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Lecture — 31

Processing n Jobs on 2 Machines
Good morning students, today we will learn a new topic its title is sequencing and scheduling
the lecture number 31. Now sequencing and scheduling is finding lots of applications in real
life for example, when on a computer you have to process a number of jobs then how the
sequencing of the jobs should be processed on the computer it has to be done optimally, so that
the idle time of the computer is minimized.
Secondly the other examples that you could consider are when in a factory a number of jobs
have to be processed and they have to be processed in such a way that the idle time of all the
machines is minimized.
So depending upon the situation there will be four lectures in this topic. So today we will
introduce the topic and take up the first case which is the processing of n jobs on 2 machines.
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SEQUENCING AND SCHEDULING

Processing of n Jobs on Two Machines
Processing n jobs through three machines
Processing two jobs through m machines
Processing n jobs through m machines

Now as | said there are four cases that needs to be dealt with the first one is the processing of n
jobs on 2 Machines. We will be doing this today, in the next lecture we will look at the next
case that is processing of n jobs on 3 machines, third case is processing of 2 jobs through m



machines and finally the processing of n jobs through m machines. So let us begin with the first
case that is processing of n jobs on 2 machines.
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PROCESSING OF JOBS THROUGH MACHINES

), )y, ), are n jobs
A, B, C, ---. are m machines

Each job has to be processed, one at a time, on each
machine

Order of processing of each job on the machines is
specified (say A, B, C,....).

Time that each job requires on each machine is known

But before we do that let us try to understand the notations that we are going to use. So let us
say that we have n jobs that have to be performed. So suppose these are n jobs are Ji, Jo, ....Jn.
So there are n jobs that have to be processed and let us suppose, that there are m number of
machines A,B,C like this. So the requirement says that each job has to be processed one at a
time. On each of the m machines that are provided, each job has to be processed on one at a
time on each machine, Also the order of processing of each job on the machine is specified that
IS it is given that first A has to be the machine, A has to be used then the B machine has to be
used like this. So the order of the machine has to be is specified beforehand; also the timings

that are required that is the time that each job requires on each machine is known.

For example, you know that on one machine this job will require this much time. Let me give
you a simple example, when the cloth has to be produced, so first it has to be weaved that is the
thread has to be weaved, then it has to be starched, then it has to be printed, and like this. So all
these are different processes and obviously first the weaving should be done right then the
starching should be done.

And thirdly the printing should be done so you cannot change this sequence, this sequence is

predefined before you actually begin the entire production.
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To determine for each machine the sequence in

which jobs must be processed on it so that the
total elapsed time for execution of all the jobs
on all machines is minimum.

Processing Order:

The order in which a job has to be processed on
different machines.

Processing Time:
Time required by each job on each machine.

Also now we need to determine for each machine the sequence in which the jobs must be
processed on it so that the total elapsed time for execution of all the jobs on all the machines is
minimum. So this is the heart of the problem, that is, we want to minimize the idle time of all
the machines where all the jobs are processed on all the machines. So the Processing order is
defined as the order in which a job has to be processed on different machines. So, the
processing order is the order in which a job has to be processed on the different machines, and
we define the processing time as the time required by each job on each machine. So | hope the
terminology is clear and the definitions is clear to everyone.
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|dle Time:

Time for which a machine remains idle before
completion of all jobs

X; = idle time of machine j between end of
(i-1)™ job and start of i'" job
Total Elapsed Time:

Time between starting of first job and completion
of last job, including idle time, if any.

~Thiswill be denoted by T




Now defining the idle time. What exactly do we mean by the idle time? The idle time is defined
as the time for which a machine remains idle before completion of all jobs; so, that is the way
the idle time is defined.

Let us now define some variables which are Xjj, Xij denotes the idle time of machine j between
end of the (i-1)th job and the beginning of the ith job. So that is the way you need to indices i
and j. So idle time of machine j is the time between the end of the (i-1)th job and the start of the
ith job. Then comes the total elapsed time, the total elapsed time is defined as the time between
starting of the first job and completion of the last job, including the idle time if any and as you
can very well understand, the entire thing will be denoted by T.
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No Passing Rule:

The same order of execution of jobs is to be maintained
on each machine.

