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Hello friends, welcome to my second lecture on Transportation Problem. In the previous
lecture on transportation problem we had considered two methods, they are North West
corner rule and then the second one was least cost method, to determine the basic feasible

solution for the transportation problem.
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Unit cost penalty method (Vogel's approximation method)

In this method we have the following steps:

Step 1 Identify the smallest and next to smallest costs for each row of the
transportation table. Find the difference between them for each row. Write these
difference alongside the transportation fable against the respective rows by
enclosing them in parentheses. Write the similar differences for each column
below the ccrresponding column These areca called genalties

oceurs, use any arbitrary fie breaking choice. Allocafe fhe maximum p_ossnb!e

amount to the cell with lowest cost in lhgamcular row or - column, Let the largest
penalty correspond to ith row and let cj be be the smallest cost in the rlh row.
Allucale the amount X§ mm(a, b)) in the cell (r j). Then we cross 55 out the ith row

or the jlh column in lhe usual manner and co construct the reducec ed matrix.

Now, we have third method, which is knows as Vogel’s approximation method or unit cost
penalty method. So, this method is most effective method to find basic feasible solution. Let
us discuss this method, so in this method we first step is to identify the smallest and next to
smallest cost for each row of the transportation table. So, (we prepare the transportation tab)
we have the transportation table, we will identify the smallest and the next to smallest cost for
each row of the transportation table and then we find the difference between them for each

Trow.

We write these differences alongside the transportation table against the respective rows by
enclosing them in parentheses. We write similar differences for each column below the
corresponding column. They are called penalties. Okay, these differences are known as

penalties. Now, we select the row or column for which the penalty is the largest.



So we inspect all the values, the differences which we found for rows and the differences
which we found for penalties we found for columns, okay that is we inspect all the penalties,
then we identify the penalty which is the largest, if a tie occurs, we use any arbitrary tie

breaking choice.

Suppose if there is tie between two penalties and both penalties are same and they are largest
then we can choose either one, either penalty to begin with. Now allocate the maximum
possible amount to the cell with lowest cost in that particular row or column, so we identify
the penalty which is the largest, then in that particular row we identify the column which has

the lowest cost, so in that cell we allocate the maximum possible amount.

Suppose the maximum penalty occurs in the i-th row, for example, the penalty occurs in the i-

th row, then and the lowest cost cell is the cell where the cost is C;;, so then to that cell which

ij>
is having lowest cost cij we shall allocate the maximum possible amount that is the minimum
ofa;and b j» where ai are the amounts which are available, in that row and then the b ; 1s the

maximum demand for that.

So, a;, b; will take the minimum value of that, so let the largest penalty correspond to i-th
row, largest penalty corresponds to the i-th row and ¢; be the smallest cost in the ith row,
then we allocate the amount x;which is the minimum of a;, b; in the cell i,j. Then we cross

out the i-th row or the j-th column in the usual manner and construct the reduced matrix.
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Step 3 Now compute the row and column penalties for the reduced transportation

fable and repeat the step 2. We continue this process until all the available —
quantity is exhausted or all the requirement is satisfied.

Example First we write the cost and the requirement matrix and compute the
penalties as follows:




So, in the third step, we compute the row and column penalties for the reduced transportation
table because we have deleted the i-th row of the j-th column, now we have the reduced
transportation table, so we again calculate the penalty and then identify the row or column
which has got the maximum penalty and in that row or column we then identify the cell
which has got the lowest cost, and in that we allocate the amount x; which is the minimum of

a;, b for that cell. So, we continue this process until all the available quantity is exhausted or

all the requirement is satisfied.

Now, lets us see, this is our transportation table, the cost and requirement matrix, okay, this is
our cost and requirement matric, in the parentheses you can see we have the cost for each
cell, 2 is the cost of this cell, 7 is the cost for this cell, 4 is the cost here and 3 and 3 1 they are
the cost in this row, 5 4 7 are the cost in third row and 1 6 2 are the cost in the fourth row and

with F,, F,, F;, F,and 5, 8, 7, 14 units are available and the requirement at the warehouse

W, W, W,are7,9 and 18.
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Step 3 Now compute the row and column penalties for the reduced fransportation
table and repeat the step 2. We continue this process until all the available —

Example First we write the cost and the requirement matrix and compute the
penalties as follows:
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So, let us first find the penalties, so how do find the penalties? Let us go to this, we find the
difference between the smallest and next to smallest cost for each row, so here smallest is
what? Let us take this first row and the smallest is 2 and next to smallest is 4, so the
difference is 2, so we write this 2 in the bracket. In the second row the smallest is 1 and the
next to smallest is 3 so this difference is 2. In the third row the smallest is 4 and next to
smallest is 5 and the difference is 1, so we write 1 here in the bracket and then here smallest

is 1 and next to smallest is 2 and the difference is 1, so we write 1 here.



