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Duality Concept

One of the most interesting concepts in linear programming is the duality theory.
Every linear programming problem has associated with it, another linear
programming problem involving the same data and closely related optimal
solutions. such two problems are said to be duals of each other. While one of
these is called the primal, the other the dual.

The importance of the duality concept is due to two main reasons. firstly, if the
primal contains a large number of constraints and a smaller number of variables,
the labour of computation can be considerably reduced by converting it into the
dual problem and then solving it. Secondly, the interpretation of the dual variables
from the cost or economic point of view proves extremely useful in making future
decisions in the activities being programmed.
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Hello friends, welcome to my lecture on The Concept of Duality, one of the most important

and interesting concepts in linear programming is the Duality. Every linear programming
problem has associated with it, another linear programming problem which involves the same
data and is closely related to the optimal solutions, such two problems are said to be duals of

each other.

While one of these problems is called the primal problem, the other one is called the dual
problem. The importance of the duality concept is due to the two main reasons. Firstly, if the
primal contains a large number of constraints and a smaller number of variables then the
labour of computation can be considerably reduced by converting it into the dual problem and
then solving it, because if there are say m constraints and n variables and m is greater than n
then when we will consider the corresponding dual problem there the number of constraints

will become n and number of variables will become m, ok.

So, number of constraints will reduce when we consider the dual problem and therefore it
will be easier to solve the get the solution of the dual problem. So labour of computation can

be reduced by converting the problem into the corresponding dual problem and then solving



it. Secondly, the interpretation of the dual variables from the cost or economic point of view

proves extremely useful in making future decisions in the activities being programmed.
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Formation of the dual problem

Consider the following L.P.P. :
Maximize Z = ¢yxy + CoXo + ... + CnXp,
subject to the constraints

a1 Xy + ayaXo + ... + 81pXn < by,

a1 X + agkp + ... + d2Xn < Dy,

Ami Xy + mXo + ... + 8mn¥n < b,

X1, X2, .0, Xp 2 0.

X [
.I"'M’-‘Fnll ) vean s

Now, let us consider the following L.P.P. maximize Z = ¢, X, + ¢, X, and so on C, X, subject

to these m constraints a,; X, + d;, X, and so on a,, x,< b; a,, x,+ a,, x, and so on a,, x,< b,
and then the m at constraint a,, x, + a,, X, and so on a,,, x,<b,,, x,, X, X,are all non-

negative.
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To construct the dual problem, we adopt the following guidelines:

() The maximization problem in the primal becomes the minimization problem in
the dual and vice versa.

(i) (<) type of constraints in the primal becomes (=) type of constraints in the
dual and vice versa.

(iif) The coefficients ¢y, s, ....c, in the objective function of the primal become
by, by, ....by in the objective function of the dual.

(iv) The constraints by, by, ...by in the constraints of the primal become

€1, 6z, ....Cy In the constraints of the dual,

(v) If the primal has n variables and m constraints, the dual will have m variables
and n constraints i.. the transpose of the body matrix of the primal problem gives
the body matrix of the dual.

(vi) The variables in both the primal and dual are non-negative.




Formation of the dual problem
Consider the following L.P.P. .
Maximize Z = ¢{X; + CoXo + ... + CoXa,
subject to the constraints :
811Xy + 31X + ... + @1pXn < b~ fp "u gl
a1 X% + agaXo + ... + @2nn < y;

ami X1+ amX + ... + 8mn¥n < b,
X1, X2, oy X 2 0.
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Now, in order to construct the dual problem we adopt the following guidelines, the

maximization problem in the primal becomes the minimization problem in the dual and vice
versa. < type of constraints in the primal become > type of constraints in the dual and vice

versa.

The coefficients ¢, C,,... ¢, in the objective function, the coefficients ¢,, ¢,, ...C, in the
objective function of the primal become by, b,,.... b,,, ok so c;, C,,... ¢, will be replaced by b,
, b,,.... b, ok these b,, b,, ....b, and x,, X,, ....x, will be replaced by new variables y,, y,,

ceer Yoo OK.

So, the dual problem in the dual problem maximization will be replaced by minimization and

we will have minimization of Z° where we will have Z°=b, y, +b, y,andsoonb,, y,., ok.

If the primal has n variables and m constants like here we have n variables X;, X,, .... X, and m
constraints given by these m an equalities, ok so then the dual will have m variables and n
constraints that is the transpose of the body matrix of the primal problem gives the body

matrix of the dual.

