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Lecture — 21
Sensitivity Analysis - 11
Good morning students, today we will continue our discussion on the topic of sensitivity
analysis which we have studied last time. So, the title of today's lecture is sensitivity analysis,
part I1.
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OUTLINE OF THIS TALK

+ Various possibilities
* [Example

« [xercise

The outline of today's talk is the various possibilities that could exist. We will take the same
example that we had taken last time and finally, an exercise.
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LPP
Min CX
st AX<b,X>0
where C = {¢;) , A = (a;) , k= (bl)

X=X . X}

n

Sensttivity Analysis 1s the effect of changes n the input
data on the final optimal results.




As you know, that sensitivity analysis means that if we make slight changes in the input
parameters of a linear programming problem, what will be its effect on the final solution? Do
we need to solve the problem all over again or we can make some conclusions from the initial
and the final table which is given to us.

So, let us first define the given linear programming problem. This we had done in the last
lecture also, but | am repeating it for the sake of continuity. We want to minimize CX which is
subject to AX < b, X > 0; C is the coefficients of the objective function, A is (ajj), b is bj and X
is the unknown parameters that is x1, X2, ...... Xn. The sensitivity analysis is nothing but the
effect of the change in the input data on to the final optimal table. So, this is the definition we
had given for the sensitivity analysis as defined last time.
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Various Possibilities

I. Changes in the values of a,,

2 Introduction of new variables
3. Introduction of new constraints
4. Deletion of certain variables

5. Deletion of some constraints

Now, we have to look at the various other possibilities that could exist. We had in the last
lecture looked at the variations in the values of ci’s, that is the cost coefficients. We had also
looked at the possibilities of variation in the right hand side that is the bj’s. Now, in today's
lecture, we will study the changes in the values of ajj. These are the coefficients of the

constraints that exist in the problem.

Then, we will also look at the situation where we want to introduce a new variable into the
problem. Thirdly, we want to look at a situation where we would like to introduce a new
constraint into the problem. Fourth; we would like to look at the situation when, we would like
to delete a particular variable from the problem and finally, we would like to look at what
happens if we want to delete some constraint.
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Example:

A company plans production on three of its products — A, B
and C. The unit profits on these products arc Rs.2/-, Rs.3/-
and Rs.1/-, respectively. And they require two resources
labour and matertal. The company’s O.R. department
formulates the following problem for determining the
optimal product mix;

So, in this lecture, we will cover all these 5 possibilities. Now, the example that we had taken in
the first part, let us read that again, 1 am taking particularly the same problem, so that the
continuity is maintained. So, the problem is that a company plans to produce 3 of its products,
let us say A, B and C. The unit profit on these products is given to be rupees 2, rupees 3 and

rupees 1 respectively and they require two resources that is labour and material.

The company's O.R department has formulated the following problem for determining the
optimal mix.
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Let x, Xy, x;are the number of units to be produced of
products A, Band C.
Maximize Profit Z = 2x, + 3x, + x,

3

S (13)x; + (13)x, + (1/3) x; < 1 (Labour)

(1/3) x, + (4/3)x, + (7/3) x, < 3 (material)

Xp, Xy, %320

We will assume that the three variables; X1, X2, X3 are the number of units to be produced of the
three products, that is, A, B and C, we want to maximise the profit, which is given by Z = 2x; +

3x2 + x3 and there are two constraints of the problem. One is corresponding to the labour which



is given by (1/3) x1 + (1/3) x2 + (1/3) x3 < 1 and the second constraint is corresponding to the
material and it is given by (1/3) x1 + (4/3) X2 + (7/3) X3 < 3 and X1, X2, and x3 should be > 0.
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Initial and Final Table

Chy X3 | Xa4 | X5 | RHS
0 | | 1/2 /3 | i ]

Now, as in the last lecture, the initial and the final table can be seen, in this table. In the initial
table, we have the basis given by x4 and xs; and under the x1 column, we have 1/3, 1/3. Under
X2 We have, 1/3, 4/3; under x3 we have 1/3 7/3; under x4 we have 1, 0 and under xs we have 0, 1
and the right hand side is 1, 3. Now, since the coefficient of x4 and xs is O in the objective
function, therefore in the first column, we need to write the value 0, 0.