So, we have found the penalties for all the 4 rows, for first row its 2, for the second row its 2,
the third row it is 1 and fourth row it is 1, now for the first column, what is the penalty? So,
the least cost is 1 and then the next smallest is 2, so the difference is 1, so we have 1 here and
here the smallest is 3, next to smallest is 4 again the difference is 1, here smallest is 1, next to
smallest is 2 so again the difference is 1, so the penalties row wise are 2, 2, 1, 1 and column

wise they are 1, 1, 1 and 1.

Now, let us find the maximum penalty, so maximum penalty occurs along first and second
rows, maximum penalty is 2 and it is occurring along first row and second row, so there is a
tie. So we have to break this tie, we can select either first row or the second row to begin
with, suppose we select the first row, so select the first row, now then we will find the cell in
the first row which has got the lowest cost, so this cell, this cell has got the lowest cost and

the lowest cost is 2.

So the lowest cost cell is 1,1 and the cost is 2, so to this cell which has got the lowest cost we
give the maximum possible amount, now with F1 5 units are available and the requirement of
W is 7, so we can allocate minimum of 5 and 7 that is 5, so allocate 5 here to this cell. Now
we can cross out first row, after we have allocated 5, the capacity of F, is adjusted, we have
delivered all 5 available units with F, to the warehouse W, so 5 is also, we will cross out the

first row and then we will have three rows, second, third and fourth row, then three columns.
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We find that the maximum penalty (2) is associaled with row 1 and row 2, so we
may select any one of these. If we select row 1, then we allocate the maximum
possible amount to the lowest cost cell in this row i.e cell (1,1). Thus

Xy = min(5,7) = 5. This exhausts the availability from F;. So we cross the row 1.
Leaving this row, the reduced cost and requirement malrix is as follows
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We note that the amount still needed to column 1 is 2. Since the maximum penalty
(2) is associated with row 1 and column 1 so we may select any one of these.

So, then the next transportation table is this one, so 3, 3, 1 and 5, 4, 7 and 1, 6, 2 that is the

next table after we have deleted the first row, remove the first row. Again we calculate the



penalties, so here the lowest cost is 1 and next to smallest is 3, so the difference is 2, here
lowest cost is 4, next to lowest is 5, so we have difference is 1, here smallest cost is 1, next to
smallest is 2, so we have difference is 1. So, column wise let us find the penalties, so smallest
is 1 next to smallest is 3, so the difference is 2, smallest is 3 here next to smallest is 4 so

difference is 1 here, smallest is 1 here next to smallest is 2 so the difference is 1 here.

So, now let us find again the maximum penalty, the maximum penalty is 2 and it occurs in
the first row and the first column, so it occurs in the first row, first row and first column. So
we can select either the first row or we can select the first column, so let us select first
column. Now then we will identify the cell which has go the lowest cost, this cell has got the

lowest cost and to this cell we shall allocate the maximum possible amount that is available.

So with F, 8 units available and the requirement of W3 is 18, so we can allocate maximum
possible amount with F, that is 8, so minimum of 8 and 18, that is 8, so we can allocate 8 to
W,. Now all the available units with F, have been allocated, so we will cross out the second

row and then we shall have the remaining two rows 5,4,7, 1,6,2 so that will be our next

transportation table.
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We select row 1 of this table and allocate the maximum possible amount 8 to the
cell with cost 1(lowest) in this row. This exhausts the availability from F, and
Ieaves the requirement 10 for Wa. Again leaving row of F;, the reduced
transportation table is as follows:
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So, this is our next transportation table 5,4,7, 1,6,2, we will again find the penalties, so
penalties now are, least, lowest, smallest cost is 4, next to smallest is 5, so difference is 1,
smallest cost here is 2, no smallest cost is 1 next to smallest is 2, so the difference is 1 and
column wise 1 is here and 5 is there, so smallest is 1 and next smallest is 5, so difference is 4

and here smallest is 4 and next to smallest is 6, so the difference here is 2, here the difference



between the smallest and next to smallest is 5, so maximum penalties is now 5 and it occurs

along the third column.

So, let us now find the cell which has got the lowest cost and this cell has got the lowest cost
2, so we allocate the minimum of 14 and 10, so 10 units are allocated to the cell with the cost
2, now what is left with us here? So we have allocated 10, so then after that we cross out this
cell because we have already allocated, the capacity of W, is now exhausted, W, requirement
was 10 and we have allocated 10 units to W, so the third column is now removed and we
have the transportation table containing two rows, this one 5, 4, 1, 6 and two columns, so this
one 5, 4, 1, 6, so this is now reduces, this transportation table reduces to this one, this is W1,

this is W, this is F;, F,.
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In this table, the maximum penalty (5) is associated with column 3 so the
maximum possible amount 10 is allocated to the cell with cost 2 in this column,
This completes the requirement of W. After leaving the column corresponding to
Ws, the remaining table is as follows:
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In this table, the maximum penalty (5) is associated with row 2, so the maximum
possible amount 2 is allocated to the cell with lowest cost 1 in this row.

