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Hello friends. Welcome to my second lecture on Predicates and Quantifiers. We are discussing
now negation of a quantifier. We have seen that there two quantifiers existential quantifier and

universal quantifier, so let us first discuss the negation of universal quantifier.
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Negation of a quantifier

Let us consider the proposition “All people are honest" If M denotes the set of all
people, then we may write this proposition as

|,/
(Vx € M)(x is honest)

This statement will become false if we say that “There is a person who is not
honest" or in symbolic form (3x € M)(x is not honest). Therefore, the negation
of the statement “All people are honest" will be “There is a person who is not
honest" or in symbolic form (3x € M)(x is not honest).

Thus ~ (VxP(x)) is equivalent to 3x(~ P(x)), where P(x) denotes “x is honest".

Let us consider the proposition ‘All people are honest’, if M denotes the set of all people, then
we can write this proposition as ( W x&& M) (x is honest). This statement will become false if we
say that ‘There is a person who is not honest’, in symbolic form we can write this statement as (
I x&M) such that (x is not honest), therefore, the negation of the statement ‘All people are
honest” will be ‘There is a person who is not honest’ or in symbolic form the negation of the
statement ( W x€&&M) (x is honest) will be (I x&&M) (x is not honest). Thus ~( V¥ x P(x)) is

equivalent to 3 x(~P(x)), where P(x) denotes x is honest.
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Hence, we note that the negation of a statement with “Universal quantifier" is a
statement with “existential quantifier". e

Now, consider statement “Itis not true that there is an x with the property P". This
statement is equivalent to “No x has the property P" or “All x have the property

~ P". Hence, ~ (3xP(x)) is equivalent to Vx(~ P(x)).

Thus, the negation of a statement with “existential quantifier is a statement with
universal quantifier.

So we can say that the negation of a statement with a universal quantifier, you can see that here it
is universal quantifier, this is universal quantifier so negation of the a statement the universal
quantifier is a statement with existential quantifier, this is existential quantifier, this is existential
quantifier, so negation of a statement with the universal quantifier is a statement with existential
quantifier. Now consider this statement it is not true that there is an x with the property P, this
statement is equivalent to saying no x has the property P or all x have the property ~P, hence ~(
3 xP(x)) = V x(~P(x)), so the negation of a statement with existential quantifier, this existential
quantifier, this one this existential quantifier, so negation of a statement with existential
quantifier, is a statement with universal quantifier, you can see this is universal quantifier. So,
when we consider a negation of a statement with existential quantifier what we get is a statement

with universal quantifier.



(Refer Slide Time: 03:16)

De Morgan's laws
If P(x) is a propositional function defined on the domain D, then
Q ~(Yxe D)P(x)=(3x € D)~ P(x)
Q ~ (3x € D)P(x) = (¥x € D) ~ P(x).
Note that the laws which hold for propositions, also hold for propositional functions,
for exampleh/ T ~(pVY) = ~pA~y
Q@ ~ (P(x) v Q(x)) =~ P(x)A ~ Q(x)
)

(DAY = A~ pVrd
0 ~ (P(x) A Q(x)) =~ P(x)v ~ Q(x), \f’/\ ‘V) 3%

elc.

Now, we discuss De Morgan’s laws. If P(x) is a propositional functional defined on the domain
D then ~(V x&D)P(x)=(I xED)~P(x) and for (A xED)P(x) =(V xED)~P(x), so
when you consider negation of universal quantifier you get existential quantifier, when you get

negation of when you have negation existential quantifier you get universal quantifier.

Now, the laws which hold for propositions, we have seen that ~(pvq) if p and q are two
propositions then ~(pVq) = ~pA~q and ~(pAq) =~pV~q, so these laws hold for the propositions p
and q, they also continue to hold here for propositional functions P(x) and Q(x), so P(x) and Q(x)
are two propositional functions, then ~(P(x)VQ(x))=~P(x)A~Q(x) and ~(P(x)AQ(x))=
~P(x)V~Q(x).
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Negate each of the following statements:
Q VxP(x) v 3yQ(y)
Q IP(x) vVyQ(y).
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Let us discuss an example, so let us determine the negation of each of the statements here, let us
take the first statement, so ~( ¥ xP(x)V 3 yQ(y)), so negation of this will be, negation of W
xP(x)and Vv becomes A, and we get negation of 3 yQ(y), so negation of this gives us 3

x(~P(x)), and then this gives us, 3 becomes WV y(~Q(y)), so~( V¥ xP(x)VdyQ(y)) =3
X(~PCOA W y(~Q(y)).