On the top row, we have the coefficients of the objective function that is 2, 3, 1, 0 and 0. Now,
we will calculate the deviation entries and they are the same, that is, 2, 3, 1, 0 and 0, this is the
initial table. Now, coming to the final table; in the final table, we have the basis x1 and x. and
corresponding coefficient of x1 and Xz in the objective function is 2 and 3; so, it goes to the first
column. And we have the columns under x1, X2 etc., 10,01-124-1-11and; 1 and 2 and the
objective function value that is the cost (that is a profit) is 8 and the deviation entries in the final
table are 0 0 -3 -5 and -1. So, this is the initial and the final table that is sort of given to us.
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Variations in A

Case [ Adding new variables or activitics

Case2:  Changing resource requirement of existing activity

Case3;  Adding new constraints

Now, we want to look at the variations in the A that is the ajj’s. Now, if you try to look at this
carefully, there arise three cases. In case number 1, we can consider adding new variables or
activities that is more and more variables, what happens we want to see, what happens if more
and more variables are introduced into the problem. Second case is changing the resource
(requirement) of the existing activities and the third is adding new constraints.
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Case 1:
Adding new variables or activities

Suppose it 1s proposed to produce a new product D, which
requires 1 unit of labour and | unit of material, and has a

profit of Rs.3/- per unit.

So, what does it mean? Let us look at each of the cases one by one; in the case number 1, we
will talk about adding new variables or activities into the problem. What does this mean?
Suppose, in our given problem, it is proposed to produce a new product, which we will call as
D and it is given that this product D requires 1 unit of labour and 1 unit of material respectively
and has a profit of rupees 3 per unit.



So, we want to see whether it is beneficial to produce D or not; that is the question, we have to
answer. Therefore, the question is; is it economical to produce D or not? Now, the answer to
this question leads us to the fact that we need to introduce a new variable into the problem; a
new variable has to be introduced into the problem. Now, how do we introduce a new variable?
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A new variable x4 has to be introduced by adding a

(5 (A 0 SR
new column (1) in the initial Table.

Simplex multipliers are:
-1
T =¢3 B

Q2 3)(4 "1)

=1 1

Now, a new variable; let us call it xs, because already we have five variables; X1, X2, X3 are
corresponding to A, B and C; and x4 and xs are the slack variables. So, let us use xs as a
variable which is corresponding to the new activity or rather new variable or new product. So, a
new variable xs has to be introduced by adding a new column that is, what is this new column;
1 1 in the initial table. Now, why is it 1 1? It is 1 1 because 1 is corresponding to the first
resource that is labour and the second one is corresponding to the material, it is given in the
problem that if D has to be produced, then D requires 1 unit of labour and 1 unit of material.
Therefore, this column vector 1, 1 will have to be introduced into the initial table. After doing
that we will now calculate the simplex multipliers.

As before, the simplest multipliers are nothing but = = cg B™. Now, you know what a cg; Cs is
the coefficients of the variables; the missing variables in the objective function so, cg is nothing
but 2 and 3 and B! is the matrix (4 -1; -1 1) and if you multiply the 2, you will get row vector
which is given by 5 1.
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Corresponding to this variable x,, the entry in the
deviations row has to be calculated:

Ch e C(\ — T I)(\

=3-(5 |>(})

e |

So, producing D, will not increase the profit.

Now, corresponding to the variable xs, the entry in the deviation rows have to be calculated. So,
all the other entries are already there, except cs. So, we will calculate cs which is given by cs —
m Pe. What is Ce? Cs IS 3, why it is 3; it is given in the problem, it is given in the problem that
the product D will have a profit of rupees 3 per unit. Therefore, this 3 comes from the given
data; what is 7 ; ™ here just now obtained is the simplex multipliers 5 1. And then multiplied by
1 1 that is the column vector corresponding to this new variable and if you multiply this, you
will get -3, as you know -3 is < 0 and this indicates that if you produce D then it will not
increase the profit, the profit will remain as it is; means, the problem will remain optimum and
it will have the same solution as the original problem. Therefore, producing D will not increase
the profit.
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In case ¢5> 0

Suppose it 1s proposed to produce a new
product D, which requires 2 unit of labour and 3
unit of material, and has a profit of Rs.15/- per
unit.

So ¢g=ce—7 Pg

Table 1s no longer optimal.
The Simplex method has to be applied afresh.




