fields, let X be a vector field on M.
So, I would like to yeah as | said, the notion of a integral curve is that | would like to find a curve
whose velocity vector in the sense defined here is exactly the arrow which has been prescribed.

So, in other words, the velocity vector is the value of the vector field at that point. So, let us write
that as an equation a curve, a smooth curve sigma from a, b to M is an integral curve of X
starting at p if sigma prime t should be equal to the value of the vector field at that point. Now
sigma prime t as we have defined it is actually a tangent vector at the point sigma t. So, | want
something sigma t and that thing is X at sigma t. This is the defining property and then the
starting at p amounts to saying that sigma. So, smooth curve, so instead of saying, that iss okay

let me retain that, a smooth curve so let me add that zero is in a, b the interval contain zero.

So, | want sigma 0 to be p. So, one thinks of this t the parameter t as time. So, at initially the
curve starts at P and then subsequently it moves in such a way so that its velocity vector is

dictated by the vector field. Actually, it is actually literally equal to the vector field.



(Refer Slide Time: 14:36)

LWATEr T
. " ver” X
C)(-. \)"" ‘R ) "‘j [ LU.,U‘,)
7 o5
r B2
. [ v, ),QJPB
(A2 Fe: & —oF be
ci)= P
(’(;&): V) ,J‘v M -6‘
= er
oo e Wl e g X Awhing
A P
A : ’9- _ 1’1_
Z) o 1% X(b,)" J P 2y
[« (R ~
T TTIITLLLI Jeeme)  PRLBTIE
= ch*)
o e ‘\,.rg,rl. Wve B X Afahing
NS 5
¥ = 9. -
7‘) b UX(M)_ 2 i

W ope (o)
M el)e (o), -sl) TR
=) (= s¢~@).'0’>("9
Kew) = ‘5"'&)%,} - @t 3_\
i %)

2 -5, - )

wow A
¥
'_



QT T CIRCTT ISRV Tt
= ><r(,*)
£ o Wl Ghe g X Ay

M cle)e (W), -s) T ER.
o e | (- s0), - 0’4"9

My = [ =S| _ w2
5(%) ax,} - }G\r[,y)

r X e %M.
K gode e 1 (pA) DM 06l

gk e § X Ay © 2

v (o) P

Deptns

Y

So, it is a let us look at an example on R2. Let us take a trivial example to begin with, let the
vector field X at any point p is just a fixed vector v. So, | start with v in R2 and X at p is equals
to v. So in terms of so if v is v1, v2 then in terms of this when | write Xp equals v | am thinking
of v as a element of the vector space R2 but has a derivation we know that this is the same as v1,
del by del x1 and the point p plus v2 del by del x2 to p. So, we should in the context of Rn one
always goes back and forth between these two viewpoints. A tangent vector has a derivation and

a tangent vector is just an element of Rn.

So, now here pictorially all one is doing is just this one has a fixed vector v and one imagines

that at every point one is putting the same vector all over R2. So, it is clear what an integral



curve has to be in this case. So, if | start at a point p, | just move along the straight line in the
direction of v. So, in fact let us check that, the claim is that if you take any point p look at the
curve this time, | can define the domain of the integral curve, which | said as a, b here I can just
take to be the whole real line.

Let be just the straight line, which starts at p and moves in the direction of v. In other words, p
plus t times v. Now, if I compute sigma prime t as | remarked earlier, this notion of the velocity
vector of a curve. So, in this parenthesis, | have remarked that this definition is equal to the
standard definition of sigma. So, | can just use the standard definition here to say that sigma
prime tis just v. For all t, but which is exactly X at sigma t, therefore, sigma is an integral curve

of X starting at p.

Now, the second example is let us look at something slightly more interesting, again on R2 |
look at this vector field X at the point X, y is y del by del x minus x del by del y. The partial
derivatives are evaluated at that point X, y, let X be this. Now let us take ILet us take the point let
p equals the point 1, 0. So, let us say | want to find the integral curve on this vector field starting
at this point. So, I guess first actually, in order to guess the answer, one has to so let us see what
does that add up at p itself this would be the X coordinate is one y coordinate is 0 so what | get

here is minus del by del y, so, it will be like this.

And as | move along one can check that the vector field looks like this at various points of the
circle. So, in other words, the circle is automatically tangent to this vector field. The unit circle
with centre, the origin is tangent to this vector field. Therefore, we would expect that the circle,
the nice parameterization of the circle should give interval of curve. So, indeed that is the case.