Alright, now we go to the next table. So out of 14, 10 have been given so this is now reduced
to 4,F , now has 4 units available and F; has 7 and here this is 2, this is W, 2, 9, we have this
transportation table, so let us go to this one. We can see again the lowest cost is 4 and next to
lowest is 5, so the difference is 1, here the smallest cost is 1 next to smallest is 6, so the
difference is 5, here the smallest is 1 next to smallest is 5, so the difference is 4, here smallest

is 4 next to smallest is 6, so the difference is 2.

So, what is the maximum penalty? The maximum penalty is 5, it occurs along the second
row, so let us identify the cell which has the least cost, so this cell has the lowest cost 1, so

we will then allocate minimum of 2 and 7, that is 2, so we allocate 2 to this cell. Now the



requirement of W, was 2 and we have allocated 2 units to W;, so we can cross out this

column and then what are we left with? F; and F .

So, we have, from 4 we have given 1, 2, no, we are taking minimum of 2 and, we are giving 2
2, minimum of 2, why 2 and 7, maximum penalty was 5 and this cell has got the lowest cost
1, we take the requirement of W, is 2 and the availability of F, is 4, so minimum of 2 and 4
we have to take, so we allocate 2 here, so then the requirement of W, is fulfilled, we can
cross out W, and with F,, now 2 units are available and F; has got 7 and the total
requirement of W, is 9, so we allocate 7 to F;, F; has this and got cost 4, so we allocate 7 to
this and we allocate 6 to this and we cross out. So, this is what we do, we had only 7 units
available with F;, which we have given to W, where the cost is 4 and we have given 2 units

W ,, where the cost is 2.
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The remaining amount 2 available to F; is allocated to the cell with cost 6. Finally,
to meet the requirement of W., the amount 7 is allocated to the cell with cost 4.
Thus we get the B.F.S as shown in the table.

The total transportation cost
5x2+8x14+7x4+2x1+2x6+10x2= Rs. 80.

So ultimately we have this table, 5 from F, source we have given all 5 to W, with cost 2 and
we summarized and then we have given all the 8 that was available with F, to W, and we
have given out of 7 to W, which cost 4 and then we have given out of 14 which was
available with F,, 2 to W, and 2 to W, and 10 to W3, this we can see from here, so we give 5
from F, to W,, we gave out of 8, all 8 to W3 and we have given from F, out of 14, 10 to W,
and then we have given out of 7 which was available with F; to W, with cost 4, 2 to W, have
been given from F, and 2 to W, have been given from F4, so this is how we have allocated

the units that were available with F,, F, and F, to the warehouses W,, W, W, and W ,.



Now, we can calculate...so this is B.F.S of which we have got and the total transportation
cost is 5 into 2 then 8 into 1 then 7 into 4 then 2 into 1, two into 6 and then 10 into 2 so that is

80 Rs, so that is the transportation cost which we have by the Vogel Approximation Method.

(Refer Slide Time: 19:50)

Optimality Test

After getting the initial F.S, of a transportation problem, we test this solution for
optimality i.e, we check whether the feasible solution obtained, minimize the total
transportation cost or not. Therefore, the optimality test to a F.S. consisting of
(m+ n - 1) allocations in independent positions i.e, to a non-degenerated B.F.S.
we will discuss the following method for the test of optimality of the solution.

The Modified Distribution (MODI) Method or u-v Method

p
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. T ROORKEE. ok CERTIFICATION COURSE

Now, let us discuss the Optimality test, after getting the initial feasible solution of the

transportation problem we then test this solution.

We then find, we did not test this solution for optimality okay, let us test this solution for
optimality, which I gather the feasible solution obtained, minimise the total transportation
cost or not. Okay, therefore the optimality test for a feasible solution consisting of M + N - 1
allocation, see you can see how many allocations we have made, see 1, 2, 3, 4, 5, 6, six

allocation we have made and M + N, there are 4 rows and 3 columns.

So M is equal to 4 and N is equal to 3, so M + N - 1 equal to 6. Okay, so we have made 6
allocations okay, so let us test whether this solution which we have got, this one, this solution
is optimal or not, and if it is not we will improve this to get this optimal allocation okay, so
therefore the optimality test to a feasible solution consisting of M + N - 1 allocations in
independent position that is to a non-degenerated because when there are M + N -1
allocations in independent positions we get non-degenerated BFS okay, so we will discuss
this method MODI method okay, or we also call it as U-V method to test the optimality of the

solution which we have got from Vogel approximation method okay.
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MODI Method
For the solution of a minimization transportation problem proceed systematically

as follows. This iterative procedure of determining an optimum solution of a
minimization transportation problem is known as MODI Method.