If order of execution of jobs on machinesis A, B, C, D, ---
then each job must be executed first on A, then on B,
then on C etc.

Notations:

A =time for execution of job i on machine A
B, = time for execution of job i on machine B
and so on.

So important rule that has to be adopted is called the no passing rule. Now this rule says that the
same order of execution of jobs is to be maintained on each machines. So obviously on each
machine the same order of execution of jobs has to be maintained. If order of execution of jobs
on machines is ABCD, then the no passing rule says that each job must be executed first on
machine A then on machine B and like this then on C.

So this is what is the meaning of the no passing rule. Now before we take up the first case, let
us look at some of the notations. So let Aj be the time of execution of job i on machine A. So A
denotes the machine and i denotes the job. So A; is the time for execution of job i on machine
A. Similarly let B denote the time of execution of job i on machine B and like this for the all

the machines that are given in the problem.
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Basic Assumptions:

* No machine can process more than one job at a
time.

* Each operation, once started, must be performed
till completion.

* Ajobis to be treated as an entity so that it can be
processed only on one machine at a time.

* Each operation once started must be completed
before the next can start.

Now we will make some basic assumptions. So what are these assumptions number 1 no
machine can process more than one job at a time. So this is the first assumption and this will
make our calculations simple. So no machine can process more than one job at a time. Number
2; each operation once started must be performed till it is complete. So that means a process
cannot be left in between it has to be completed once it is started. So each operation once
started must be performed till completion. The 3rd assumption is, a job is to be treated as an
entity, so that it can be processed only on one machine at a time. What does that mean?. It
means that each job will be considered as an independent entity, that is it is going to be a entity
in itself. The 4th assumption says, each operation once started must be completed before the
next one can start. So that means that each operation once started, should be completed before
the next one begins.

(Refer Slide Time: 11:46)



I @400 |
* Processing times are independent of the order
in which operations are performed.

* There is only one machine of each type.

* Alljobs are ready for processing at the time of
start and so any one of these can be taken up
as the first job for processing.

* Time for transfer of job from one machine to
another is negligible.

Next assumption says, that the processing times are independent of the order in which
operations are performed. Next one says, that there is only one machine of each type. So for
example, if there is a weaving process only, one machine is available for doing the weaving
operation. All jobs are ready for processing at the time of the start and so any one of these can
be taken up as the first job for processing. So when the system starts all the jobs should be
ready so that the machines need not wait with which a processor is available so that it can be
processed, and the time for the transfer of jobs from one machine to another is negligible. Now
this is a very important assumption, the example of our processing of clothes, textiles, now the
weaving process once it is over then it has to be passed on to the next process that is the
starching process. In this case, there will be some amount of time which is required for
transferring the textile from the first process to the second process. However, in this assumption
we are assuming that time is negligible as compared to the actual processing of the time on each
of the machines.
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Case 1: Processing of n Jobs on Two Machines

Jobsarel, Jy, I,

Machines are Aand B

Processing order AB

Processing times of each job on 1% machine is
AL A, A,

Processing times of each job on 2" machine is

B,, B,, B,

So, as | said let us first look at the case one which means that we are going to process n jobs on
2 machines. So the notations are as before that is the jobs are numbered as J1,J>,...,,Jn because
there are n jobs and there are only 2 machines A and B. So this is the simplest case where we
have only 2 machines now the processing order is given to us, AB, that is first A machine has to
be used and then only the second machine B has to be used.

Now the problem says that the processing time for each of the jobs, on the first machine is
given to be Az, Az, ---An. So these are the times, the times in terms of let us say minutes, or
hours. So whatever the case is, the processing time of each of the jobs on the 1st machine is
given to be A1, A2, ---An. Similarly, the processing time of each of the jobs on the second
machine is also given to be B, Bz, ---Bn. So remember there are n jobs so A1, Az, ---An are the
times on the machine A, and similarly Bs, B2, ---B,, are the times on the machine B.
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To determine the sequence in which the n jobs
be processed so that total processing time T is
minimized

Now what is the problem?. The problem is to determine the sequence in which the n jobs
should be processed, so that the total processing time T is minimized. Now what do we mean
by this?.
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Algorithm based on Johnson'’s Rule (1954)

(i)Find overall minimum of A's and B/s for jobs J,,
J,, =), on the two machines

(ii) If minimum is A, for some i = k, process the k™"
job first of all.
If minimum is B, for some i =, process the r*"
job last of all.