So, let us take let and sigma t equals cos t.

And then now | want to move in the in this direction. So, | will take the minus sin t and again t |
can take to be any real number. So, if we compute sigma prime t, sigma prime t is minus sin t,
minus cos t. Now, let us see what if we suspect that this is the integral curve. This is an integral

curve | should know what X at sigma t is.



So, X at sigma t is, well sigma t is this. So, X at sigma t would be so minus sin t del by del x at
sigma t minus cos t del by del y at sigma t. And this is the derivation interpretation of a tangent

vector if we go back to the Euclidean interpretation, then this would be minus sin t, minus cos t.

So therefore, what | get here and what | get here, these two are the same. The one concludes that
therefore sigma is an integral curve of X starting at this point p. Now notice that this vector field
that we had here at the point 0, O at the origin, the vector field is just the O vector, 0 tangent
vector. In that case, suppose | wanted to find an integral curve which starts at the origin. Well,
since the defining equation so my sigma prime 0 would have to be x at sigma 0 which would be
0.

So, the curve would have to have 0 initial velocity. And in fact it turns out that it is easy to check
that after | discuss a bit connection with ODE’s that the constant if curve it is the only integral

curve if the vector field is 0 at that point.
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So, here is an important in fact, let me state it as a proposition. So, whatever manifold one starts
with and whatever vector field on has take any point, let p belong to M. Then there exists epsilon
greater than 0. And an integral curve sigma, which is defined on this integral minus epsilon,
epsilon integral curve of X it start with the point p, that is one thing. The second thing is this

integral curve is unique, this meaning that this it is starts at p.

So, there is only one integral curve and there is exactly one integral curve which starts at the
point p is the content of this (())(26:27)proposition. And how does one see this? So, this is where
ordinary differential equations enter into the picture. So for this, let us use a coordinate chart to
transfer the situation to Euclidean space and see what happens there. So | start with a chart U, phi
let U phe be a chart containing p we get a vector field on, so, this is the open set U, what we have

been calling U1 and this is in Rn.

So, we get a vector field on U1 by, so here | want to define a vector field on U1 so | start with a
point let us say X here. So, | would like to specify, so | already had a X here so | want to define a
new so instead in fact, let me call it just to be clear. Let us call it label this as small y | want to

define a vector field y on U1.

So, Y at the value little y, well 1 just use this since phi is a dimorphism that derivative is a
isomorphism, so | can take the derivative of d phi inverse phi inverse is go in this direction, sorry

rather so, this point is y | use phi inverse to get to phi inverse y here in the manifold or in the



open set U. They have the original vector field x value and then use the derivative of phi to come

back here.

So, in other words | start, | look at X at phi inverse y then use the derivative of phi d phi at the
same point phi inverse y and this is what | defined to be y. Now, so in other words given a vector
field here | have been able to get a vector field on this U1. I should remark that, so at this stage it
is important to observe that, note if you have a smooth map between two manifolds and X is a
vector field on M, it is not possible to get a vector field on N by using the derivative of f. If | had
a single tangent vector, if | had a tangent vector on M then | know that the derivative will give

me a tangent vector on N.

But | cannot define a vector field, we cannot use df to get a. We cannot use df and X to get a
vector field on N. In any natural way, | mean cannot use a has to be interpreted suitably, but in
any natural way we cannot get a vector field on N. And the reason is that if | start with a point
here, so this is M this is N if | start with a point here, if | want to get a and | already have a bunch

of arrows here the vector field here.

So, if | start with a point here, I would like to use one of these arrows and push it forward by the
derivative to get something here, but the problem is, if F is not bijective, then first of all, this y
may not even be in the image of f in which case it is there is no inverse image, so | do not know

which point to take.

And even if y is in the image, the map may not be injective. So, there might be several points in f
inverse of y. So, it is not clear which tangent vector | take to push it forward. So, that is the
reason, but this this situation changes for a diffeomorphism if | had a diffeomorphism, I can push
forward a vector field like this. And of the way | do it. So notice that | have already used the fact

that the map phi has an inverse.

So, I will stop here in the next class | will resume at this point. We will quickly check that this
map, we have already seen some version of this. We will check that this y is smooth. And
essentially we can transfer the situation to an open subset of Rn and find an integral curve and an
open subset of Rn, use that to get back an integral curve on the manifold. So, let us stop here.
Thank you.