Let us take the second one, now so ~( A xP(x)V V¥ yQ(y)), so this is equivalent to ~( A xP(x)), v
becomes A, for ~( ¥ yQ(y)) and this gives us negation of existential becomes universal, so WV
x(~P(x)) and here we get negation of for every becomes existential, so 3 y(~Q(y)), so is what

we get when we consider the statement of negation of true.
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Negate the following statements:
@ Ifthere is a riot then someone is killed.
Q Itis daylight and all the people have arisen.

C""‘ I’Ai’ nole . g‘Mf‘ﬁf«fﬂiw “the ve A5 A Tt ; ‘\ /\\’f‘/
o S(J e d L A kA Jﬁ, A = :

ima (t/ . / - &

Ihow tht B bbb Vo goivlont—to P29 Fo

i il e Lt /
~ “ *)W) - f)/‘\ 4y ‘,J{JM Nk~ A Hhea 10 A 548 “1 )‘\j)

~(paY) 28 Y D oot v kadled

Now, negate the following statements, if there is a riot, if there is a riot then someone is killed.
Let us say, let p denote the proposition ‘there is a riot’, and q denotes the proposition ‘someone is
killed’, ‘someone is killed’ then the given statement, then the given statement implies p gives is
equivalent to p=> q if p then g, so negation of, we are taking about ~(p=>q), and ~(p=q) =
pA~q. We can verify this by the truth table supposed this is p and here is g, the truth values are
TT TF FT FF then p=>q has truth values T TF when P is T Q is F then it is F.

When pisF, qis Titis T and when pis F, q is F it is T again, so ~(p=>q), negation of, ~(p=>q)
is for T it becomes F, F it becomes T, here and this FT becomes F, and this T becomes F. Now
p/A~q let us see ~q has truth values F, T F T so p and q, we can find the truth values of pA~q, p
has truth value T, q has, ~q has truth value F so pA~q has truth value F, and then p has truth
value T, ~q has truth value T, so pA~q has will have truth value T and then p has truth value F,
~q has truth value F, so pA~q has truth value F and then p has truth value F and the ~q has truth

value T, so pA~q will have truth value F.

Now, let us see whether the is of pA~q or same as the truth value is of ~(p=>q), so here you can
see this is F T F F and here also we have F T F F, so ~(p=>q) =pA~q, now so from this now, let
us write it is ~(p=>q) means ~(p=>q) means it is false that if there is a riot, if there is a riot then
someone is killed ~(p=>q) say it is false that if there is a riot then someone is killed which is

equivalent to there is a riot and it is false that someone is killed.



So this is equivalent to there is riot and it is false that, someone is killed, because we have ~(p=>
q) =p/\~q, so from pA~q we can say that p denotes the proposition there is a riot, so there is riot
this is and, this notation is and, and ~q is it is false that someone is killed because q is denoting
the proposition someone killed. Now there is a equivalent to saying that there is a riot and
everyone is alive, so negation of the statement there is riot then someone is killed is this

statement there is riot and everyone is alive.
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Now, look at the second statement it is daylight and all the people have arisen, so let us do it like
this, it is daylight denote it is daylight let p denote the proposition it is daylight all the people has
arisen, let q denote this statement ‘All the people have arisen’ then the given statement
symbolically in the symbolic form we can write as in symbolic form the given statement can be
written as pAq it is daylight and all the people have arisen, so in symbolic form we can write the

given statement as pAq now we want to find negation of the given statement that is ~(pAq) =

~pV~(q.

So De Morgan’s law, so this is ~pV~q, now so let us now write in the let us write the
corresponding statements ~(pAq) means it is false that it is daylight and all the people have
arisen so ~(p/Aq) is the statement it is false that it is daylight it is all the people has arisen now
this equivalent to ~pV~q so it is false that or negation is of p is it is not daylight negation of it is

daylight means it is not daylight or all the people ~q means all the people have not arisen.