Step 1 Construct a transportation table entering the capacities ay, a, ..., an of the
sources and the requirements by by, ...bn. Enter the various costs ¢; at  atthe upper
left corners of all the cells. Find an initial B.F.S (allocation in independent
positions). Enter the allocations at the centres of the cells.

Step 2 Find the set of numbers u(i = 1,2,..m) and v,(j =1,2,...n) such that for
each occupied cell (r, s) Crs = Ur + Vs. e
Step 3 Find u; + ﬁJr each h unoccupied cell (1, /) and enter at the upper right
corner of the correspondmg cell (7, J)-

Step 4 Find the cell evaluatlons dj = ¢j - (u; + v;) for each unoccupied cell (/. )
and enter at the lower right corner of the corresponding cells.

(3 wereL onume
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So for the solution of a minimization transportation problem proceeds, let us proceed
systematically as follows. Okay, the iterative procedure of determining an optimum solution
of a minimization transportation problem is known as MODI method. Now let us, first we
construct a transportation table entering the capacities a,, a,,..., a,, are the capacities of the
sources, F,, F,,..., F, and the requirements, b, b,,..., b, they are the requirements of the N

warehouses, W, W,,.... W .

Now, we enter the various cost ¢; at the upper left corner, so we have follow system of
allocation here, writing values in the various cells, will write the cost ¢; of in each cell at the
upper left corner. Okay, find an initial BFS that is allocation in independent positions. Okay
and then enter the allocations at the centre of the cells, so the problem just now we have
solved okay, in that problem the allocation that we have made they will be written in the

centre of the cell. Okay and the cost ¢; of each cell will be written in the upper left corner.

Now, let us find the set of numbers u; and v, i runs from 1 to m, j runs from 1 to n. Okay,
such that for each occupied cell, occupied cell means the cell which has been, where the
allocation has been made okay and not occupied cell means this cell where no allocation has
been made okay, so such that for each occupied cell 1r okay, ¢,=u, + v, € is the cost of the

rs cell okay, so ¢,y =u, + v,.

Now find u; + v; for each unoccupied cell okay, for each unoccupied cell, or the cell where

the no allocation has been made, so for each such cell we had to find u; + v; and enter the



upper right corner of the corresponding cell 1 j okay, so u; + v; we shall find and u; and v; we

shall find and u; + v; we shall enter at the upper right corner. Okay.

Now find, then we will find the cell evaluations d;;, d; equal to ¢; —( u; + v;), ¢;; is the entry in
the 1j cell at the upper left corner and u; + v, is the entry at the upper right corner, so we will
find the difference of ¢;; and u; + v, for each unoccupied cell okay and enter at the lower right
corner of the corresponding cells okay, so the values of the d; will be found for each
unoccupied cell and the values of d;will be written at the lower right corner of the

unoccupied cell.
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Step 5 Examine the cell evaluations dj for unoccupied cells and conclude that

(i) i all g > 0, then the solution unEﬁ test is optimal and unique. (i) if ll dj > 0,
with at least one dj=0, then the solution under test is optlma\ and alternative
optimal solution e*‘t‘s :

(iv) if at least one. o‘, <0, then the solution is not optimal. In the last case proceed
to the next step 6

Step 6 From a new B.F.S. by giving maximum allocation to the cell for which dj; is

minimum and negatwe by making an occupied cell e empty. g

p
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Now, we will examine the cell evaluations djokay, for all unoccupied cells, if it happens that

alld; > 0. Okay, d;> 0 for every unoccupied cell, then the solution under test is optimal okay
and unique. Okay, so we found the unique optimal solution, if d; turns out to be greater than

> 0, with at least one d =0.

0 for all i and j and they belong to unoccupied cells, now if d;; >

Okay, then the solution under test is optimal and alternative optimal solution exists. Okay, so

solution under test is optimal, but it is not unique, alternative optimal solution exists.

Now if at least one d; <0, suppose there is one d;;, at least one which is less than 0, then the
solution is not optimal and we have to proceed to the step 6. Okay, this step 6, so we from a
new BFS okay, by giving maximum allocation to the cell for which d;; is minimum okay, we
will form a new a BFS okay, by giving maximum allocation to the cell for which d; is

minimum and negative.



Okay, so this step 6 will go to step 6, if there is at least one d; with negative value. Okay, less
than 0. Okay, so maximum allocation will be made to the cell for which d;; is minimum and
negative. Okay, so will take that d; which is minimum and negative by making an occupied
cell empty and occupied cell will be made empty and the allocation will be made to di, this

cell, maximum allocation will be made to this cell okay, where d;; is minimum and negative.
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MODI Method

For the solution of a minimization transportation problem proceed systematically
as follows. This iterative procedure of determining an optimum solution of a
minimization transportation problem is known as MODI Method.