Now, on the other hand, it might not be so, always suppose, cs is > 0, right then that means, the
solution is not optimum any longer. So, suppose it is proposed to produce a product, let us say
D which requires 2 units of labour and 3 units of material and has a profit of rupees 15 per unit.
So, all the data has changed again, let us calculate ¢s which is given by cs — ™ P, that is given
to be as 15— (5 1) (2 3)', this comes out to be 2.

Now, 2 > 0, this indicates that the solution is no longer optimum. So, the table is no longer
optimum and therefore, the simplex method has to be applied afresh, you have to apply the
simplex calculations afresh.

(Refer Slide Time: 16:50)

New Solution is:
X, =9/5, x, = 1/5, all other 0, and z = §7/5

Let us do it. How we will do it? If you look at this table, this X4 and xs are already there; 1/3
1/3, 1/3 4/3, 1/3 7/3, 1 0, 0 1, this is all this is the initial table that we have been given in the
problem. Now, we will like to add (2 3) over here, because this is the new data that has been
given and 15 is the profit. So, on the top we have to write 15 and the right hand side is 1 3. So,

the last column of the rather last but 1 column has to be added into the initial table.

We have to perform the simplex calculations all over again and this means we have to look at
the deviation entries. So, if you look at the deviation entries, you get 2 3 1 0 0 and 15 and what
does this mean? This means that 15 is the largest. So therefore, the xe variable should enter the
basis and then we will perform the minimum ratio test and we find that 2 is the pivot.

Accordingly, we will apply the elementary operations and get the second iteration as follows.

In the first column we will write 15 0, second column we will write Xg and xs, then next column
1/6 -1/6 1/6 5/6 1/6 11/6 1/2 -3/2 0 1 1 0 and finally right hand side is 1/2 and 3/2. Again, we



will need to calculate the deviation entries, they are nothing but -1/2 1/2, -3/2, -15/2, 0 0 and the
cost Z = 15/2. Now, we find that there is one entry in these deviation rows, which is not < 0
which indicates that this variable should enter into the basis. And after applying the minimum
ratio test, we find that 5/6 is the pivot element, accordingly we need to apply the elementary
row operations and we get the third table as follows. In the first column, we have 15 3, second
column, we have the basis as Xs and Xz, then we have 1/5 and -1/5, 0 and 1, -1 and 5, 11/5, 4/5 -
9/5, -1/5 6/5, 1 0, 1/5 9/5, and similarly, the deviation entries; -2/5 0, -13/5 -33/5 -3/5 0 and the
value of the objective function as 57/5.

So, what does this mean? This means that the solution now is optimum, because all the entries
in the deviation rows is negative or 0. This indicates that the solution which is now obtained,
the new solution is x2 = 9/5, x¢ = 1/5, all others as 0 and Z = 57/5.

Next, let us look at case 2; in the case 2, we want to see what happens when the changing
resource requirement of the existing activity takes place.
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Case 2: changing resource requirement of
existing activity

In case of non basic variable, (¢.g. product C), apply the steps
as that of case .

[n case of basic variable, (¢.g. product B), solve LP again.

That is in case of the non-basic variable, let us say for example product C; we have to apply the
same steps as that of case 1. However, in case of basic variable for example, product B, we
have to solve the LPP again, no other alternative is possible.
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Adding new constraints

Suppose products A, B and C require 1, 2 and 1 hour of

administrative services, whereas the available service 1s 10,
S0 new constraint 18
X| T 2%, tX; < 10
See 1f optimal solution satisfies this constraint.
Optimal sol is X, = 1, X, =2, x; =0,
1+2X2+0<10
In this case 1t 18 satisfied.

Case 3; adding new constraints, now suppose products A, B and C required 1, 2 and 1 hour of
administrative services. So, as you know, there were earlier there are only 2 conditions; one
was corresponding to the labour and the other was corresponding to the material. Now, we have
a third constraint which is corresponding to the administrative services. So, when we introduce

this third constraint, the available service of this administrative service is 10.

So, all this data can be clubbed together in the form of third constraint as follows; x1 + 2x2 +X3
< 10 and now, we want to see if the optimum solution which has been obtained till now satisfies
these constraint or not. So, let us substitute the solution obtained into this equation and what do
we get; 1 +2 x 2+ 0is <= 10, in this case, it is satisfied.