So this is equivalent to sign this is night it is not daylight means it is night or some people have
not arisen the we get negation of all is sum negation of universal quantifier give existential
quantifier existential quantifier denotes there exist are some, so some people have not arisen, so
~(pAq) 1s the statement it is night or some people have arisen that is the negation of the given

statement.
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Propositional functions with multiple variables

Let us consider a propositional function P(x;-..) with more than one variable. If
such an expression is preceded by a quantifier for each variable then the
quantified expression is a statement and has a truth value, otherwise it is an open
statement (in the variables without quantifiers) and has a truth set. ]

Now, let us go to propositional function with multi variable let us consider propositional
functions P(x,y,...) with more than one variable x,y... on if such an expression is preceded by a
quantifier for each variable for each variable x,y,... if it is preceded by a quantifier then the
quantified expression is called a statement it is a statement and it has truth value T or F otherwise
it is an open statement if the propositional function P(X.y,...) is not preceded by as many
quantifier as the variable are there then it will be called and open sentence open variable without

quantifiers it will have a truth set T(P).
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Determine the truth value of each of the following statements where {1 ,2,3} is the

universal set:
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So let us discuss some example on this determine the truth value, we have to determine the truth
of each of the following statement now each of this statement you can see that, we have two
variables x and y and the propositional function x* <y +1 is preceded by two quantifier 3 and
Y here also, this propositional function is preceded is preceded by two quantifier universal and
existential In this case this propositional function is preceded by two universal quantifier, so
there are two variables in the propositional, propositional function is a function of two variables

and it is preceded by two quantifier.

So every case and every example 1, 2, 3 is a statement, now let us find the truth value of the first
statement we are given that {1,2,3} is the universal set, so can see we have Ax W'y, x> <y +1,
if we take x=1, if we take x=1 then for every y&& {1 2 3} the inequality x*> <y+1 is true,
because y can take value 1 if y takes value 1 then we are taking X equal to 1 so 1 will be less
than 2 and if we take y equal to 2 than again 1 is less than 3 and when y is 3 than 1 is less than

four.

So if we take x=1 then V¥ y& {1,2,3}, x* <y +1 is true, hence the first statement has truth
value F T, so first statement truth value is T, now let us look at the second statement, ¥ x 3y,
that x* + 3> <12, now x& {1,2,3}, so we need to find one y so that x* + y*> <12 . Let us take y=1,
let us take y=1 then x> +»* <12 is 2, ¥ x& {1,2,3}, because if x takes the value 1 then 1+ 32,

y is one.



So 1+1=2, 2<12 when x takes value 2 then 4+1=5, 5<12 and when x takes the value 3,
9+1=10<12, so the truth value is here is T. Now let us look at the third statement ¥ x and V' vy,

x*+y* <12, so third statement plus look at the third, so let us take x=3, y=2 then

(3)> +(2)* =13 which is not less than 12, it is greater than twelve.

So x*+y* <12 is not true when x=3, y=2, so ¥ xV y, x> +»”> <12 is not true therefore, the
truth value is F, so they are three statements, the first two statements have truth value T and the

third statement has truth value F.
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LetA={1,2,...,9,10}. Consider each of the following sentences. If itis a
statement, then determine its truth value. If it is propositional function, determine
its truth set: . i )
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Now, let us take another example, let us take A={1, 2, 3,...,10}, consider each of the following
sentences, so let us consider these four sentences, if it is a statement than determine the truth
value if it is a propositional function determine the truth set, truth set means T(P). Now let us see
here we have two variables x and y, and the propositional function is x+y<14, it is preceded by

two quantifiers 3 and W the universal quantifier and the existential quantifier.

So it is a statement because there are two variables and this is preceded by P(x), this is P(x), P(x)
is preceded by two quantifiers and here we have again two variables but there is one quantifier
which is the universal quantifier, so number of quantifiers are not two, and therefore it is an open
sentence, or you can say it is a propositional function. In the example 3 we have again two

variables x and y and we have two quantifiers both of them are universal quantifiers or in the



four case also, we have two variables x and y and there is only one quantifier which is existential

quantifier so this is also propositional function.