Let us look at the first algorithm which is designed for solving this kind of a problem it is called
the Johnsons rule, which is based on a scientist called Johnson in the year 1954. So the steps of
this algorithm are as follows, In the first step, we will find the overall minimum of the Ai’s and
the Bi’s for the jobs Ji1, J2, ---Jn on both the machines. So we have A1,Az,...An; B1,Bo,... Bn like
this.



So, first of all identify the overall minimum time because remember we have to minimize the
total time. Secondly, if the minimum time is let us say Ak for some i=k, then we will process
the kth job. First of all, so if minimum is Ak for i=k, process the kth job first of all, so if
minimum is Ax for i=k, process the kth job first of all; the second part of this step says if the
minimum is, let us say, Bi for some i=r, then process the rth job first of all.

So, depending upon whether the minimum is corresponding to some on the first machine or
some on the second, if it is only first then it has to be done on the first of all; if it is on the
second machine then it has to be done last of all.
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(iii) If A, = B, process k™ job first & r'" job last

If tie for minimum occurs among the A’s, select
the job corresponding to the minimum of Bs and
process it first of all.

If tie for minimum occurs among the B, select
the job corresponding to the minimum of A's and
process it the last.

(iv) Cross-out the jobs already assigned and repeat
steps 1 to 3 arranging the jobs next to the first or
previous to the last, until all the jobs have been

—assigned,

So next comes, the third step it says that if Ax=By, then process the kth job first and rth job last.

If tie for the minimum occurs among the Ajs, select the job corresponding to the minimum of
Bi’s and process it first of all, and if the tie for the minimum occurs among the Bj’s, select the
job corresponding to the minimum of Ai’s and process it the last. See this, after the second step,
we have to look at, if these condition of the 3rd step is satisfied or not. That is if Ax=B;, then
comes the fourth step, cross out the jobs already assigned and repeat these steps 1,2,3 arranging
the jobs next to the first or the previous to the last until all jobs have been assigned.
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Example:

There are five jobs, each of which must go through
the two machines A and B in the order AB.
Processing times are given below: Determine a
sequence for the five jobs that will minimize the
total elapsed time T. Also calculate the total idle
time for the machines in this period.

Now in order to understand this algorithm let us look at example, there are 5 jobs, and each of
these jobs have to go through two machines A and B in the order AB. That is A has to be
processed first, I mean A machine has to be used first and then the B machine. The processing
times of all these jobs on both these machines is given, we are required to determine a sequence
for the 5 jobs. That will minimize the total elapsed time, also we need to calculate the total idle
time for the machines during this period.
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Processing time (hours)
Jobs Time for A Time for B
1 5 2
2 1 6
3 9 7
4 3 8
5 10 <

So what does it mean, the data here is given, the processing times in terms of hours is given for
each of the 5 jobs so in the first column we have the jobs numbered as 1 2 3 4 up to 5 and the

second column tells us the time in hours for the implications of machine A, they are given to be



5,1,9,3and 10 and similarly time required for processing on B machine is given to be 2, 6, 7,
8 and 4.
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Overall minimum of processing times

=1 hour for job 2 on the machine A.
So list the job 2 at the first place.
And reduced list is

Jobs Times forA  Times for B
1 5 2
3 9 7
4 3 8
5 10 4

So first step says we need to find out the overall minimum of the processing times, so just look
at this table here and you find that the overall minimum is 1. So overall minimum is 1 hour for
job 2 on machine A. Look at this table here again, job 2 this is the minimum right job 2 on
machine A. job 2 on machine A. So we will list the job 2 at the first place, see the idea is that
we have five jobs. So 1st job, 2nd, 3rd, 4th and 5", now we have to fill in these gaps | mean
these places, so the first job we have to list job 2 in the first place. So this is job 2, suppose it
was the other way around, then it would have gone to the last. But since the condition is
satisfied according to step 1 so therefore, it is to be placed in the beginning. Now once this is
renewed, once this is done then we will strike out this line. And once we have struck off this
line that means now we are left with only four rows, so here are the rows 1 3 4 and 5, you can
see that the second row has been deleted.
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Minimum of remaining processing times