So, here the body matrix is this one, body matrix is ay;, d,, and so on a,,, d,;, d,,,.. d,, and so

ond,,, d,, and so on d,, this is body matrix, ok of the primal problem.

In the dual problem this will be replaced with a,;, a,, and so on a,,,, a,,, d,, 4,,,, 0k and then

lastly a,,, a,, and so on a,,, ok so here we have here we have m rows and n columns, so this



is m by n matrix, here we have n rows and we can see we have m there are 1, 2 and so on m

columns and n rows, son by,,, ok.

So, here the body matrix, it is m by n size, here it is of the size n by m, transpose of the body
matrix of the primal problem, ok. So transpose of the body matrix of the primal problem

gives the body matrix of the dual.

The variables in both the primal and dual are non-negative, ok. So, now the dual problem will
then be you see here, the dual problem will now be Z° minimization of Z° =b, y, + b, y, and
soon b,, y,, subject to the constraints a,; y, +d,; ¥, and so on + a,,;y,, >C;, ok a;, ¥, dy, V>

....ta,,y,>,andsoona,,y,+4a,, y,and soond,, y,>C,, ok.
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Then, the dual problem will be
Minimize Z = byy; + bayo + ... + byym
subject to the constraints

anyi +anyet+ ...+ amym 2 €,

aigh +anle + ...+ dma¥m 2 G2,

ainy1 + 8an2 + ... + moYm 2 Cn,
Yo ym 2 0.
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Formation of the dual problem
Consider the following L.P.P.:
Maximize Z = ¢{X;, + X + .. + CoX,
subject to the constraints ) _
a1X + aypXe + ... + a1y < bi[” | B SR
X + agoXo + ... + donXn < y;

amiXy +amXo + ...+ 8mn¥n < b,
X1, X2, 0 K 2 0.
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So, we will have these equations a 1 Z minimization of Z = b, y,, b, y,, b,, y,, subject to the
constants d,; y, + dy; ¥,,....+ a,, ¥, >yeah <will be replaced with > ok in the dual. So, we

will have >here, so >c,, >c, and >c, and y,, ¥,, YV, are non-negative variables, ok. <
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Let us find the dual of the following L.F.P. :
Minimize Z = 3x; - 2x, + 43, Svvee ts p r blen s \ e
subject to 3xy + 5x, + 4x3 > 7, ol the stk

Bxy + X + 3x3 > 4, i
Txy — 2% — X3 < 107 y =R+t

Xy = 2%+ 5x3 > 3, Maxtomdag W = 7%+ =0 2y
dxy+ 70— 23 > 2, Subqaek b
X, X2, %3 > 0. R

Let us find the dual of the following L.P.P. So, we have Z = 3X; - 2x, + 4X; subject to 3x; + 5
X, + 4x, > 7, since the problem is of minimization you can see here, since the problem is of

minimization all the constraints must be of > type, all the constraints must be > type, ok

so > type.

So here what is happening in this constraint, this is < type, so we have to convert it to > type,
so when you convert it to > type it will become - 7x; + 2x,, ok + X3 > - 10, ok - 7x; + 2X, + X,

>-10, ok.

Now, so let us write the dual problem, so maximization of maximize Z will be replaced by
some W, W = now this is ¢;, ¢,, ¢; W replaced by with b,, b,,.. b, s0 7 y, +4 y,-10 y,, ok
and then 3 y,, ok and then we will have so this is our objective function in the dual problem
and (corres subs) subject to the constraints, we will have now the (bod) the matrix here is
body this body matrix is 3, 5, 4, ok 6, 1, 3, ok then we have - 7, 2, 1, ok we have 1 - 2, 5 this

is body matrix in the primal problem.

So, in the dual problem we have to take transpose of this, so we will have subject to constants

3y,t+6y,-7y;+y,and <we will have <c,, ¢, is 3, ok then we have 5y, + ¥, + 2y, and we



get-2y,<-2,okandthen4y,+3y,+y;+5y,<4,0ksoc,C, cyokand y,, Y, ¥3>0,s0
this is our dual problem, we replaced (mak) minimization by maximization, the variable Z

will be replaced by some other variable,
some other variable, so we can write it as W.

Then the ¢y, ¢,, c; are replaced with b, b,, by, b,, ok so b, is 7, b, is 4, b, is - 10, b, is 3, ok
and we use new variables y,, Y5, V3, Y4, S0 7Y, + 4y, - 10y + 3y,, the body matrix here is 3,

5,4,6,1,3-7,2,1and then 1 - 2, 5 we take transpose of this and then it becomes transpose
of this becomes 3,6,-7,1,5,1,2,-2,4,3,1, 5, ok.