Now, here we can see, first let us look at this (W x& A)(3 y& A), such that x+y<14, let us
find it truth value because it is a statement, so it will have a truth value. x& {1,2.3,...,10}, let us
take y=1, then x+y<14 is true for every x&& A because A={1,2,3,...,10}, so even if x takes the
value 10, 10 +1=11<14.

So WV x& A if y=1 then x+y<14, and so the first statement is true, its truth value is T. Let us go
to the second, it is an open sentence are propositional function, so x+y<14, ¥ y&E A, x+y<l14.
Now we have to find the set of value of x, so T(P)={ xX&E A: x+y<14, ¥ y&E A}, so y& A and
we want those value of x for which x+y<14 W y& A, so if you take x=1 then x+y<14, ¥V y&
A.

So one value of x could be taken as 1 when x takes the value 2 then, 2+y<14 is true for all
belonging to A, so another value of x could be 2, when x takes the value 3, then again x+y<14
we want, x+y<l14 we want we are taking x=3, so 3+y<14 are y<l1. Now y can take any values
less than 11, so the values that y& {1,2,..,10}, so this inequality is valid. So for x=3 also
x+y<14, ¥ y&A. Now if you go one more step that is take x=4 then x+y<I4 will not be
possible because W y€& A because when y will take value 10 then 4+10=14, 14<14 is false.

So T(P) be truth set here is the set containing the three element {1 2 3}. Now let us go to the
third statement, ¥ x& A, V y& A, x+y<l4, so you can see here if I take x=9 and y=8 then
x+y<14 is not true, so in the third statement let us take x=9, y=8 then x,y&& A, but x+y=17>14.

So x+y<14 is not true and therefore we truth value of the third statement is false. The third
statement of truth value F. Now let us go to the 4 case, so in the case of the fourth statement 3y
€& A, x+y<l4, so we have to consider those values of x for which x+y<14, for some y&& A. So
you can see J y& A y could be taken as one, y could be taken as 1 and then x can takes all

values from 1 to 10, x+y<14 will be true.

So T(P) ={x: x+y<14 for some y&& A}, this is what we want xX€& A, so we can take 2 that
element y& A as on if we take y&& A as 1 than WV x&E A, we will have x+y<14 so T(P)
=A={1,2,3,...,10}, so TP in this case will be the universal set A.
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Now, let us go to the next example. Negate each of the following statements, so ~3dx V',
P(x,y)= V x dy,~P(x,y) existential quantifier becomes universal quantifier for ~V xV'y
P(x,y) is same as for every universal quantifier becomes existential quantifier, so IxIJy

~P(x,y) then~J y A x V z P(x,y,z).

So here negation becomes negation of there exist means ¥ y WV x 3 z, ~P(x,y,z), so this is how
we can find the negation of each of this statements you can see here this are statement because
here we have two variable x and y there are two quantifiers, here also there two variable and
there two quantifier here there are three variables and there are three quantifiers, so they are all

statement. Now negate the following statement.

Now, let us recall that negation of the propositional functions follows the same rule and negation
of the formula for propositions, so~V x I y(Px)VQ(x)) = AxV y~PE)VQXx))= AxV
y~P(x)A~Q(x), Now let ~ I x V' y (P(x,y) = Q(x.))

So there exist becomes universal quantifier, universal quantifier becomes existential quantifier
and then ~(P(x,y) = Q(x,y)) and we have seen that in the case of proposition p implies ~(p = q)
= p/A~q, so we can write this as ¥ x 3y ~(P(x,y) > Q(x,y)), is P(x,y)A~Q(x,y), now let us go
to the third, so ~ 3 y 3 x(P(x)A~Q(x)), so ~ I becomes W , then ~(P(x)AQ(y)).



Now, this is equivalent to WV yV x ~(PX)A~Q(y)) = V yV x(~P)V~~Q(y) =V yV
x(~P(x)VQ(y)). So, with that I would like to end my lecture, thank you very much for your

attention.