(Refer Slide Time: 24:21)

If 1t does not satisfy the new constraint
Add new row and solve LP again.

Ex: x, +2x,+x3<4

So problem becomes:

Maximize Profit Z = 2x, + 3x, + x;

s.t. (1/3)x; +(1/3)x; + (1/3) x5 < | (Labour)
(1/3) x, + (4/3)x, +(7/3) x5 < 3 (material)

Xyt 2Xy + X3 < 4 (admin)

X1 X5ty X )

Solve again




Therefore, what do we conclude? We conclude that if we add this additional constraint into the
problem, then our solution will remain the optimum (the solution will remain optimal), there
will be no change in the solution. Now, on the other hand, if this does not happen, then what to
do; if it does not satisfy the new constrain that is the solution does not satisfy the new
constraint, then we need to add a new row and solve the LP again, okay. Because the new
constraint has to be incorporated in the initial table itself and therefore, once we do that, then
we have to solve the entire problem again. For example, if we have this new constraint X + 2x.
+ X3 < 4, so the problem becomes, as before we have to maximise the profit, Z = 2x; + 3x2 + X3
subject to (1/3) x1 + (1/3)x2 + (1/3) x3 < 1 that is the labour requirement. Second constraint is
(1/3) x1 + (4/3)x2 + (7/3) x3 < 3, this is the material constraint and the new constraint that we
have added regarding the administration is given by x1 + 2X2 + x3 < 4, all the variables x1, X2,
x3 > 0. Now, what we have to do? We have to solve the problem again, there is no other
alternative.
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Deletion of variables

If deleted varfable 1s nonbasic variable or a basic variable
with a zero value in the optimal basis, then the original
optimal solution remains unchanged, because the zero
value of the variable m the optimal solution makes the
variable nonexistent in effect.

Next, let us looked at what happens if we want to delete a variable. So, if the deleted variable is
non-basic variable or a basic variable with a zero value in the optimum basis, then the original
optimum solution remains unchanged, because the zero value of the variable in the optimum
solution makes the variable non-existent in effect, so, that is very straightforward.
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Ex: Optimal solution 1s:

e — :‘)::':
Xy SARErErR, = X, = X =)

Suppose X; 18 to be deleted.

It 15 @ non-basic variable with zero value.

lts deletion will not affect the optimal solution.

Now, let us look at the initial and the final table again, so this is the same table that we have
seen in the beginning of the lecture. I have just shown it again, just to indicate the initial and the
table and the final table entries. Now, if you look at this initial and final table, there are a couple
of observations. For example, the optimum solution is given by X3 = 1, X2 = 2, X3, X4, Xs all the
three are = 0.

Suppose, we want to delete x3 that is, X3 has to be deleted. Now, it is a non-basic variable with
zero value, it is a non-basic variable with zero value, so its deletion will not affect the optimum
solution.
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If variable to be deleted is a basic variable with positive
value in the optimal solution, from the original optimal
table delete the column corresponding to the deleted
variable. Also this variable should be dropped from the
basis column. This leaves the equation against the deleted

basic variable in a form which 15 not canonical, and the
number of basic vartables in the system one short. Now
introduce an artificial variable in this equation, and proceed
to obtain the solution by the two-phase or the big M
method.

On the other hand, if the variable to be deleted is a basic variable with positive value in the
optimum solution, then from the original optimum table, delete the column corresponding to the
deleted variable. Also, the variable should be dropped from the basis column. This leaves the



equation against the deleted basic variable in a form which is not canonical and the number of
basic variable in the system one short that is one less. Now, introduce an artificial variable in
this equation and proceed to obtain the solution by the two phases or the big M method, so that
is the way it has to be done.
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Ex:  Optimal solution is:
Xi= L, =20 = x, = % =0

Suppose X, 18 to be deleted.

DI
Cp| Basis | x| | X | X3 | X4|Xs5| RHS

Let us take an example; now, the optimum solution is x1 = 1, X2 = 2, X3, X4 and xs = 0. Now,
suppose X2 has to be deleted so, what do we do? We look at this column X1, X2, X3, X4, Xs. This is
the initial table and since x> has to be deleted, | have placed a cross at this column and the

second column. So, this column has to be deleted and correspondingly, this variable in the basis

X2 has to be deleted.
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Maximize Profit Z = 2x, + 3x, + x,
5. 1, X, =X tdx,-x=1
2= X tXs =2
Adding a artificial variable X, in the 2nd constraint, we get:
X —xtdx-x =1

W= Xyt Xet X =2

Solve by Two Phase or Big M Method.