So, we get the constraints as 3y, + 6y, - 7Y+ Y, <C, 5y + Y, +2Y3-2y,<-2,4y,+3y,+

y5+ 5y, <4, so this and where y,, y,, v, are non-negative, so this is the dual problem, ok.
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Consider the problem _ e
Maximize Z = ¢ix; + Coxp N, Wy RSy,
subject to a1 X +apxp = by,
anX + anXe < by, L B ;
X1, X% > 0. dy) YTV e L c;’
The equality constraints can be written as P -

ay1X% + aioX < by and a1 + ayp% > by, 2, ';: i, }.f""' 0 ’-; e,

O ay1 Xy + ap% < by and -ay Xy - appko < by, ) f 44320
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Now, let us consider the problem where we have to maximize Z = ¢, X, + C, X, and what we

have we are have here the change here is that 1 constraint is an equality, ok there is a equality
constraints d,; X; + d;, X, = b;, so how we will (siles) find the dual of this as L.P.P. ok. So,
what we will do is the equality constraint a,; x; + a,, X, = b, can be written as a,; X, + d, X,
<b, and a,, x; + a,, X, >b;, so in the problem is of maximization, ok all the constraints should

be of < type, ok.

So, first constraint will be a,; X, + a,, X, <b,, the second constraint this one will be converted
into < type and we will write it as - a;; x; - d;, X, < - b;. So, now the problems will this be

replaced by ay; X, + @y, X, <by, - ay; X - Ay, X, <- by, ok and ay; X,, Gy, X, <b,, ok.

Now, so when we write the dual problem here we write maximize maximization we replaced
by minimization minimize W = now here we have b,, - b, b,, ok so we write b;, ok we can
write b, y,, ok b, ¢,, ¢, will be replaced with by, - b, and b,, so b, y, - b, y, , let us take the

variables ylv, y1” and then b, y,, ok.

So, this and the in the body matrix is now a,;, d;,, ok - dy;, - 4;,, A5y, Ay, this is 3 by, matrix,

ok 3 rows and columns, so we take the transpose of this body matrix, so transpose of this will
be giving you a,,, - d,;, d,; and then a,,, - a;, and then a,,, ok so subject to constraints a,; y1'
-ay, y, +ay y,>we will have because we have < here, so >c,, ok then a;, y,- a we have

here a,, here we have - a;,, ha-a;, y, +a, y,>c, sowhere y, y, and y, are all >0.



Now, let us define y; = y,- y, , since y,and y, are greater than both non-negative y, is
unrestricted in sign, ok it is not restricted in sign, so Y, then y, is unrestricted in sign and we
will get this problem as minimization of, so this will then change to minimization of W = b,

y,- y, will be replaced by y,, so b, y, +b, y,, ok subject to a,, into y - y .

So, a,; y, + a,; ¥y, >¢, and then a,, multiplied by ylr- yluthat iS Yy, 80 Ay, YV + Ay Y, >Cy

where y, >0 and y, is unrestricted in sign, so Y, can be negative as well as positive, so this is

the dual of the given problem when the primal has equality constraints we will do this, ok.
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Then the above problem can be restated as

Maximize Z = ¢X; + CaXo

SUbjECt 10 ay1X; + @i < b1 and Xy — 2k < by,
X + X < by,

X1, % > 0.
Now we form the dual using 4. y{'. ¥ as the dual variables. Then the dual problem
is

Minimize W = by(y; - y{) + bay ./
subjectto agi(y; - y{) + aiy2 > €,
ay(y; = yy) + anks > ¢,

Y12 20.
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So, this what we have then, this is maximize Z = this, subject to this, ok this constraints X;, X,

> 0 then we use the variables yl' , ylu, ¥, ok and we get W, W = this, subject to this, ok and

which gives us this problem, ok.
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The term (y{ - y{') appears in both the objective function and all the constraints of
the dual. This will always happen whenever there is an equality constraint in the
primal. Then the new variable (y; - y{') becomes unrestricted in sign being the
difference of two non-negative variables and the above dual problem takes the
form, ‘

Minimize W = by, + boyo, -

subjectto anyy +any 2 ¢,

aip)y + anys > Cy, ¥y unrestricted in sign,ys > 0.
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The term y, - y, appears both in the objective function and all the constraints of the dual.

