Linear Algebra
Prof. Dilip P Patil
Department of Mathematics
Indian Institute of Science, Bangalore

Lecture — 02
Definition of Vector Spaces

Welcome back to the second half of the first lecture. Remember we were considering the
examples of fields. So far we have only seen the examples of the fields which were
studied earlier, but now | want to consider another important example of a field, which is

very important from the point of view of present applications.
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So, first for this example, first let me recall in general the operation, congruence modulo
N, where N is a natural number, positive natural number, and we will assume N is bigger
equal to 2. So, this congruence modulo N is a relation on the set of integers, and Z is
congruence modulo N is defined by a congruent to B mod N if and only if, N by it is B
minus A, one checks is now, check that congruence modulo N is an equivalence relation

on N. Now on integers, this means, what one need to check is this relation is reflexive

symmetric and transitive.
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So, one can talk about equivalence classes. There are precisely in this case they are
precisely N equivalence classes; namely equivalence class of 0, this is all integers which
are multiples of N. So, I will as | said it is integer multiples of N K times N where K
where is in integers, equivalence class of 1 is precisely by integers when you divide by N
the reminder should be 1. So, one can denote them like Z times N plus 1, these are all

integers of the form K N plus 1 where K where is in Z and so on.

So, equivalence class of N minus 1 is precisely the integers whose reminder after
division by N is N minus 1. So, it is multiples of N plus N minus 1. So, this one call also
the set of equivalence classes is also called the quotient set. The quotient set of the
relation, of the equivalence relation. This is our case, it is congruent modulo. This is

called congruent modulo N.

So, standard notation for that will give me Z divided by this relation. This is precisely the
equivalence classes that is 0 1 2 and so on up to N minus 1. So, this is a set with exactly
N element. So, this is also denoted by Z suffix N this is a standard notation | will use
also. I will I will sometime use instead of this bracket, | will also use a notation O bar or

1 bar 2 bar etcetera, etcetera N minus 1 bar.

On these set, on the quotient set Z N Z mod N is | will keep calling Z modulo N. We will
define 2 binary operations; one will be called addition modulo N, and the other is called

multiplication modulo N as follows.
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First the addition modulo N; that is sum suffix N. After sometime | will drop this suffix
N in the notation when N is (Refer Time: 06:37) there is no chance for a confusion. So, if
you take any A plus B. So, by definition you as add A and B as usual and take the
residue. Residue means after dividing by N take the residue of a plus B; that means, A
plus B write a plus B as Q times N plus R where Q is a quotient and R is a reminder then

this is by definition the residue class of R.

So, now when | have to check that this definition check that this definition is
independent of the choice of A and B for example, remember equivalence class of 0 or
residue of 0 this O N is also same as N N or 2 N. And similarly, 1 is same as N plusl N
and so on. So, these definitions will need to check that this definition is independent of

the choice of the integers A and B.

So, this will give us binary operation on the quotient set is Z mod N and now, the we will
check that this is an Abelian group first of all associativity just follows on the
associativity in the integers of plus in Z that we already are familiar with. So, that
basically O is the neutral element for which operation plus N and we need to now check
the inverse. So, if you have equivalence class A the inverse is; obviously, N minus A and
minus of this is; obviously, N minus a because when you add them you get residue of
this N which is 0.



So, that checks also commutativity associativity and commutativity follows on those of

integers. So, we get an Abelian group.
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Now, the multiplication; so the definition of multiplication again we do the same way if
you have equivalence class of a times equivalence class of B define multiple A and B as
usual and take the residue class of A B. So, these mean again look at the integers A B
divide these by N and look at the reminder this is a reminder. So, by definition this is the

equivalence class of R.

Now, again associativity and commutativity are clear neutral element is the equivalence
class of 1. So therefore, we get Z mod N these dot N dot N operation this is commutative
monoid; obviously, for general N for example, if N is 4 the equivalence class of two in Z
mod 4 cannot have multiplicative inverse, because 2 times 2 | will drop this N dot N |
will just write dot this is by definition 4, but 4 is 0. So, this is 0.

So obviously, 2 cannot have multiplicative inverse, because if 2 have multiplicative
inverse then | can multiple this equations by the inverse of 2 and then we can get 2 equal
to 0 which is not possible. So, this Z mod 4 under the operation modulo 4 and
multiplication modulo 4 this is commutatively but not a field, because for a field we need
all non 0 element should have inverses | also forget to mention that you need to check

here the distributive laws, but they follow from follow from distributive laws in Z.



So, one need to put a condition on the integer we started with the positive integer we
started with. So, that Z mod N with this operations addition modulo N and multiplication

modulo N is a field and these conditions are very easy to see.
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We need we will need we need to assume N is a prime number P is a prime number. In
fact, Z modulo N with respect to addition modulo N and multiplication modulo N is a

field if and only if N is a prime number.

This is one of the assignments you will. So, this is one of the problems mentioned in one
exercise set one by the way | will upload formal exercise sets as well as the supplements
so that the supplements will contain more material which | have not spoken in this
lectures. So, we have now new examples of a field only Z mod P plus P and dot P, but
this every time I will not mention these operation explicitly and 1 will just write Z mod P
it will be understood that there will be with the operation addition modulo P and
multiplication modulo P and P varies in prime number for example, Pis 2, 3, 5, 7, 11, 13,

and so on.