Step 1 Construct a transportation table entering the capacities a, a, ..., an Of the
sources and the requirements by by, ...bn. Enter the various costs ¢; at i at the upper
left corners of all the cells. Find an initial B.F.S (allocanon in mdependem
positions). Enter the allocations at the cen_lres_qfl_hg > cells.

Step 2 Find the set of numbers uj(i = 1,2,...m) and vj(j = 1,2,....n) such that for
each occupied cell (r, s) Crs = Ur + Vs. VAT
Step 3 Find u; + for each h unoccupied cell (i. j) and enter at the upper nght
corner of the correspondmg cell (1, ,u)

Step 4 Find the cell evaiuatlons dj=cj-(u+ + v;) for each unoccupied cell (/,)

and enter at the lower right corner of the carresponding cells.
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Step 5 Examine the cell evaluations dj for unoccupied cells and conclude that

(i) if all d; > 0, then the solution unae—r'ue/st is optimal and unique. (ii) f all dj > 0,
with at least one dj = 0, then the solunon under test is opllmal and alternative
optimal solution exists. s

(iv) if at least one dj < 0, then the solution is not optimal. In the last case proceed
to the next step 6

Step 6Froma new B.F.S. by giving maximum allocation to the cell for which dj is

minimum and negative, by making an occupled cell empty.
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Step 7 Then repeat the step (2) to (5) to test the optimality to this new B.F.S.
Continue improving the B.F.S. Interactively using the step 2 to 6 till an optimal
solution is attained. SRy ZE

Thus, in the table after making all the entries the occupied (cell having allocations)
and the unoccupied cells will be as follows: Bl 4

" —— [
ﬂ'.”' (cij) (u; + v

Allocation |

. T ROORKEE.

Nowm then we will repeat the step 2 to 5. Okay, 2 to 5 means this steps okay, we will repeat

these steps again. Okay, this 2, 3, 4 and 5, these steps will be repeated okay and then we will
again the test optimality that is we will again check the value of d;; okay, we will continue
new to improve the this BFS okay, using the step 2 to 6 till an optimal solution is attained.
Thus, in the table after making all the entries the occupied cell, that is cell having allocations

and the unoccupied cells will be as follows.

Let us see, so this is our first table, where ¢;; is are the cost of the ij-th cell, they are written in
upper left corner. Okay, so allocations are there in this table. Okay, now this u; + v; they are
the values, u; + v; is the value sum of u; and v; which is written each unoccupied cell upper
right corner. Okay, so upper right corner it is written and in the lower right corner, they are

writing d;; = ¢; — (u; + v;) and we have to check the sign of d;; for the optimality.
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So let us say for example we have this table. Okay, this table is given we are sharing 4

sources 1, 2, 3, 4, 4 sources and 3 warehouses 1, 2, 3 and the availability with the 4 sources is
5,8, 7, 14 and the demand at warehouse 1, 2, 3 are 7, 9, 18 okay, total is 34, so it is a balance
transportation problem, now we have got its solution, solution of this problem, we have
already got by Vogel approximation method and we have seen the allocations that have been

made to the cells here.

(Refer Slide Time: 28:12)
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Step 1: The initial B.F.S. of the above problem (by Vogel's method) is given in the
following table.

Total transportation cost
=5x2+8x147x4+2x1+2x6+10x2=Rs, 80, (VA1)
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So let us use that initial BFS okay, by VAM method Vogel approximation method, so many

applied Vogel approximation method we got the allocation 5 to the cell with cost 2, this is

cell 11 okay and then we allocated 8 to this cell, with cost 1 that is second row and third



column. Okay, we allocated cost 7 okay, units to be column with cost 4 to the cell with cost 4
that is third row and second column cell okay, 3, 2 column, 3, 2 cell okay and then we have
allocated out of 14 that were available with source 4 to be allocated to the cell which lies at

third row and first column.

2 units to the cell which lies at fourth row and second column, so this is of 4, 1 position, these
4, 1 position, this 4, 1 of cell, this is 4, 2 of cell, this is 4, 3 cell okay, cell 4, 1, cell 4, 2, cell
4,3,s04 1,4 2,4 3 have been given 2, 2 and 10 units out of 14, so this allocation we have
made by VAM method. Okay, so we will use this allocation and see whether the solution,

this, that we have got, the solution is optimal or not. Okay.