This will always happen whenever there is an equality constraint in the primal. The new
variable this becomes unrestricted in sign, ok because of the difference of two non-negative

variables, so the above dual problem then takes this form, ok which we have just now seen,

ok.
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In general, if the primal problem is Mimima. W by dytbsht= bt
Maximize Z = ¢;X; + X + ... + CoXp, (b e
subject to the constraints P PR RIS S
It L

3y Xy + a2Xp + .81k = by, W2 h L o Yo 2
anXi+apX+ .80k = b,
""""""""""""""""""""" Oy F Ayt =4+ Py o 2y
ami Xy + mXo + ...8mnXn = b, Ihdl
X1, X2, .0 K 2 0. windne by - b
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Now, let us consider in general if the primal problem is Z = ¢, x; + ¢, X, and so on C, X,

subject to this constraints, this is the = b,, this is the = b,, this is the = b,,, ok then it will be



replaced with the it is dual of this will be minimize W, W = b, y,+ b, y, and soon b,, y,, ok

b, y, subject to the constraints a,,, yeah a,, y,+a,, y,andsoona,, y,, ok.

We will have because it is maximization problems, so we will have < here we will have >c,,
ok then a,, y,;+d, ¥, and soon a,,, y,, >C, and so on, we shall have a,, ¥, a,, ¥, and so on
a,, V.= Cm Ok C, sorry c, where y,, y,,.. y,, are all unrestricted in sign, so this is the dual,

ok.
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Then the, dual problem will be

Minimize W = by, + bas + ... + by~
subject to the constraints

anyr +anlet..a@mfm 2 G
gy + dglo +..Amkm 2 G,
ain¥1 + BnY2 + ...dmnYm > Cn,”
¥i: Y2, ..., ym all unrestricted in sign.

Thus the dual variables corresponding to the equality constraints are unrestricted
in sign. Gonversely, when the primal variables are unrestricted in sign,
corresponding dual constraints are equalities.

o
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So, the dual will be W =b, y, +b, y, and so on b,, ¥,, subject to this constraints, ok where

these are all unrestricted in sign, thus the dual variables corresponding to the equality
constraints are unrestricted in sign. Conversely, when the primal variables are unrestricted in
sign corresponding to dual constraints are equalities, ok so if so when the when we have
equality constraints the dual variables are unrestricted in sign and if the primal variables

unrestricted in sign then the corresponding dual constraints are equalities, ok.
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Construct the dual of the L.PP.:
Maximize Z = 4x; + 9% + 2xs,
subject to 2x; +3x; + 2x3 < 7,7 o,
3x 2)(2 b 4xy = 5,¢ p =l “'._i"l' = . g byt €5
X1, %, %3 > 0. % M B P i A
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Now, let us construct the dual of the L.P.P. Z = (mik) 4x; + 9x, + 2x; subject to 2x; + 3x, + 2

X3 <7 and 3x, - 2x,, so there is a 1 equality constraints here, so we have here we can write it
as 3x, - 2x, + 4x, or <5, ok and 3x, - 2x, + 4x; > 5, we will have to convert to < because the

problem is of maximization, so - 3x; + 2x, - 4x; <- 5, ok.

So, we have the three constraints one is this one, ok 2x; + 3x, + 2x; <7 and other one 3x, - 2

X, T 4x, <5 and third one is - 3x, + 2x, - 4x; < 5, so < - 5, so the dual problem will be

minimization of W=7y, 0k 7y, +5 y2' -5 yz”, ok and then we shall have the body matrix

is what here? 2, 3, 2, ok 3, - 2, 4, ok and then we have - 3, 2, - 4, so this is body matrix, ok we

have to take the corresponding transpose for the body matrix of the dual problems.

So, we get2,3,-3,s02 y,+3 yI' - 3y1” , ok and we will have to put > 4, ok and then we
have 3y, - 2, so this should be written as y, and }’2” not y sorry, this should be, ok so, ok. So,
3y, - 2y2' + 2y2” > 9 and then we have 2y, + 4y2' - 4y2” > 2, ok or we can write it as where

Y1y, Yy, theyare all non-negative, ok.

Now, we can write the this problem also in the form minimize W =7y, + 5y,, we will write

Y2= y,- v, - ok and then subject to 2y, + 3y, >4,3y, - 2y, > 9 and 2y, + 4y, > 2 where y,

= y2' - y2” , ok and so y, is unrestricted in sign, ok.



So, the dual problem is minimize W = 7y, + 5y, subject to the constraints 2y, + 3y, >4, 3y,
-2y,>29,2y,+4y,>2,y, is unrestricted in sign, y; > 0. So, this is how we write the dual of
this L.P.P. where 1 constraint is of equality type. So that is all in this lecture, thank you very

much for your attention.