=2 hour for job 1 on the machine B.
So place job 1 at the last place.
And next reduced list is

Jobs TimesforA  Times for B
3 9 7
4 3 8
5 10 4

Now again this process will be repeated and the minimum of the processing times will be
obtained and you can see that it is 2 hours for job 1, so 2 hours for job 1. Here it is but it is on
machine B, it is 2 hours for job 1 on machine B, so job 1 has to be placed in the last place. So
job 1 has to be placed in the last place. Now the same process has to be repeated and the
reduced list now becomes, we will delete this line. And now the reduced list becomes 3 4 and 5,
again we will repeat the process and from this we need to find out which one is the minimum,
the overall minimum and we find the overall minimum is 3 on the machine A. So here you are
3 hours job 4 machine A. So therefore, we have to place job 4 at the first place. Let us go back,
here again the reduced list now remains only two rows and you can see that 4 is the minimum.
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Minimum of remaining processing times
=4 for job 5 on machine B.
So place job 5 before last.

Job 3 is remaining so place at 3

Hence optimal sequenceis: 24351




So the minimum of the remaining processing times is 4 for job 5 on machine B, so place 5
before last. So you have to place 5 before last. Here you are and of course there is only one job
that is remaining so that has to be placed in the middle. So this means that 2 4 3 5 1, this is the
way in which the processing has to be done. So this means 2nd job should be done first, 4th job
should be done second, 3rd job should be done third. 5th job should be done fourth, and 1st job
should be done at the fifth place.
(Refer Slide Time: 26:29)
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Minimum elapsed time corresponding to

optimal sequencing, using individual

processing time given in the problem.

Job Machine A Machine B
sequence Timein Timeout Timein  Time out

2 0 1 1 7
4 1 4 7 15
3 4 13 15 2
5 13 23 2 27
1 2 28 28 .

-
So with this we have got the optimum way in which the sequence of jobs should be adopted.

Now let us look at the elapsed time. Now the minimum time elapsed corresponding to the
optimum sequence using the individual processing times is given in the problem. Now, suppose
in the problem it is given that the time required for processing on machine A and machine B,
we have to determine the processing time the elapsed time.

So we know that this is the sequence 2 4 3 5 1; so in the beginning of the system we will start
with time in 0, since it is on machine A, you know that we have to determine how much time is
required on the job 2 on machine A. So let us go back to the data that is given in the problem
here you are so this is the time that is required for job number 2, to be processed on machine A.
Also once it is completed on machine A, then we have to transfer it on machine B. So we will
come here on the machine B and the time in for machine B is 1 hours, the time out is 7 can you
tell why is this 7 because 7-1=6 and we know that the job number 2 requires 6 hours on

machine B. Let us verify it here you are it requires 6 hours on machine B. Therefore the time



out has to be 1+6 that is 7. Same thing has to be adopted for the next job that is job number 4.
Now for the machine A, since the time out was 1 therefore the for the 4th job the time in will be
1 and again it will be 4, time out will be 4 because job number 4 requires 3 hours. so like this
we will keep on completing for all the jobs on the machine A and similarly on all the jobs on
machine B.
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Minimum time

= time for starting of first job (job 2) to
completion of last job (job 1)

=30hrs

Machine A remains idle for 2 hrs
(from 28 to 30 hrs)

Machine B remains idle for 3 hrs
(from 0-1, 22-23 and 27-28 hrs)

So, the minimum time has to be calculated as time for starting the first job, that is, job 2 to the

completion of the last job that is job 1 and you can just calculate that comes out to be 30 hours.
Similarly the machine A remains idle for 2 hours what are those 2 hours? See this is the
beginning of the system and 30 is the end of the system and you find that from 28 to 30, 2 hours
of idle time is there on machine A. So that is the reason why this is for 2 hours on machine A
what about machine B let us look at machine B when the machine A is processing from the first
job I mean job number 2 at that time machine B is idle. So the first one is between 0 tol here
you are 0 to 1 then comes 22 to 23. Where is 22 to 23?.Here you are 22 to 23 during this 22 to
23 the machine B is idle and also 27 to 28 so therefore this is the total idle time of machine B

that is 3 hours.

So with this we come to the end of the 1st case on processing of n jobs on 2 machines. Thank

you.