(Refer Slide Time: 29:47)
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step 2: Now we determine a set of u; and v; s.t. for each occupied cell

(r.8),Cs = Uy + V5. e

For this we choose ug = 0(since row 4 contains maximum number of allocations).
Sincecyy =1= U4;I-V1-.C42 =B=U+WCg=2=U+W

=0y -U=1=6-U=6n=2-U=2

Also Cy =2 =uy + Vi,C3 = 1=+ V3, C30 =4 = Uz + Vo

s =2-vi=lh=1-wn=-1th=4-v=-2

(3 weres onume

step 2: Now we determine a set of u; and v; s.t. for each occupied cell

(r,8), Crs = Uy + Vs. Een

For this we choose uy = O(since row 4 contains maximum number of allocations).
Since Cyy =1=Us+V;,Cip=B6=Us + Vo, Ci3 =2=Ug + V3
V17C41 - Uy = 1.V2 :\5/U4 :6.V3 :JW—U4:2»/
Alsoci=2=u+Vv,C3=1=lth+wp=4=U3+W
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So, let us find u; and v; okay, u; and V; such that for each occupied cell rs, ¢,= u, + v;. Now
we have to choose this u, okay, u, we have to choose, so u,, see let us inspect all rows and
columns. Okay, which have got various allocations, first row has got allocation of 5 units,
second row has got allocation of 8 units, third row has got allocation of 7 units and fourth

row has got allocation of 14 units.

So the row that has got the maximum allocation, that we have to consider, so this fourth row
has got maximum allocation, so we will consider u,= 0, in fact suppose ith row has got the
maximum allocation we shall consider u; = 0, so her fourth row has got the maximum
allocation, so we consider U, = 0, row 4 contains maximum number of allocations, so we take

u,=0.

Now, making use of, ¢,=u, + v, ¢,=u, + vyou see, this cell has got 2 units okay, the cell
has got unit, so it is occupied cell okay, for each occupied cell ¢, should be equal to u, + v,
so this is ¢,,= u, + v, we have, ¢, okay, C,,= U, + v, and C,,= U, + V,, Cys= U, + V3, Cyy = 1,
you see cost is 1 okay, ¢, = 6, C45 is 2 okay, so we have this gives you ¢4, is 1, 1=u, + v,, but

u,=0, so we get v, =1 okay.

Then ¢, is 6, so this gives you 6 = u, + v,and this equal to 0 + v,, so we get v,=0(6 and then
C 43, C 4318 2 okay, so 2 =u, + v,s0 we get v,=¢2. Okay, now, so we got the values of v,, v,, v,
okay, now we another, other cells which are occupied are cy;, ¢;; has been allotted 5 units
okay, so €, so €y, the cost of associated with ¢,;, ¢,;= 2 right, so we have ¢,;=¢(2, so 2 =u, +
v, €,; =u, + v, and v, is equal to how much? v,=¢{1 okay, so u; + 1, so this gives you u; =1

okay, we got u, =1 here and then the other occupied cells are let us see.

So this cell okay, this cell we have, this cell we can see, we have, this is third row second
column okay, third row second column, so we have okay, let us go to this one. Okay, after
first row we go to second row. Okay, so this is second row third column, so C,;, €,3=¢1 okay,
1 =u, + v5 okay and v,;={2. Okay, so we get U, + 2, so we get U,= - 1 okay, so we get U,= (-

1 here and then third one is this 7 okay.

So, this is third row second column, so third row second column says third row second

column, so ¢4, =4, so 4 =u, + v,okay and this is u; + v,=4. Okay, v,=¢ 6, so 6 here, so this



gives you U;=¢é - 2, so we get this - 2. Okay, so we got the values of v,, v,, v; okay, v, is 6, v,

is6,v,is 1, v,is 6, vyis 2, uy is 1, U, is - 1, U5 is - 2. Okay.
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step 2: Now we determine a set of u; and v; s.t. for each occupied cell
(r,$),Cs = Ur + Vs. fivari
For this we choose ug = _D(smce row 4 contains maximum number of allocations).
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Step 1: The initial B.F.S. of the above problem (by Vogel's method) is given in the
following table.

Total transportation cost :
=5x2+8x1+7x4+2x1+2x6+10x2=ARs.80. (VAm)
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Step 3: Then we find the cell evaluations u; + v; for each unoccupied cell(7, j) and
enter at the upper right corner of the corresponding unaccupied cell.

Step 4: Then we find the cell evaluations g = ¢; — (u; + v;)(i.¢, the difference of

the upper right corner entry from the upper left corner entry) for each unoccupied
cell (i,/) and enter at the lower right corner of the corresponding unoccupied cell.

Q- & s
Now let us see, we then can write u; + v; for each unoccupied cell okay, so u; + v; for each
unoccupied cells, so say for example, this is occupied cell we have allocated 5 units here
okay, this is unoccupied cell, so we can allocate, so here we have first row that is u; + v,okay,
first or second column, so u; + v, will be how much? u;=¢ 1 and v,=¢ 6, so we will have u;

+v,=&41 + 6 =17, so this will be, 7 will be written here and then this is also unoccupied cell.