So, we have an infinite family this is an infinite family of family of fields. So, we will
you would also like to consider or vector spaces over these fields. So, now, | will come
to the concept of a concept of a vector spaces as | mentioned in the introduction a vector

spaces are generalized on the vectors we were studying and after sometime | will give



more (Refer Time: 07:21) on this how and so on. Right now | want to consider one

model example. So, model example.

So, start with the field K I will denote capital K field. So, I will not keep saying plus and
dot it is now understood when | write field K is a field; that means, it had 2 binary
operation plus and a dot with respect to plus it is an (Refer Time: 18:07) with respect to
dot it is a monoid and all non 0 elements in this field are invertible with respect to
multiplication and multiplication and addition. They are connected by distributive laws
this is what we are given and now you consider K power N K power N is the Cartesian

product of K N times K cross K K cross K N times.

This is by definition they are the tuples A 1 to A N where A 1 to A N are called
coordinates of this tuple and they are elements of K. So, they are called coordinates a 1 is
called first coordinate it is called second coordinate and so on these K power N.
Obviously, addition there is a binary operation addition namely if | have two tuples a one
to ANand B 1to B N.
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I will add them component wise; that means, | will define their additional these 2 tuples
as I will add A 1 with B 1 in the field A 2 with B 2 and so on A N with B N.

Now, it is obvious that this plus with respect to plus this K power N, this is an Abelian

group this is a Abelian group we got it from the Abelian group of the field K the action



in the definition of addition in K to the definition of addition of tuples. So, for example,
the neutral element is precisely the 0 this is 0 tuple this is this should be 0 0 0 all the this
is called O tuple this is the neutral element in K power N inverse of A 1to A N inverse of
the tuple A 1 to A N which, because of the additive notation we should write minus and
this is by definition it is minus A 1 minus A 2 and minus A N this is the inverse of A 1 to

A N with respect to plus.

So, we got an Abelian group similarly, it has still more to go it has moreover there is a
there is an operation of scalar multiplication of K on N on K power N which means we
have a map from K cross K power N T O K power N mainly if | have any scalar a and a
tuple X 1 to X N this is mapped on to just push the scalar inside. So, thisis A X 1, A X 2
A X N where this coordinates. This multiple, this is inside there is a multiplication in K.
So, we have used multiplication of K multiplication of the field K to define a scalar

multiplication of K on these 10 tuples.

So, with this structure this K power N with this addition and a scalar multiplication of K
this structure is called vector space over K this will K the field K is called the scalar field
or coordinate field of K power N. So, this is our model examples with this model
examples | will now, abstract | will make an abstract diffusion also | should mention
here that one more point to mention here, that this scalar multiplication and the plus they
are compatible with each other. So, you should mention note that plus and scalar
multiplication on K power N are compatible; that means, it satisfy the following
properties namely for all scalar | will keep calling elements of the fields as scalars and X

Y Z as tuples.
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So, A B first whether | multiple A scalar B first | multiple the tuple X by B and then you
get A an element in K power N then multiple by A, on the other hand | can multiple the
two elements A and B in the field A B and then multiple X by this scalar. So, the result
should be same. So, this is a property 1 property 2, if 1 add 2 tuples and multiple by
scalar on the other hand | multiple X by scalar A and Y by scalar A and add the 2 tuples
the result should be same so; that means, whether you add first and multiple by scalar or

multiple by scalar and add these 2 operations are same.

Third one if | add 2 scalars in the field and multiple take the scalar multiplication of this
mean scalar on X or you multiple scalar multiple X by scalar A multiple B by scalar X
and add the 2 tuples this is a should be same forth. If | take multiplicative identity in K
which we are denoting by 1 1 times X should be X. So, this is 1 time X is scalar
multiplication on 1 of X or this is X this is these properties are very important and also
very natural, because different people might calculate a formulas by simplifying in a
different ways and these this properties ensure that two people calculating in a different

way the answer will be same and they will compatible with each other.

So, that this is a reason that we demand this property. Now the general definition; so
definition let K be a field to define a vector space, but we need a field first that is called a
field of scalar field and additively written Abelian group that is V plus remember that |

will now considering a new additive Abelian group V plus and we have also plus on the



field K, but these two operations are different and they should the formulas we will
should be clear from the context to where we are adding in a vector space or in a field
and there should not be a confusion in this it should be clear from the notation we use as
you normally I would like to use elements of K as A B C etcetera called scalars and
elements of this Abelian group I will call X Y Z or U V W etcetera and these elements

are called vectors.

So, it is additively written Abelian group V plus is called K vector space or vector space
over K. If there is a scalar multiplication A scale you remember scalar multiplication in a
map from K cross V to K or V to V is also | remember usually A in the pair a comma X
the image of this under this scalar multiplication in simply A X which is compatible with

the addition plus in V that is we satisfy the above 4 property.

So, vector space as remember V as 2 structures V there is A addition with respect to
addition, it is an Abelian group and there is a scalar multiplication that I will just show it
nothing or just dot. So, this is A K vector space. So, remember same set we or same
Abelian group can be vector space in a different way depending on the scalar
multiplication or the same set V with a different addition can become a different vector

space.

So, we will continue this in the next lecture thank you very much for today. We will

continue with our A theory of vector spaces in the next time.