So, the problem becomes maximisation of Z = 2 x; + 3x2 + X3 subjectto x1 — X3+ 4x4—Xs =1,
2x3 — Xa + X5 =2 and adding an artificial variable, let us say, Xs, in the second constraint, we
get the new second constraint as 2xs — X4 + Xs + X = 2 and what do we need to do; we need to
solve this problem by the two phase method.
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Deletion of constraints

If the constraint to be deleted is such that its slack variable
has a positive value in the optimal solution, then its
deletion leaves the optimal solution unchanged.

Ex: The slack variable of 2 constraint is xs, and x;= 1> 0
[ts deletton will leave the optimal solution unchanged.

Next comes the deletion of the constraint. Now, if the constraint to be deleted is such that its
slack variable has a positive value in the optimum solution, then the deletion leaves the
optimum solution unchanged. For example, the slack variable of the second constraint is xs and
xs = 1 which is > 0, so its deletion will leave the optimum solution unchanged.
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It the constraint to be delcted ha zero value for its slack
variable m- the optmal solution, that 15, 1f 1€ 15 being

@

satistied as an equality, then the modified problem may

have a different optimal solution. It has to be solved afresh




If the constraint to be deleted has zero value for its slack variable in the optimum solution that
is, if it is being satisfied as an equality, then the modified problem may have a different
optimum solution and therefore, it has to be solved again.
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Effect of simultaneous change in the value
of input parameters

Make these changes sequentially by taking one type of a
change at a time. Since the problem is lincar the cumulative
cffect of these sequential changes will be same as that of
carrying out all these changes simultaneously.

[n case there are too many changes in the input data it is
usually preferable to solve the modified problem afresh.

Now, let us look at the effect of the simultaneous changes in the value of the input parameters.
Now, suppose you have to make changes simultaneously in many parameters, then make these
changes sequentially that is one after the other by taking one type of a change at a time. Since,
the problem is linear and the cumulative effect of these sequential changes will be the same as

that of carrying out all these changes simultaneously.

In case there are too many changes in the input data, it is usually preferable to solve the
modified problem all over again.
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Exercise

Maximize f=x, - x, + 2x;,
subjectto  x;— X+ x;<4
X+t X— X353

20 =2+ 3x, < 15

Xy, Xy %32 0)
assuming x,, Xs, X, respectively as the slack variables for
the three constraints, the optimal solution 1s given in the
following table:

So, finally, we will look at an exercise, and | would like you to solve this exercise as a
homework. The problem is; maximisation of f=x1 —Xx2 + 2xzsubjectto x1 — X2+ x3<4, X1 +
Xo —X3 <3, 2x1—2x%2 + 3x3 < 15 and all xi’s are > 0, assuming Xs, Xs and Xs respectively, as the
slack variables to the three constraints. The optimum solution is given in the following table.
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Basis Values
2]
i
24
|8

Carry out the sensitivity analysis for
cach of the following changes:
(1)  Coefficients of x, and x; change to

('3 = _2.(112 :2. Uj_: ’7'3.(.13} :_I.

3N L, iy = 3, dy3 = 2.

Now, this is a table that is given, | think this is the same table as in the previous lecture, you
have to carry out the sensitivity analysis for each of the following changes. Number 1,
coefficient of x> and x3 change to the following that is c2 = -2, al2 = 2, a22= 3, a32 = -1,
similarly, c3 =1, al3 = 3, a23 = -2 and a33 =1. Secondly, first constraint is to be deleted.
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(11) First constramt 1§ deleted.

(111)A new constramnt 2v, +x,  2x, <60 15 introduced

(1v) 3 constraint becomes 4x,=x,+2x, < 12,

The third part is a new constraint is to be introduced and that constraint is given by 2x; + x2 +
2x3 < 60. And finally, the fourth part is the third constraint becomes 4x;—x.+2xs < 12. Now each

of these four parts have to be done one at a time and not simultaneously. Thank you.