So we have u; + v, okay, first row third column, so u; + v4 =3, u;=¢ 1, v4=4¢ 2, so we have 1
+2=3,s0 1+ 2 =3, s0 3 here we shall write, there in the second row first column okay, so
u, +v,okay, u, + v, u,=¢-landu, + v, v,=¢ 1,s0- 1+ 1=0, so we get - 1 +1=0. Okay,
then, so this will be 0 here and then we will have this one, so U, + v,, second row second

column u, + v, is how much? u,=é- 1, v,=¢ 6, so - 1 + 6, so we have 5, so will write 5 here.

Now, this is occupied cell we go to left unoccupied cell, so u; + v, u; + v,, so what is u;?
u,=¢-2and v,=¢ 1, s0 - 2 + 1 that is equal to - 1 okay, so - 2 + 1 okay, so will get - 1 here
and then this is occupied cell, next unoccupied cell is u; + v, so U; + V4is how much? u;=¢-
2, v;=(2, 80 -2 +2 =0, so we get 0 here and then this, this, they are all occupied cells okay,

so we have got the values of u; + v; okay, so this u; + v;we have got.
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And these are the values 7, 3. Okay, this unoccupied cell, this is unoccupied cell okay, this
also unoccupied cell we have got 0 here, these is also unoccupied cell we got 5 here, this
unoccupied cell we got - 1 here, this is unoccupied cell we got 0 here, these all are occupied

cells okay, so we got the values.

Now we calculate d; = ¢; — (u; + v;) for each unoccupied cell okay, so unoccupied cell is this
one, this is first unoccupied cell, so we get the d,, okay, first row second column, so ¢, - (U,
+ Vv,) okay and ¢;, =7, so 7 - 7 which is equal to 0, so we got 0 here, this is also unoccupied
cell, so we take the difference of 4 and 3. Okay, so d;, first row third column, so 4 — 3=1, so
we get 1 here and then here for this cell 3 - 0 equal to 3, 4 this cell 3 - 5 is - 2. Okay, this is
occupied cells, so we will leave it, for this cell, which is unoccupied the difference is 5 - 1, so

6 here and this is occupied cells will leave it, then 7 - 0 is 7 okay.

So we have got d;; values for all unoccupied cells, now let us check their sign. Okay, so here

-, which

d;=00,here d; is 1, here it is 3, here it is - 2, here it is 6, here it is 7, so there is one d
is negative. Okay, if d;<(0, for at least 1 i, j okay, then the solution obtain is not optimal
okay and we have to then proceed further, so since cell evaluation d,, = - 2 < 0, so the

solution under test is not optimal okay.
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Step 6: Since minimum djis o = —2 < 0, 50 we give maximum aIIocatloa fito
this cell from an occupied cell and make the necessary changes in other
allocations as shown in the following table.

Since minimum allocation contalmng -fis2-4.
+ Taking2 — = 0, we get f = #=-2
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So what we will do, since minimum d;; is d», = - 2, so we give maximum allocation 6 to this
cell okay, maximum allocation 6 to this cell from an occupied cell okay, now let us see, let
us look at this yes, so we have this - 2, 8, 2, 10 okay, so we take maximum allocation to this

cell from an occupied cell okay, so and make the necessary changes in other allocations.

Now what we will do, we have this loop okay, so we make, suppose we make allocation 0 to
this cell okay, where d,, = - 2, then we have 2 subtract 6 from this 2 okay, this will become 2
- 0, when it becomes 2 - 0 total has to be 14 for this fourth source, so subtracting 0 here
means we have to add 0 to this allocation that is 10, so we get 10 + 6 here and then we have

added 0 to this 10, we have 2 subtract 6 from this allocation 8, so we get 8 - 6 okay, so we



get 0, if we have 0 here we have to make 2 - 0 here, here 10 + 0, here 8 - 0 and then we

consider any allocation containing - 6 okay.

So containing - 6 we have 2 allocations, 2 - 0, 8 - 0, so minimum of 2 - 6 and 8 - 6 we have
to considered and this is to - data. Okay, so we have to put T - 6 = 0, minimum allocation is
then put is equal to 0, and then we get it 6 =2, so we get 6 =2 means 2 here and this is 6, this
is 0, so this occupied cell is now becomes 0 and here we get 12, so this is the modification

that we make.
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Step 7: The new B.F.S thus obtained is shown in the following table. For this
B.F.S. total transportation cost.
=5x2+2x1+2§3+7x4+6x1 +12x2=Rs. 78
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And after that what we will do have, this is 5 now. Okay to this cell 6 is 2, so we get to
allocation here and this is 8 - 0 so we get 6 here, this becomes 0, this cell allocation become
0, here it was 2 and here 10 becomes 12 okay, so we get now transportation cost as 5 into 2.
Okay 2x1, this is 2 x 1, yes, thisone. 2 X 1,80 5 x 2,2 X 1, then 2 x 3, then 7 x 4, then 6 X 1,
then 12 x 2 so we get Rs. 76. Okay.
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Step 7: The new B.F.S thus obtained is shown in the following table. For this
B.F.S. total transportation cost.
=5x2+2x1+2§3+7x4+6x1 +12x2=Rs. 76
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Since, all d; > 0 hence, the B.F.S. shown by the table in step 8 is an optimal 1

solution which is also unique and the total transportation cost = Rs. 76.
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So now we have to check whether this solution that we have got is optimal or not. Okay, so
what we will do, let us proceed again as in step 2, 3, 4 okay and what we will do then,
proceed in this step 2, 3, 4, so 2, what is the step 2?7 Now we determine a set of u; and v such

that for each occupied cell s, ¢,.= u, + v,, so let us do that. Okay, so we come here to this

table. Okay.

So allocations we have to see okay, first row has got allocation 5 okay, second has got
allocation 8, third has got allocation 7 and fourth has got allocation 14 okay, so total
allocation is maximum alone the fourth row. Okay, so taking u, = 0. Okay, let us take u,=¢0.
Okay, then as we have done earlier. Okay, we have to use ¢,,= u, + v,okay, so first let us say
which one is the occupied cell, occupied cell is this one we are given 2 here, 12 here okay, so
this is fourth row first column, so c¢,;. Okay equal to u, + v,okay, c,;=¢ 1, so 1 equal to u, is

0 + vy, so we get v, =41 okay.

Then we are giving 12 units to fourth row third column so this means ¢, ¢,; = 2. Okay, u, +
v,, 50 2 equal to 0 + v, so we get v, = 2 okay, now then we are giving 5 to c,, okay, so ¢,;=¢
u,t 5,5 we are giving to cell 11, so ¢,;=¢ 2, so 2= u, + v, right, so v,=¢1 okay, so this gives
u,=¢2 - v, thatis 2 - 1 = 1 okay and then we are giving 2 units to second row second column
okay, C,,. Okay, C,,=¢ 33 = u, + v,, we are giving 6 to second row third column, so C,; =u, +

v, okay, so what is it, you ¢ ,=¢ 1, 1 =u, + v,, vo=0(2,s0 u,=¢- 1, whenu, =-1, v, =4.

Since u,=¢é- 1, we get v,=44 okay, yes, then we have this one, so C,, third row second
column Cs,, €5,=064, Uy is equal to, we have to find u;?, v,=é4, so u;=40. Okay, so we have
used this one. Okay and we have used this two also, have we used fourth row and column 3.
Okay, we have that one also right, so now let us find u; + v for each unoccupied cell okay, so

this is unoccupied cell okay.

So u; + v, okay, because it lies in the first row and second column, so u; + v,, u;=¢é 1 okay,
so 1+ v, v,=04,s0 1+ 4 =35, so this is 5 here okay, then there is also an unoccupied cell, it
lies in the third row, first row and third column, so u; + v;, u; is equal to 1 and V3 equal to 2,
so we get 3 here okay, then her second row first column, so u, + v, u, is equal to - 1 okay

and V1 equal to 1, so we get 0, so this is 0 here and this is occupied column, this is occupied



cell, this is also occupied cell, this is unoccupied cell, so we have here third row first column

okay.

So u; + vy, u;=40. Okay and v, v;=¢1, so we get 1 here. Okay, there is occupied cell, here
we have third row and third column, so u; + v;, u;=¢0, v;=¢2, so that gives you 2 here, now
this is occupied cell, this is unoccupied cell, so fourth row and second column, so u, + v,, u,
= 0. Okay, u,=00, v,=¢ 4, so we get 4, so this is 4 okay, now so we have got the u; + v for

all unoccupied cells.

Let us find d;; okay, so d;=¢ u;; — (u; + v;) for all unoccupied cells, so here you see 7 - 5 is 2
okay,4 -3 1is 1, here we get 3-0 3, here we get 5-14,7-25and 6 -4 2, so we can see this
is 2, this is 1, this is 3, this is 4 okay, this is 5, this is 2, so d;; > 0, for all I and J which are
unoccupied cells okay, so d;; > 0. Okay and therefore the BFS shown by the table in step 8.
Okay, this BFS is an optimal solution. Okay, which is also unique and total transportation

costs we can find.

Total transportation costs is 5 into 2 okay, because we are allocated in 5 here and cost is 2, 5
into 2 and then we have 2 into 3 okay, 2 into 3, 6 into 1 and then we have 7 into 4 okay and
then we have 2 into 1 and then 12 into 2, so this is 24 + 2 26, 26 and 28 54, 54 + 6 60, 60 +
10 70, 70 + 6 is 76. Okay, so this is the total transportation cost, so this is how we can use
this Modis method to get the optimal solution to the problem where we have already found
the initial, physical solution by the VM method and then we can find the d;; at each step as
soon as we get d;; is to be positive for all unoccupied cells we get the optimal solution to the

problem, so that is all in this lecture. Thank you very much for your attention.



